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Preface

This book is written by Denis Constales, Dagmar D’hooge, Joris Thybaut, and Guy Marin
from Ghent University (Belgium) and Gregory Yablonsky from St. Louis University (United
States), who has been affiliated with Ghent University as a visiting professor for more than
15 years. During that period, we have been working toward the development of a center

of chemico-mathematical collaboration, organizing, among other things, the workshops

and conferences related to “Mathematics in Chemical Kinetics and Chemical (Bio)
Engineering” (MACKIE). More generally, we have attempted to contribute to the integration
of “Science-Technology-Engineering-Mathematics” (STEM).

Our book is a first consolidation of our efforts in this respect. It is about advanced data analysis
and modeling in chemical engineering. We dare to use the term “advanced,” as we aim to help
the reader to increase the level of understanding of the physicochemical phenomena relevant
for the field of chemical engineering using effective mathematical models and tools. This does
not mean that these models have to be complex, but rather that the complexity of a
mathematical model and the corresponding tools have to be optimal. Also, we would like to
stress that, in our opinion, the role of mathematics is not limited to that of servant of all masters,
a tireless and beautiful Cinderella, but that it provides an inexhaustible source of powerful
concepts, both theoretical and experimental.

Our Team

Denis Constales is associate professor at the Department of Mathematical Analysis in the
faculty of Engineering and Architecture of Ghent University. He obtained his doctorate there
and specialized in applied mathematics, with specific research interest in special functions,
integral transforms, and the application of computer algebra techniques.

Gregory S. Yablonsky is professor at St. Louis University. He is a representative of the
Soviet-Russian catalytic school, being a postdoctoral student of Mikhail Slin’ko and
having collaborated with Georgii Boreskov. He also was a member of the Siberian
chemico-mathematical team together with Valerii Bykov, Alexander Gorban, and Vladimir
Elokhin. He gained international experience working in many universities of the world,
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including St. Louis, United States; Ghent, Belgium; Singapore; Belfast, N. Ireland, United
Kingdom.

Dagmar R. D’hooge is assistant professor in Polymer Reaction Engineering and Industrial
Processing of Polymers at Ghent University. He is a member of the Laboratory for Chemical
Technology and associate member of the Department of Textiles. He was a visiting researcher
in the Matyjaszewski Polymer Group at Carnegie Mellon University (Pittsburgh, United States)
and the Macromolecular Chemistry Group at Karlsruhe Institute of Technology (Germany).
His research focuses on the development and application of multiscale modeling platforms for
designing industrial-scale polymerization processes and polymer processing units for both
conventional and high-tech polymeric materials.

Joris W. Thybaut is full professor in Catalytic Reaction Engineering at the Laboratory for
Chemical Technology at Ghent University. After obtaining his PhD on single-event
microkinetic modeling of hydrocracking and hydrogenation, he went to the Institut des
Recherches sur la Catalyse (Lyon, France) for a postdoc on high throughput experimentation.
Today, he investigates rational catalyst and reactor design for the processing of conventional
and, more particularly, alternative feedstocks.

Guy B. Marin is senior full professor in Catalytic Reaction Engineering and is head of the
Laboratory for Chemical Technology at Ghent University. He was educated in the tradition
of the thermodynamic and kinetic school of the Low Countries as well as of the American
school, with Michel Boudart as a postdoctoral adviser, and benefited from the Dutch school
of catalysis. The investigation of chemical kinetics, aimed at the modeling and design of
chemical processes and products all the way from molecule up to full scale, constitutes the core
of his research.

The authors abbreviated the title of this book to ADAMICE, which can suggest several
phonetic associations, the most primordial of which refers to Adam. It is quite symbolic
that Adam’s name in Hebrew shares an etymology with clay and blood, both of which are
catalytic substrates in chemistry and biochemistry. Maybe we can think of Adam as the
first ever model, and a very advanced model, too.

We gratefully acknowledge the outstanding skills, tireless activity, patience, and understanding
of our editing aide, Mrs Annelies van Diepen.



Introduction

1.1 Chemistry and Mathematics: Why They Need Each Other

Chemistry needs mathematics. Mathematics needs chemistry. Since the Dark Ages, in
chemistry, or alchemy as it was called then, the so-called cross rule was well known for
answering questions regarding the preparation of solutions of a certain desired concentration.
This rule is not needed to answer simple questions, like which ratio of 100% alcohol and
pure water must be mixed to prepare a 50% alcohol solution: 50:50. For more complicated
questions, however, such as how to prepare a 30% alcohol solution from two solutions with
concentrations of 90% and 10% alcohol, the cross rule comes in handy (see Scheme 1.1A).

The rule works as follows. Write the desired concentration in the middle and the input
concentrations on the left. Then calculate the difference between the number on the top left (90)
and the one in the middle (30), and then write that number in the bottom right (60). Then
write the difference between the number on the bottom left (10) and the one in the middle (30)
in the top right (20). From this it follows that the solutions need to be mixed in a ratio of
20:60=1:3. Scheme 1.1B shows the cross rule in generalized form, with a >y > f.

90 20=30-10 a B
N Va N Va
30 Y
v N v \y
10 60=90-30 B a—y
(A) (B)
Scheme 1.1

Cross rule: (A) example and (B) generalized form.

Now, how can we prove this rule? Our procedure should meet the requirement:
aa+bp=y (1.1)

where a and f are known concentrations of solutions I and II and y is the concentration of
the desired solution III. The constants a and b are the parts of solutions I and II that are
needed for preparing solution III. Obviously, the balance equation

a+b=1 or b=1—a (ora+b=100%) (1.2)
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must hold. Substituting Eq. (1.2) into Eq. (1.1) yields

aa+(1—a)p=y (1.3)

from which follows that

y—p
= 1.4
=05 (1.4)
Consequently,
yr=p _a-—y

b=1—-g=1---L-—-"7¢ 1.5
a =B a—p (L.5)

and the ratio is given by
()6
a=p) \a—p

Thus, mathematics is needed for solving typical problems of chemistry. Such problems are
solved in every chemical laboratory, every pharmacy, and even in most kitchens. To do so, in
this case we are using what is known as linear algebra.

(r=p):(a—y) (1.6)

which is the cross rule.

Mathematics needs chemistry too, not only for demonstrating its power and usefulness but also
for formulating new mathematical problems.

1.2 Chemistry and Mathematics: Historical Aspects

A mutual attraction between mathematics and chemistry was growing gradually during the 18th,
19th, and 20th centuries. Antoine Lavoisier’s law of the conservation of mass and John Dalton’s
law of multiple proportions could not have been discovered without precise weight
measurements. Chemistry transformed into a quantitative science, and Lavoisier and Dalton
became pioneers of chemical stoichiometry. From another side, Arthur Cayley, the creator of the
theory of matrices, applied his theory to the study of chemical isomers in the 1860s and 1870s.

Since the mid-19th century, various new concepts of physical chemistry, in particular laws of
chemical kinetics, have been developed. A few examples are

e the mass-action law by Guldberg and Waage.

* the “normal classification of reactions” by van’t Hoff.

* the temperature dependence of the reaction rate by Arrhenius.
» electrochemical relationships by Nernst.

* quasi-steady-state principle by Chapman and Bodenstein.

* theory of chain reactions by Semenov and Hinshelwood.

* model for the growth of microorganisms by Monod.
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All these principles have been proposed based on the solid mathematical foundation of
algebraic and differential equations. Moreover, the greatest chemical achievement,
Mendeleev’s periodic table, was created using a detailed critical review of quantitative data,
first of all, the atomic masses of known elements. A legend says that after the presentation of his
table in 1869, Mendeleev was asked, “Why did you categorize the elements based on their
mass and not on their first letter?” In fact, the mass of an element is not a chemical property; it is
not its ability to react with other substances, nor its likeliness to explode, and it is not even
a smell. So the number of an element in Mendeleev’s periodic table remained very formal—just
a number, the element’s place in the table—until, in 1913, Moseley discovered a mathematical
relationship between the wavelength of X-rays emitted by an element and its atom number.
This discovery was a great step in the understanding that the number of the element in the
periodic table is equal to the number of electrons (and the number of protons) belonging to a
single atom of this element.

During the “Sturm-und-Drang” quantum period of the 1920s, Heisenberg’s matrix mechanics
and Schrodinger’s equation have been established as “very mathematized” cornerstones

of the rigorous theory of elementary chemical processes, which changed the field of chemistry
dramatically.

Finally, in the 20th century, researchers discovered many critical chemical phenomena.

In the first half of the century, these were mainly of a nonisothermal nature (Semenov,
Bodenstein, Hinshelwood), while in the second half they concerned isothermal phenomena, in
particular oscillating reactions (Belousov, Zhabotinsky, Prigogine, Ertl). In the 1950-60s
special attention was paid to studying very fast reactions by the relaxation technique (Eigen).
All reaction and reaction-diffusion nonsteady-state data have been interpreted based on the
dynamic theories proposed by prominent mathematicians of this century, including Poincaré
and Lyapunov, Andronov, Hopf, and Lorenz.

1.3 Chemistry and Mathematics: New Trends

A new period of the interaction between chemistry and mathematics was shaped out by the
computer revolution of the 1950-60s. Making a general statement about the difference between
the classical and contemporary scientific situations, one can carefully say that

* The classical situation was characterized by a search for general scientific laws.
Albert Einstein described the discovery of these new laws as “a flight from the miracle”:
“The development of this world of thoughts is in a certain sense a continuous flight
from the miracle.”

* The focus of the contemporary scientific situation has changed. From the epoch of the great
scientific revolutions we have moved to the epoch of the intellectual devices, mostly
computers, from the Divine Plan to a collection of models.
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This type of division had to be made carefully: never say “never” and a period of great scientific
discoveries may still lie ahead. Nevertheless, chemistry and chemical engineering have
been much influenced by the computer revolution, which is still ongoing. Apparently, this has
been a strong additional factor for the shaping of the new discipline “mathematical chemistry.”
Although this term was used previously by Lomenosov in the 18th century, the systematic
development of this area only started in the 1950s. At this time, Neal Amundson and Rutherford
Aris published the first papers and books describing the corresponding mathematical

models in much detail and creating the foundation of the discipline (Aris, 1965, 1969, 1975;
Aris and Amundson, 1958a,b,c).

Presently, a whole battery of efficient computational methods has been developed for modeling
chemical systems at different levels (nano-, micro-, meso-, and macrolevel). We are now able
to cover a variety of chemical aspects using an enormous number of available methods, such as

* computational chemistry, in particular methods based on density functional theory.

* computational chemical kinetics, in particular CHEMKIN software and various “stiff”
methods of solving sets of ordinary and partial differential equations.

* computational fluid dynamics.

* sophisticated statistical methods.

From the other side, during this period many rigorous theoretical results in mathematical
chemistry have been obtained, especially in the area of chemical dynamics. Wei and Prater (1962)
developed a concept of “lumping,” presenting a general result for first-order mass action-law
systems. Many results have been obtained at the boundary between chemical thermodynamics
and chemical kinetics. In 1972, Horn and Jackson (1972) posed the problem of searching the
relationships between the structure of the detailed mechanism and its kinetic behavior. This
theory was developed further in the 1970s and 1980s by Yablonsky et al. (Gorban et al.,

1986; Yablonskii et al., 1983, 1991) and independently by Feinberg (1987, 1989), Clarke (1974),
and Ivanova (1979). Horn (1964) was the first to pose the problem of attainable regions for
chemical processes. In the 1970s, Gorban constructed a theory of “thermodynamically
unattainable” regions, that is, regions that are impossible to reach from certain initial conditions
(Glansdorff and Prigogine, 1971; Gorban, 1984). For more details on this chenucogeometric
theory based on thermodynamic Lyapunov functions (see Gorban, 1984; Yablonsky et al., 1991).

Theoretical breakthroughs in the understanding of chemical critical phenomena (multiplicity,
oscillations, waves) were achieved by different groups of chemists. The Belgian school of
irreversible thermodynamics (Prigogine and Nicolis) provided insight into the origin of these
phenomena based on the concepts of the “thermodynamic stability criterion” and “dissipative
structure” (Glansdorff and Prigogine, 1971; Nicolis and Prigogine, 1977; Prigogine, 1967).
The group led by Aris (Minneapolis, Minnesota, USA) presented a uniquely scrupulous study
of the dynamic properties of the nonisothermal continuous stirred-tank reactor (CSTR)
based on bifurcation theory (Farr and Aris, 1986). The first part of this paper’s title, “Yet who
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would have thought the old man to have had so much blood in him?” is a quotation from
Shakespeare’s Macbeth. Finally, Ertl and coworkers (Berlin, Germany) constructed a
theoretical model of kinetic oscillations in the oxidation of carbon monoxide over platinum
(Ertl et al., 1982; Ertl, 2007), which may be called the “Mona Lisa of heterogeneous catalysis”
as it has been an attractive object of catalysis studies for a long time. The model developed by
Ertl et al. (1982) describes many peculiarities of this reaction, including surface waves.

Two recent trends in mathematical chemistry are model reduction and chemical calculus.

In model reduction, two approaches are popular: manifold analysis (Maas and Pope, 1992) and
so-called asymptotology of chemical reaction networks (Gorban et al., 2010), which is a
generalization of the concept of a rate-limiting step. The chemical calculus approach, which
was created in collaboration between Washington University in St. Louis, Missouri (USA) and
Ghent University (Belgium), is focused on precise catalyst characterization using
pulse-response data generated in a temporal analysis of products (TAP) reactor (Constales
et al., 2001; Gleaves et al., 1988, 1997; Yablonsky et al., 2007). With the TAP method, during
an experiment the change of the catalyst composition as a result of a gas pulse is
insignificant. At present, chemical calculus can be considered as a mathematical basis for
precise nonsteady-state characterization of the chemical activity of solid materials. For

a critical review of theoretical results, see Marin and Yablonsky (2011).

Despite evident progress in the development of both computational and theoretical areas, there
still are only a few achievements that can be considered as fruits of synergy between the
essential physicochemical understanding, a rigorous mathematical analysis and efficient
computing. When we talk about “advanced data analysis,” the adjective “advanced” means
an attempt to achieve this unachievable ideal. From this point of view, our book is such an
attempt. In every chapter, we try to present different constituents of the modeling of
chemical systems, such as a physicochemical model framework, some aspects of data analysis
including primary data analysis, and rigorous results obtained by mathematical analysis.

The term “advanced” may also relate to a new, high level of physicochemical
understanding and it does not necessarily entail a more complex model. In many situations, “to
understand” means “to simplify” and we are not afraid to present simple but essential
knowledge. Finally, to be “advanced” means to be able to pose new practical and theoretical
questions and answer them. Formulating new questions is extremely important for the
progress of our science, which is still, as chemists say, “in statu nascendi.”

1.4 Structure of This Book and Its Building Blocks

Now we are going to briefly discuss the contents of this book, explaining its logic and
reasoning. Chapters 2—8 are organized as a sequence of building blocks: “chemical
composition”—"“complex chemical reaction”—"“chemical reactor.” Chapter 9 complements
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these chapters, providing information about model discrimination and parameter estimation
methods. Chapter 10 deals with specific problems of modeling polymerization processes and
Chapter 11 describes advanced theoretical analysis focusing on computer algebra. Next, a more
detailed, chapter-by-chapter description of the book follows.

In Chapter 2, a new original approach is presented based on a new unified C-matrix, which
generates three main matrices of chemical systems representing both chemical composition and
complex chemical transformation. These three matrices are the molecular matrix, the
stoichiometric matrix, and the matrix of Horiuti numbers, and the original algorithm is derived
in this chapter.

In Chapter 3, the theoretical “minimum minimarum” is explained. This toolbox serves the
primary analysis of data of chemical transformations and the construction of typical kinetic
models, both steady-state and nonsteady-state. In the course of the primary analysis, the
reaction rate is extracted from the observed net rate of production of a chemical component.
Although the procedure is rather simple, its understanding is not trivial.

Using methods from graph theory, it is explained which part of the kinetic description is
influenced by the complexity of the detailed reaction mechanism and which part is not. This is
an important step in the so-called “gray-box” approach, which is widely applied in chemical
engineering modeling.

As the title of Chapter 4 suggests, this chapter lays out physicochemical principles of
simplifications of complex models, that is, assumptions on quasi-equilibrium and quasi-steady-
state, assumptions on the abundance of some chemical components, and the assumption of a rate-
limiting step. These principles are systematically used in the primary analysis of complex models.

Chapter 5 is devoted to the basic reactor models used in chemical engineering: the batch
reactor, the CSTR, the plug-flow reactor, and the TAP reactor with its modification, the
thin-zone TAP reactor. Special attention is paid to the reaction-diffusion reactor, the detailed
analysis of which opens up wide perspectives for the understanding of different types of
reactors, such as catalytic, membrane and biological reactors.

Chapter 6 reflects on new areas and problems at the boundary of chemical thermodynamics and
chemical kinetics, that is, estimating features of kinetic behavior based on thermodynamic
characteristics. New methods of chemico-geometric analysis are described. Recently found,
original, equilibrium relationships between nonequilibrium data, which can be observed in
special experiments with symmetrical initial conditions, are theoretically analyzed in detail for
different types of chemical reactors. The known problem of kinetic control versus
thermodynamic control is explained in a new way.

Chapter 7 is about stability and bifurcations. Typical catalytic mechanisms and corresponding
models for the interpretation of complex dynamic behavior, in particular multiplicity of
steady states and oscillations, are presented.
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Chapter 8 provides original results for optimal configurations of multizone reaction-diffusion
reactors, and compares these with results for a cascade of reactors known from the literature.

Chapter 9 offers a classical toolbox of model discrimination and parameter identification
methods. Such methods are constantly modified and they are a “golden treasure” to every
modeler.

Chapter 10 provides a formal apparatus, in particular integrodifferential equations, for
describing the physicochemical properties of polymers and their complex transformations.

Finally, the focus of Chapter 11 is on advanced methods of theoretical analysis, especially
computer algebra. Most of the results presented in this chapter, that is, critical simplification,
the analytical criteria for distinguishing nonlinear from linear behavior, are original.

Summarizing, the building of mathematical chemistry has not been completed. This book
covers only a number of selected rooms of this structure. It is not easy to live in a building that
has been only partly completed, but there is no alternative, and generally in science this is a
typical story. In addition, in many countries of the Near East where rainfall is scarce, it is
customary for families to move into new houses long before all rooms have been prepared. So,
we are moving...
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Chemical Composition and
Structure: Linear Algebra

2.1 Introduction
The following questions often arise in the practice of chemical engineering:

* Given a set of components of known atomic composition, establish which of them are
key to determine, together with the element balances, the amounts of all others.
Furthermore, find a way of generating all possible reactions involving these components.
This will be addressed by the augmented molecular matrix, introduced in Section 2.2.

* Given a set of reactions, determine which of these are key to describing all other reactions
as combinations of this set and how to do this. Also determine which additional balances
appear and which thermodynamic characteristics (enthalpy change, equilibrium
coefficient) are dependent. This will be addressed by the augmented stoichiometric matrix,
introduced in Section 2.3.

* For a set of reactions involving intermediates, which typically cannot be measured,
determine the overall reactions, that is, the ones not involving such intermediates, and find
the numbers by which these can be written as combinations of the given reactions (the
so-called Horiuti numbers). This will be addressed by augmenting a specially crafted
stoichiometric matrix, as explained in Section 2.4.

What is a matrix? It is a square or rectangular array of numbers or expressions, placed
between parentheses, for example:

1 3 -7
[2 —4 3} @1

In this case there are two rows and three columns, and we call this a 2 X 3 matrix, mentioning
first the number of rows and then the number of columns. There can be no empty spaces left in
the matrix. Matrices are widely used in engineering to represent a variety of mathematical
objects and relationships. We will gradually introduce them, in close connection with the
requirements from chemistry and engineering that justify their use.

Let us start with chemical reactions. A statement such as

2H2 + 02 — 2H20 (22)
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describes a chemical process, a reaction, that consumes two molecules of hydrogen gas,
H,, and one molecule of oxygen gas, O,, to produce two molecules of water, H,O. Such
a reaction does not actually occur as the collision of the three gas molecules involved, but
rather as a complicated, not yet fully elucidated set of reaction steps. Nevertheless,

Eq. (2.2) describes the overall reaction and can readily be tested experimentally: two
moles of hydrogen and one mole of oxygen are transformed into two moles of water.

The statement in Eq. (2.2) implies that all H, and O, should be completely transformed
into H,O so that no H, or O, should be left. Thus, Eq. (2.2) is a falsifiable statement,

and therefore scientific.

If we ignore the direction of the arrow in Eq. (2.2), it can be viewed as an equality of sorts:
2H,; +0,£2H,0 2.3)

where “£”denotes the equality of all atom counts on both sides. This is not an absolute equality:
O, and 2H, together are not the same as 2H,0, but they are amenable to transformation
into each other. Eq. (2.3) can be rewritten as

—2H, — O, + 2H,0 4 zero 2.4)

By convention, the terms that originate from the left-hand side, the reactants, are assigned a
negative sign, and the products are assigned a positive sign. Maybe we could associate this
equation to a (1 x 3) matrix? The matrix

-2 —1 2] (2.5)

would be the most natural choice, but since the meaning of the columns (H,, O,, and H,0)
would be lost, we introduce a typographical convention for indicating the meaning of the
columns:

H, O, H;O
(2.6)
[—2 —1 2]
Note that the chemical symbols in Eq. (2.6) are hints, not part of the matrix!
Another reaction might occur between the same reactants, namely the synthesis of
hydrogen peroxide:
HZ + 02 — H202 (27)
This reaction can be represented by the matrix:
H, O; Hy0,
(2.8)

-1 —1 1]
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and it is logical to represent the system of both reactions, Egs. (2.2), (2.7), by the 2 x 4 matrix:

H, 02 Hzo H202
2 -1 2 0 (2.9)
-1 -1 0 1

Note that for this matrix the rows are not labeled. We could add more hints by adding the names
of the reaction products to the left of the matrix, as in

H, 02 HZO H202
H,O {—2 -1 2 0] (2.10)
H, O, | -1 -1 0 1

but initially we will consider the rows of this stoichiometric matrix as merely stoichiometric
information: how many molecules of reactants (negative entries) produce how many
molecules of products (positive entries)? Components that do not occur in a particular reaction
have a zero entry in that row. Reactions are the building blocks of a chemical description,
but before we can handle them more formally, we must also express how each component
combines its constituent elements. This is done in the molecular matrix.

2.2 The Molecular Matrix and Augmented Molecular Matrix
2.2.1 The Molecular Matrix

For every component present in the reaction mixture under consideration, its elemental
composition must be specified in order to verify that all elements are properly preserved.
The most convenient and complete way of specifying the elemental composition is by a matrix
in which the columns correspond to the elements, with possibly one column reserved for
electric charge, and the rows signify the different molecules, ions, radicals, and so forth, that are
being considered. This is called the molecular matrix M. For instance, for a mixture consisting
of H,, CH4, C,Hg, and C,Hy, the molecular matrix is given by

CH
H, [02

_CHy |14 @2.11)
C,Hg |2 6
C,H, [2 4

M

Based on this molecular matrix, the molar masses of the components can be determined
from the atomic masses of the elements. For instance, the molar mass of C,Hg is two times
the atomic mass of C plus six times that of H. To express such relationships in a very
compact manner, mathematicians have devised a special way of multiplying matrices: the
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atomic masses of the elements can be grouped in a column vector my (in this case consisting of
two rows),

H [1.008 2.12)
my = .
ATl
and the molar masses of the components can go in a 4 X 1 column vector my:
H, 2.016
CHs |16.032
my = (2.13)
CyHg | 30.048
C,H, |28.032
Then in compact form, my;=Mmy,. In general, a product of two matrices B and C is
defined only if the number of columns of B equals the number of rows of C, and the
product P=BC will have the number of rows of B and the number of columns of C.
A general entry P;; of P is then given by definition as a sum of products of entries of
row i of B and entries of column j of C:
P,'j:B,'lC]j-f-B,'zCQj-f- ---+B,»pC,,j (214)

where p is the number of columns of B (and rows of C).

Furthermore, when a set of mathematical objects v,v5,...,v, can be multiplied by real
numbers @; and the sum of the products satisfies the equation a;vy +axvp + -+ +a,v, =0,
where not all real numbers ay,a,, ...,a, are zero, they are said to be linearly dependent,
otherwise they are called linearly independent. For instance, the equations x+y =15 and
x—y =09 are linearly independent, but if we add the equation x =7, they become dependent,
since x+y =15 plus x —y =9 minus twice x =7 yields 0=0. A set of linearly independent
objects that is maximal, that is, to which no object can be added without losing linear
independence, is called a basis. In the previous example, x+y =135 by itself is not a basis
since x —y =9 can be added to it without losing linear independence, but the set of

these two equations does form a basis since no third equation can be added to this set
independently.

2.2.2 Application of the Molecular Matrix to Element Balances

In practice, it is often crucial to calculate the balance for each of the elements present in
the components of a mixture. Now the questions arise how many of these balances

are independent and which amounts can be deduced from other ones given the element
balance values. To solve this problem in a systematic way, a certain ordering of the
components must be chosen; typically, the best known or most easily measured components
should be listed first. Then the molecular matrix can be augmented by adding a unit matrix,
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that is, a matrix with ones on the main diagonal and zeros elsewhere, to its right. For the
molecular matrix represented by Eq. (2.11), we obtain

Ct Ht H2 CH4 C2 H6 C2H4

H, 0 2 1 0 0 0
CHy |1 4 0 1 0 0 (2.15)
CHs |2 6 0 0 1 0
CH, L2 4 0 0 0 1

This matrix is best interpreted as a form of double bookkeeping as used in accounting:

in the first two columns, the counts of the elements C and H, now called C, and H,,

for total C and H, are tallied (debit); in the next four columns, the components are figured
(credit).

An augmented molecular matrix can be transformed to a Reduced Row Echelon Form or
RREF. This method is essential to all matrix transformations in this chapter. The idea behind
the RREF is that we work from the first column all the way to the rightmost one. For each
column we determine whether it is possible to eliminate it by finding a nonzero entry, or
pivot, in a row that has not been considered before. If not, we skip to the next column. If a pivot
is found, we use it to eliminate all other entries in that row. We also move the pivot row

up as far as possible. We cannot tell in advance where all the pivots will be found; we

must find them one by one since the elimination procedure can change zero entries into
nonzero ones and vice versa. In general, we also do not know in advance how many pivots
will be found. However, in the special case of a matrix augmented with a unit matrix,

we do know that their number will be equal to the number of rows.

As an example, consider the augmented matrix for a mixture consisting of H,, CH,4, C,Hg,
and C,H, given by Eq. (2.15). In order to find the RREF, we start with the first column and
find a nonzero entry in the second row. We move this second row up to the first position:

C; H; H, CHy CHg CHy
1 4 0 1 0 0

0 2 1 0O 0 O (2.16)
2 6 0O O 1 0
2 4 0 0 O 1

The pivot is in bold. Note that the hints labeling the rows are absent, since their identity
will not be preserved during the reduction of the matrix.

Next, we use the first row to eliminate all other entries of the first column. The second
row requires no action since the value there is already zero. We subtract twice the first row
from the third row, changing the matrix to
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Ct Ht H2 CH4 C2H6 C2H4

1 4 0 1 0 O
0 2 1 0 0 O (2.17)
o -2 0 -2 1 0
2 4 0 0 0 1
Similarly, we subtract twice the first row from the fourth row, resulting in
C.  H; H, CH4 C;Hg C,Hy
1 4 0 1 0 0
0 2 1 0 0 O (2.18)
0 -2 0 -2 1 O
0 4 0 -2 0 1

Now we tackle the second column. The first row has already been assigned a pivot, so we
do not consider it for elimination purposes. In the second row, we find a nonzero value,
2, by which we divide the entries in this row:

C, H, H, CH;CHs C,H,
1 4 0 1 0 0

0 1 1/2 0
0 2 0 -2
0 -4 0 -2

(2.19)

oS = O
- o O

Now we use this second row for the elimination of the entries in the other rows of the
second column, including the first row. So we subtract four times the second row from the
first, add twice the second row to the third, and add four times the second row to the fourth.
The result of these operations is

C, H, H, CH, C,H C,H,
0 -2 1 0 0
1 12 0 0 0
0 1 -2 1 0
0 2 -2 0 1

(2.20)

S O O ==

When looking at the third column to find a pivot, we do not consider the first and second
rows because they have already been assigned pivots. We do, however, find a suitable
entry, 1, in the third row and use this as a pivot. We add twice the third row to the

first, subtract half of it from the second, and subtract twice the third row from the fourth.
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This results in

C[ H; H, CH4 C2H6 C2H4

1 0 0 -3 2 0
0 1 0 1 —-1/2 0 (2.21)
0 0 1 -2 1 0
0 0 O 2 -2 1

Finally, in the fourth column we do not consider the first three rows, because they already
have pivots, but find a nonzero value in the fourth row, 2, and choose it as a pivot. First
we divide the entries in the fourth row by this value,

C. H H, CHy CHg C,Hy

1 0 0 -3 2 0
010 1 -1/2 0 (2.22)
00 1 -2 10
000 1 -1 1)2

and then add three times the fourth row to the first, subtract it once from the second, and
add it twice to the third:

Ct Ht Hz CH4 C2H6 C2H4

1 0 0 0 -1 3/2

010 0 1/2 —1)2 (2.23)
0010 -1 1
000 1 -1 1)2

We have now obtained the RREF. Fig. 2.1 shows a map of this matrix indicating the subareas.

Elements Components
1

C, H H, CH,CH, CH,

Element pivot rows = 1 0 O
pseudoreactions 0 1 0
1

Coefficients

. _[|0 O
Component pivot rows =
stoichiometric basis 0O 0 O

L I ] L J
T

Pivot columns =
key elements

Nonpivot columns =
nonkey components

Pivot columns =
key components

Fig. 2.1
Map of subareas in the RREF of Eq. (2.23).
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Because the molecular matrix was augmented with a unit matrix, the pivot columns together
form a unit submatrix indicating the key elements and key components. Key elements of a
certain chemical mixture are those the amounts of which cannot be determined from the
amounts of other elements; key components are those the amounts of which, together with
the amounts of the key elements, uniquely determine the amounts of the other, nonkey
components.

Every row has a pivot; the first two rows have pivots in element columns and are related

to pseudoreactions in which precisely one atom of the element is “created” as the result

of a transformation of components. Contrary to ordinary chemical reactions, there is no
balance of the pivotal element in these pseudoreactions, but instead an excess of a single
atom in the products. For instance, the first row in Eq. (2.23) represents the pseudoreaction
C,Hg 2 3/2 C,H, with an excess of one C atom in the product: reactants and products
contain two and three C atoms, respectively. Similarly, the pseudoreaction in the second row,
1/2 C,H, 2 1/2 C,Hg, has an excess of one H atom (two H atoms in reactants, three in
products).

The pivots of the third and fourth rows are not elements but the components H, and CH,.
They represent the reactions C,Hge2H, + C,Hy, in which a single unit of H, is formed,
and C,Hg2CHy + 1/2 CyHy, in which a single unit of CHy is formed. These rows
corresponding to reactions form a stoichiometric basis for all reactions involving the
components considered.

The first four columns are pivot columns, in which only entries 1 occur as pivots and all
other entries are zero. The fifth and sixth columns have no pivot, and correspond to components
that are not key. Their amounts can be deduced from the element balances and the key
components. The coefficients can be read off at once in the columns, which were obtained
from the pseudoreactions and reactions. In the fifth column, the amount of C,Hg equals

ne,H, = —nc, + 1/2ny, — ny, — ney, (2.24)
and in the sixth, the amount of C,H,4 equals
ne,n, =3/2nc, — 1/2ny, +ny, +1/2ncn, (2.25)
In this example, if we assume that nc,p, can be written as a linear combination:
ne,n, = ang, + pny, +yny, +oncy, (2.26)

and consider the effect of the first pseudoreaction, C,Hg 2 3/2 C,Hy, in which C is “created”
and H, and CH, do not participate, nc, increases by 1, nc,u, by 3/2, and ny,, ng,, and ncy, are
not affected.

Consequently, a must equal 3/2. In the same way, f, y, and ¢ are determined uniquely by the
second, third, and fourth pseudoreactions and reactions.
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Summarizing, to analyze the element balances

(1) list the elements and components present in the order of decreasing ease of
measurement.

(2) form the molecular matrix by entering the number of atoms of an element for each
component in its own row.

(3) augment this matrix by adding a unit matrix to its right.

(4) perform the operations resulting in the RREF.

Then, in the result:

(1) every row is still stoichiometrically valid.

(2) every pivot column corresponds to a value that must be known, either that of an
element balance or of a key component.

(3) every nonpivot column corresponds to an unknown value that can be deduced from the
pivots using the matrix coefficients in that column.

(4) the rows for which all elemental entries are zero form the basis of stoichiometrically
possible reactions.

Because the matrix is augmented with a unit matrix, the total number of pivot columns
always equals the number of rows, which is also the number of components. It also equals
the number of key elements plus the number of key components. The number of key
elements can be less than the total number of elements, when some element columns
have no pivot.

Example 2.1 Fixed Ratio of Elements

Consider a mixture consisting of the isomers ¢-C4Hg, t-C4Hg, and the dimer CgHq¢. In order to
determine which are the key elements, and the key and nonkey components, we first construct
the molecular matrix as

CH
c-C4Hg |4 8
t-C4Hg |4 8 (2.27)
CgHqs |8 16
We augment it to the matrix:
Ce He c-C4Hg  t-C4Hg CgHie
4 8 1 0 0
4 8 0 1 0 (2.28)
8 16 0 0 1
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with RREF
C.  He c-CqHg t-C4Hg CgHig
1 2 0 0 1/8
0 0 1 0 -1/2 (2:29)
0 0 0 1 —-1/2

An unusual event occurs here: the second column, even though elemental, has no pivot. It
therefore contains a nonkey element, and we can read from it that H, is twice C, in all
components of the mixture. Next, c-C4Hg and t-C4Hg are the two key components, and the
amount of CgHy¢ is always given by

negte = 1/8nc, —1/2nccypig — 1/ 20y (2.30)

The general result that can be derived from this example is the fundamental equation:

Number of key components = number of components — number of key elements ~ (2.31)

The number of key components is thus a property of the reaction mixture, but the key components
actually chosen depend on the ordering: the components listed first will be chosen to be key

components. This is why it is useful to order the components by decreasing ease of measurement, so
thatthe components whose values can be measured more easily will be selected as key components.

The RREF method is completely mechanical, so it requires no insight and when performed
correctly will always give the same result: even though different nonzero entries might be
chosen as pivots in its course, the final result will always be the same. Conceptually, the
RREF means that given an ordering of variables, we try and eliminate all possible (pivot)
variables when they can be expressed in terms of other variables that come later in the
ordering.

Verifying that the element balances hold is an essential way of making sure that no
components were overlooked. Then the determination of the key components is not
arbitrary, since it only depends on knowing the composition of the mixture of all
participating components.

Example 2.2 Different Order of Components

Rework the example with the molecular matrix given by Eq. (2.11), but now with the reverse order
of components.

Solution:

The new molecular matrix is

CH
CoH4 [2 4
CoHs |2 6 (2.32)
CH, |1 4
02

H,
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After augmentation with a unit matrix, this matrix becomes

C H GH4GHgCHy Hy

2 4 1 0 0 0
2 6 0 1 0 0 (2.33)
1T 4 0 0 1 0
0 2 0 0 0 1

Its RREF is readily computed to be

C He GHy CoHg CHs  Hy

1 0 0 0 1 -2
0 1 0 0 0 1/2 (2.34)
0 0 1 0 -2 2
0 0 0 1 -2 1

so that now the key components are C;H4 and CyHg (because they come earlier in the
ordering). The basic reactions are C;Hy + 2H, 22 CH4 and CoHg + Hy22CH4. The amounts
of the nonkey components work out to

NcH, = Nc, — 20,1, — 2N, Hq (2.35)

and

”Hz:_2”C[+1/2”H[+2”C2H4+”C2H5 (236)

Example 2.3 Mixture Containing a One-Atom Molecule

Calculate the balances for a mixture containing the molecules C (atomic carbon), CO, CO,,
and O,.

Solution:

The fact that atomic carbon also occurs among the components does not require any special
treatment; only the usual care must be taken to distinguish the C, elemental column from the
C atomic carbon column. The molecular matrix is

co
c [10
co |11 (2.37)
Cco, |1 2

O, [0 2
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and after augmentation,

C. O, C CO C0O,0,
10 1 0 0 O
11 0 1 0 O (2.38)
12 0 0 1 O
0 0 0 0 1
Its RREF is then
C O, C CO CO; 0O,
1 0 0 O 1T =1
0 1 0 O 0 1/2 (2.39)
0O 0 1 0 -1 1
0 0 0 1 -1 1/2

The key components are C and CO (as dictated by the order of components) and the amount of
the nonkey components can be calculated from

hco, = hc, — hc —hco (2.40)
and

n02 :_”Ct+ 1/2not+i’lc+1/2nco (241)

Example 2.4 Combination of Two Groups of Elements

Consider the components acetylene (C,H;), hydrochloric acid (HCl), and vinyl chloride
(CyH3Cl). Determine the key components and balances.

Solution:
The augmented molecular matrix is

C. H. Cli CH; HClI CyHsCl
2 2 0 1 0 0

2.42
o 1 1 0 1 0 (2.42)
2 3 1 0 0 1

with RREF
C. He Cl GH, HC CyHsCl
1 0 -1 0 =3/2 1)2
(2.43)
0 1 1 0 1 0
0 0 0 1 T -1

so that C and H are the independent elements and Cl is dependent according to
ncl, = —Nc, + Ny, (244)
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In this case, C;H; is the only key component because C,H3Cl is a combination of the two groups
of elements C,H, and HCl.

The amounts of the nonkey components are
Nyl = —3/2"& + Ny, + NncyH, (245)

and
N, =1/2nc, —nc,m, (2.46)

2.2.3 Remarks

The method indicated in this section works equally well for ions and radicals, ionic

or not. In the case of negative ions, the excess electrons must be specified as well, since
electrons are distinct from all elements; similarly, in the case of positive ions, the

deficit in electrons must be indicated. This will ensure that charge is always properly
preserved. When different isotopes of an element occur, they must be counted separately
along with the different components they occur in. Sometimes unconventional “elements” such
as active catalyst sites are used. Sometimes subcomponents can be used as pseudoelements
(water in hydrates, building blocks of polymers, amino acids).

2.3 The Stoichiometric Matrix

In general, a stoichiometric matrix represents a set of reactions involving given components.
The columns of this matrix correspond to the different components, the rows correspond to the
different reactions, and the entries are stoichiometric coefficients, which by convention are
negative for the reactants and positive for the products.

In Section 2.2, we have shown how the molecular matrix, when augmented with a unit
matrix and converted to the corresponding RREF, yields a basis for all stoichiometrically
acceptable reactions. In reality, however, many of these reactions may be chemically
impossible. Therefore, a special stoichiometric matrix can be considered, in which only
selected reactions occur.

2.3.1 Application of the Stoichiometric Matrix to Reactions

Consider the set of reactions
2H, + 0, 22H,0 2.47)
H, + O,2H,0, (2.48)
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which is represented by the stoichiometric matrix S

H2 02 HzO H202
2 -1 2 0 (2.49)
-1 —1 0 1

while the molecular matrix M of the components that participate in these reactions is

HO
H, 20
0, 02 (2.50)
H,O |21
H,O, |2 2

If we wish to verify, for instance, that hydrogen atoms are conserved by the first reaction,
Eq. (2.47), we must count them in every term on either side, and then subtract these values:
there are four hydrogen atoms on both sides and subtraction yields zero. An equivalent but
mathematically more elegant method is to use the entries of the stoichiometric matrix and the
molecular matrix as follows: we read —2 for the coefficient of H, in the first row of the
stoichiometric matrix and multiply by 2, the number of H atoms in H, as indicated by the
molecular matrix, and so on. The result is then (—2)(2) +(—1)(0) +(2)(2) +(0)(2) =0, which by
definition is precisely the entry (1,1) of the product of the stoichiometric and molecular
matrices SM. Similarly, the entry (ij) of that product expresses the difference in atom counts of
element j in reaction i. Consequently, we can express the balance of all reactions for all
elements compactly as the zero matrix with all entries zero:

SM=0 (2.51)

It is useful to compute the RREF of a stoichiometric matrix because the pivots will reveal
the key components, and the nonpivot columns will reveal the balances obeyed by the
nonkey components. In this example, the RREF equals

Hz 02 Hzo HzOz
1 0 -2 1 (2.52)
0 1 2 -2
so that the key components are H, and O,, and the relationships are read off in the
nonpivot columns, 3 and 4, as
Ang,0 = —2Ang, +2Ang, (2.53)
and

Al’l].[zoz = AI’IH2 - 2A}’l02 (254)
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where A indicates that we are expressing the changes in amounts that are caused by these
reactions.

Example 2.5 Effect of the Reactions Chosen

Returning to the molecules ¢-C4Hg, t-C4Hg, and the dimer CgH4 of Example 2.2, we can propose
the reactions

c-C4Hg +t-C4Hg 2 CgHq6 (255)
and
C-C4H8<_—’t-C4H8 (256)
which are represented by the stoichiometric matrix

C-C4Hg t-C4H8 C8H16

=1 =1 1 (2.57)
—1 10
with RREF
C-C4Hg t-C4H8 C8H16
1 0 -1/2 (2.58)
0o 1 ~1/2
so that ¢-C4Hg and t-C4Hg are key components, and the balance in the nonpivot column reads
A”C3H16 :_1/2A”6-C4H3_1/2A”t-C4H3 (259)

If, however, we retain only the first reaction, overlooking the second, isomerization reaction, the
stoichiometric matrix is

c-C4Hg t-C4Hg CgH16

11 (2.60)

with RREF
c-C4Hg t-C4Hg CgH16
11 -1

Then there is only one key component, ¢-C4Hg and the nonpivot columns indicate the balances

(2.61)

Ant_QHg :AHC-C4H8 (262)
and
AanH15:_A”C-C4Hg (263)

Comparing this use of the stoichiometric matrix to that of the molecular matrix (Section 2.2), we
observe the following:

¢ When considering the molecular matrix, the element balances (C,, H,, etc.) provide us
with absolute values. In the current setting of reactions, we can state facts only about changes
in the number of molecules of the components, not about their total amounts.
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» Because the stoichiometric matrix may contain fewer reactions than the ones generated by
the molecular matrix, there may be more balances and fewer key components in the
stoichiometric matrix than in the molecular matrix.

e The determination of key components from the stoichiometric matrix depends on more
choices than in the case of the molecular matrix, since it involves selecting specific reactions.

Therefore, the result of this procedure may be different.

» Again, since the components listed later tend to be expressed in terms of the ones listed
earlier, the order of listing should be according to decreasing ease of measurement.

In this application, the stoichiometric matrix was not augmented, and we cannot tell by
which linear combination of the original reactions the final result was obtained. Sometimes it is
useful to keep track of the original reactions, for example when thermodynamic data such as
enthalpy changes are required or for the calculation of equilibrium coefficients.

2.3.2 The Augmented Stoichiometric Matrix

Adding the hypothetical reaction

to the previous system, Egs. (2.47), (2.48), results in the stoichiometric matrix

Augmenting this matrix with a unit matrix

Hy
-2
—1

0

)}
—1
—1
—1

eventually results in the following RREF:

H,
R [1
R, |0
R, L0

O,
0
1
0

2H,0+ 0, «22H,0, (2.64)
0O, H,O H,0,
- >0 2.65
—1 0 1 (2.65)
—1 -2 2
H,O H,O0, Ry R, Rjs
2 0 1 0 0 5 66
0 1 0 1 0 (2.66)
-2 2 0 0 1
H20 HzOz R] R2 R3
-2 1 0 —1 1 06
2 -2 0 0 -1 (2.67)
0 0 1 -2 1

Fig. 2.2 shows a map of this matrix indicating the subareas. Every row represents a reaction,
possibly a zero reaction, in which there are no reactants or products. Here this is the case
for R3, for which the coefficients are read off the third row in the columns representing

the reactions: (1)R;+(—2)R,+(1)R3, where Ry, R,, and R; represent the reactions in,
respectively, Egs. (2.47), (2.48), (2.64). This produces the zero reaction R3. The first row in the
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Components Reactions
L L

1

H, 0, HO HO, R, R, R,

. R.[1 0
Component pivot rows =
0
0

basic reactions R, 1
’ I~ & e
——= Coefficients
R, 0 c
/ [S—— i

Reaction pivot row = Pivot columns = Pivot column =
zero reaction combination  key components nonkey reaction

Nonpivot columns = Nonpivot columns =

nonkey components  key reactions

Fig. 2.2

Map of subareas in the RREF of Eq. (2.67).

reaction columns of the RREF corresponds to the reaction R{, 2H,O=2H, + H,0,, obtained by
the combination (0)R;+(—1)R,+(1)R3. The second row corresponds to the reaction R5,
2H,0,20,; +2H;0, obtained by the combination (0)R; +(0)R,+(—1)Rs.

The reaction columns in the RREF can be interpreted as follows. If we assign a rate to each
of the original reactions, | for Ry, etc., and similarly rates r{ for R, etc., for the new set of
reactions, the problem solved by these reaction columns is how to express the original rates r;
in terms of the new ones, r;/; for instance, the column R, indicates that

ra=(=1)r1+(0)r +(=2)r}.

2.3.2.1 How to find the key and nonkey reactions

The RREF of the augmented stoichiometric matrix indicates that every reaction with a pivotin its
column can be written as a linear combination of nonpivot reactions. All entries to the left

of the pivot are necessarily zero, so that the row containing the pivot must represent a zero
reaction, that is, the pivot reaction added to the reactions to its right multiplied by their
entries, yields zero. Hence, the pivot reaction itself is minus the sum of these multiplied reactions,
and dependent on them. In this example, since R} is the zero reaction and R is the corresponding
pivot column, from (1)R; + (—2)R; + (1)R3 =R} =0, it follows that R; = (2)R,+(—1)Rs.

Contrary to the key components, which occur in pivot columns, the reactions in pivot
columns are the nonkey ones. In the present example, the second and third reactions are key
(nonpivot) and the first is nonkey (pivot). As before, the ordering of the reactions will influence
the choice of key and nonkey reactions, and the earlier a reaction occurs in the ordering,

the more likely it is not to be a key reaction. Again, we can count the number of pivot columns
in two ways: on the one hand, because the matrix was augmented with a unit matrix, it

equals the number of reactions. On the other hand, each pivot column either corresponds to a key
component or to a nonkey reaction. Consequently,

Number of key components + number of nonkey reactions = number of reactions (2.68)
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Subtracting the number of nonkey reactions from both sides yields the fundamental equality
Number of key components = number of key reactions (2.69)

In this example, these numbers are both equal to two; H, and O, are the key components, and R,
and Rj are the key reactions.

The number of balances equals the number of nonkey components as indicated before. They are
caused by the reactions, not by element balances. The coefficients by which to multiply the
change of the amounts of the key components are read off on the column as before.

2.3.2.2 Enthalpy change and equilibrium coefficients

The RREF can also be used to find the enthalpy change of the reactions given in the rows: if
A H, is the enthalpy change of reaction R;, etc., then the enthalpy change of the reaction in
the first row of the RREF, 2H,0<2H, + 2H,0,, is —A H,+ A.H5 and that of the reaction in
the second row, 2H,0, 20, +2H,0, is —AH;. The last row, which represents a zero reaction,
must have an enthalpy change of zero, so that 0=A H| —2A H,+ A H;. The latter is an
example of how the value of the enthalpy change of a reaction in a pivot column can be written
in terms of the values of subsequent columns, in this case A.H; =2A.H, — A H3. This example
also illustrates that it is useful to list the reactions with lesser-known thermodynamic
properties first.

A similar reasoning can be applied to the logarithms of the equilibrium coefficients K. ;, etc.
The equilibrium coefficient of the first reduced reaction must equal K., 3/K.q 2, that of the
second 1/Kq 3, and that of the third, zero reaction leads to 1 = Keq,1Keq,3 /Kezq’z,
solved-for form, Keq 1 = Kgq,z / Keq,3- In general, the entries in a nonpivot reaction row are (with
changed sign) the exponents in the product expression for the corresponding equilibrium

coefficient.

or in

2.4 Horiuti Numbers

During modeling of catalytic reactions, often unmeasured quantities enter the equations, for
example when surface intermediates are considered. In such cases, one would like to know
which are the overall reactions and how many of these reactions are independent.

The overall reaction is obtained by multiplying the reactions with certain coefficients, the
so-called Horiuti numbers o, and then adding the results.

Consider the following set of reactions:

Z+H,027Z0+H, (2.70)



Chemical Composition and Structure: Linear Algebra 27

20 +CO=2Z+CO, (2.71)

where Z is a symbolic element denoting an active catalyst site. What is/are the overall
reaction(s)? Again, this problem can be readily solved by using the RREF. Until now, we have
stressed that in choosing the order of components occurring in the molecular matrix and in
the stoichiometric matrix, it is advisable to list them in order of decreasing ease of measure,
so that the components that are difficult to measure can then be expressed in terms of those
that are easier to measure.

However, in the Horiuti setting, the purpose is not to express the short-lived intermediates (in
this case ZO and Z), which are difficult or even impossible to measure, in terms of the long-
lived components (H,, H,O, CO, and CO,), but to find relations between the long-lived
components that do not involve the intermediates at all. That is why, in this setting, in
order to eliminate the intermediates using an RREF of the stoichiometric matrix, the
intermediates must be listed first, not last:

Z Z0 H, HO CO CO,
[ -1 1 1 -1 0 0] (2.72)
1 —1 0 0 —1 1

Again we augment this matrix with a unit matrix to keep track of the original reactions:

Z 7Z0 H, H,0 CO CO, R, R,
[—1 11 -1 0 0 1 o] 2.73)
1 -1 0 0o -1 1 0 1

The RREF of this matrix is

Z Z0 H, H,O CO CO, R; R
1 -1 0 0 -1 1 0 1 (2.74)
0 0 1 -1 -1 1 1 1

The rows in which all intermediates have zero entries provide a basis of the overall
reactions. Note that if no such rows occur, there is no overall reaction because intermediates
are always involved. There can be several different overall reactions; and the same overall
reaction may be found by two different sets of Horiuti numbers, but in that case their
difference will produce a zero overall reaction 0 2 0, which will show up as such in

the RREF.

In the present case, we ignore the first row but consider the second: H,O + CO=H, + CO,, which
is the overall reaction. its Horiuti numbers are the coefficients affecting the original reactions R,
and R, in that row, that is, 1 and 1. If we bundle these numbers in a so-called Horiuti matrix, ¢, and
consider only the intermediate part S;;,, of the stoichiometric matrix S,
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()

1

R, [1] R,
= 5 Sint:
R;

R»

Z 70

K

N

then we have the remarkable matrix product property that 6' S;,,=0. Here 6" denotes the
transpose of ¢, that is, the matrix obtained by interchanging the rows and columns of ¢, so

(2.75)

that here
6T = ﬁ l 1?]2 (2.76)
Example 2.6 Reaction With Three Intermediates
Consider the set of reactions:
2Z+0,2227Z0 (2.77)
Z+CO=ZCO (2.78)
ZO0+CO=2Z+CO, (2.79)
ZO +ZCO=22Z+CO, (2.80)
Determine the overall reaction(s) and Horiuti numbers.
Solution:
The augmented matrix is
Z Z0 ZCO O, CO CO; Ry Ry R3 R4
-2 0 -1 0 0 1 0 0 0
—1 1 0o -1 0 0 1 0 O© (2.81)
—1 0 0 -1 1 0 0 1 0
2 —1 - 0 0 1 0 0 0 1
with RREF
Z ZO ZCO O, CO CO; Ri Ry Rs R4
1 0 -1 0 1 0 0 0 -1 1
o 1 -1 o0 2 -1 0 0 -2 1 (2.82)
0 0 0 1 2 -2 —1 0 -2 0
0 0 0 0 0 0 0 1 —1 1

The first two rows are discarded, since the intermediates occur in these rows, but the third
and fourth are kept. The overall reactions are 2CO,22CO + O; and the zero reaction; the
respective Horiuti numbers are —1, 0,—2, 0 and 0, 1,—1, 1, and the Horiuti matrix is given by

R4
R,

o=

R3
Ry4

—1
0
-2
0

0

]
-1
:

(2.83)
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Fig. 2.3 shows a map of the RREF represented by Eq. (2.82) indicating the subareas.

In practice, the Horiuti numbers of the zero overall reaction are not considered as such, but
indicate the freedom that remains in choosing a set of Horiuti numbers: any linear combination
of zero-reaction Horiuti numbers can be added to or subtracted from those of any overall
reaction. For instance, subtracting them from the overall ones in this case yields —1, =1, —1, —1,
or, equivalently, 1, 1, 1, 1 for the reverse overall reaction. Such a set of values is visually more
pleasing but cannot be expected to be favored by a mechanical procedure such as the RREF
procedure, which instead tries to eliminate as many entries as possible (in all pivot columns
corresponding to reactions).

Other

Intermediates components Reactions
L

10 -1 0 0 00 -1

Z 70 ZCO O, CO CO,R, R, R, R,
1 1
10 2 -1 00 -2 1

2

1
Nonintermediate{ 00 0 ‘1 — ’ ‘—1 0 -2 0’
pivot rows 00 0l 0o olo1 -1 1
Overall Horiuti matrix
reactions (transposed)
Fig. 2.3

Map of subareas in the RREF of Eq. (2.83).

Example 2.7 Two Types of Active Sites

Consider the set of reactions:

A+Zi2AZ, (2.84)
B+Z,2BZ, (2.85)
AZ,+BZ,2AB+Z, + 7, (2.86)

Determine the overall reaction(s) and Horiuti numbers.

Solution: The augmented matrix is

Z4 Z;, Az, BZ, A B AB Ry Ry Rs3

-1 0 1 0 -1 0 0 1 0
0 -1 0 1 0 -1 0 0 (2.87)
1 1 -1 -1 0 0 1 0 0
The RREF of this matrix is
Z, Z, AZ, BZ, A B AB R, R, R
1 0 -1 0 0 -1 1 0 1 1
0 1 0 -1 0 1 0 0 -1 0 (2.88)
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We consider only the third row, and read out the overall reaction as AB2A + B with Horiuti
numbers —1, —1, —1. In practice, these numbers would be more likely reported equivalently as 1,
1, 1 for the reverse reaction, A+ B2 AB. This is also the form that would have been obtained if the
component AB had been listed before A and B instead of after them.

2.5 Summary

Tables 2.1 and 2.2 summarize the characteristic features of the RREFs of the augmented
molecular matrix and the augmented stoichiometric matrix.

In any case, the number of key components equals the number of key reactions. If fewer

reactions are retained, there will be fewer key components due to surplus balances. The
following relations hold

Number of key components of molecular matrix
=number of components — number of key elements

Number of key components of stoichiometric matrix
< number of key components of molecular matrix

Number of key components of stoichiometric matrix
= number of key reactions of stoichiometric matrix

Table 2.1 Characteristics of the RREF of the augmented molecular matrix

Column/Row ‘ Entry Comment
Column
Pivot element Key (or independent) element
Nonpivot element Nonkey (or dependent) element Read column for coefficients
Pivot component Key component
Nonpivot component Nonkey component Read column for coefficients expressing
amounts
Row
With element pivot Pseudoreaction using nonkey
components to create a
single atom of that element
With component pivot Pseudoreaction producing that By retaining only the rows with
component and component pivots and discarding the
nonkey components from element columns, the most general
nonkey components stoichiometric matrix for the given set of
components is obtained
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Table 2.2 Characteristics of the RREF of the augmented stoichiometric matrix

Column/Row Entry Comment
Column
Pivot component Key component
Nonpivot component Nonkey component Read column for coefficients
Pivot reaction Nonkey reaction Read rest of row for coefficients,
changing the sign
Nonpivot reaction Key reaction
Row
With component pivot Basic reaction to create one unit

of that component without

participation of any other
component

With reaction pivot Zero reaction combination of the

reactions given

The construction of the augmented stoichiometric matrix to determine the Horiuti numbers has
the same general properties in the RREF. Furthermore, the rows not involving any
intermediates are of special interest, since they correspond to the overall reactions and exhibit
the Horiuti numbers in the augmented columns. In addition, a Horiuti matrix can be constructed
as part of the general analysis of the augmented stoichiometric matrix. The equilibrium
coefficient of each overall reaction is then given by the product of the equilibrium coefficients
of the elementary reactions raised to powers given by the Horiuti numbers.

Appendix. The RREF in Python

Software for computing the RREF of a matrix is readily available in computer algebra
packages. For completeness, here we list a script that offers the same functionality, but works in
the popular open-source package Python:

#!/usr/bin/python

# -*- coding: utf-8 -*-

# These ™" first two lines are comments geared towards Unix implementations

# We need the fractions package for its fast greatest common divisor implementation
import fractions

# rref(a) where a is a matrix represented as a Python list of lists of integers

# will return the RREF of a

def rref(a):



32  Chapter 2

# The number of rows m is the number of lists in the list
m = len(a)
# The number of columns n is obtained from the first list; we assume but do not check
# that all lists in a have this same length
n = len(a[1])
# Initially, no rows have been completed in the sense of having a pivot
rowsdone = 0
# And no columns have been done either; but we traverse the n columns to work on them
# in this for loop
for columnsdone in range(n):
# Ignoring the rows that were done, we look for a nonzero entry in column i
1 = rowsdone
while i < m and a[i][columnsdone] ==
i=i+1
# Did we find one?
ifi <m:
# Yes, we found a nonzero entry, if it is not yet in uppermost position...
if i | = rowsdone:
# ... we move it up to there
for j in range(n):
t = ali][j]
ali][j] = a[rowsdone][]]
a[rowsdone][j] =t
# Now the nonzero entry is in pivot position we use it to zero all other entries in its column:
for i in range(m):
# ... we do not zero the pivot itself
if i | = rowsdone:

# ... but all other entries in its column by multiplying with these coefficients f and g
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f = a[rowsdone][columnsdone]
g = a[i][columnsdone]
# ... this loop handles the linear combination
for j in range(n):
a[i][j] = ali][j] * f - a[rowsdone][j] * g
# ... now we normalize the results by calculating their greatest common divisor, h
h=0
for j in range(n):
h = fractions.gcd(h, a[i][j])
# ... and if it is nonzero, divide by it
ifh!=0:
for j in range(n):
ali](jl = alil(jl /h
# ... this completes the work and we register the new row as being completed
rowsdone = rowsdone + 1

Summarizing: the matrix is assumed to be given as a list of lists of integers. Its dimensions
m and n are obtained from this representation, and then the code successively inspects each
of the columns to see if it contains a pivot. Because all arithmetic is exact using the built-in
unlimited precision integers of Python, the greatest common divisor of every new row is
eliminated along the way. Whenever a pivot is found in a column, a new pivot row has
been found and the number of rows done is increased accordingly. Finally, the matrix a

has been modified to be in RREF form.

Nomenclature

Symbols

a; real number

A.H; enthalpy change of reaction i (J mol_l)
K.q; equilibrium coefficient of reaction i

M molecular matrix

m, column vector of atomic masses (kg mol™ ')
my; column of molar masses (kg mol ')

n; amount of component i (mol)
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P;;  entry of matrix P

R; referring to reaction i

R} referring to “new” reaction i

ri rate of reaction i (depends)

rh rate of “new” reaction i (depends)
S stoichiometric matrix

Si:  stoichiometric matrix of intermediates
X variable

y variable

Greek symbols

A change

1z mathematical object

c Horiuti matrix

o Horiuti number

Subscripts

t total

Superscripts

T transpose
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Complex Reactions: Kinetics
and Mechanisms — Ordinary Differential
Equations — Graph Theory

3.1 Primary Analysis of Kinetic Data
3.1.1 Introduction

Kinetic experiments are experiments in which the change of chemical composition of the
reacting mixture is monitored in time and/or as a function of the various parameters of the
system, in particular the inlet or initial chemical composition, temperature, catalyst state, and
so on. The main paradigm of contemporary chemical kinetics is the following: a chemical
reaction is complex and consists of a set of elementary reactions for which the kinetic laws
are assumed to be known. Kinetic analysis focuses on revealing this set of reactions and
developing the corresponding mathematical model, that, is the kinetic model.

The goals of the primary analysis of kinetic data are

* extracting the rates (rates of change of reacting components, rates of reactions, etc.) based
on the data obtained from kinetic experiments, especially concentration measurements.

* determining the coherency or incoherency between the observed kinetic dependences, and
categorizing the dependences of the “rate parameters”.

* proposing primary assumptions on the kinetic model and its mathematical description.

The procedures for pursuing these goals depend on the type of kinetic experiments.

3.1.2 Types of Reactors for Kinetic Experiments

Kinetic experiments are performed in various types of chemical reactors, which can be
classified as either open or closed, depending on whether or not there is exchange of matter with
the surroundings. This classification was taken from classical thermodynamics. Closed reactors
can exchange energy with the surroundings, but they cannot exchange matter, while open
reactors can exchange either matter and energy or only matter. In chemical kinetics and
engineering, a closed reactor is better known as a batch reactor; an open reactor as a

Advanced Data Analysis and Modelling in Chemical Engineering. http://dx.doi.org/10.1016/B978-0-444-59485-3.00003-5
© 2017 Elsevier B.V. All rights reserved. 35
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continuous-flow reactor. There also exist semiopen (or semiclosed) reactors, commonly known
as semibatch reactors. In these reactors only some type of material is exchanged with the
surroundings. Another type of reactor is the pulse reactor. In this type of reactor a small
quantity of a chemical substance is injected into the reactor.

3.1.3 Requirements of the Experimental Information

The primary information about chemical transformations is obtained by the measurement of
the chemical composition, that is, concentration measurements. The chemical processes
occurring are complex and do not consist only of chemical reactions but also of physical
phenomena, such as mass and heat transport. The major goal of chemical kinetic studies is to
extract intrinsic kinetic information related to complex chemical reactions. Therefore, the
transport regime in the reactor has to be well defined and its mathematical description has
to be reliable. A typical strategy in kinetic experiments is the minimization of the effects of
mass and heat transport on the rate of change of the chemical composition. In accordance
with this, a kinetic experiment ideally has to fulfill two main requirements: isothermicity of
the active zone and uniformity of the chemical composition, which can be accomplished by,
for example, perfect mixing within the reaction zone.

A kinetic experiment should usually be performed under (near) isothermal conditions.
However, the temperature may be changed between two experiments. Temperature gradients
across the reactor can be minimized in various ways, for example by intensive heat exchange
between the reactor and the surroundings, by dilution of the reactive medium, or by its
rapid recirculation. Uniformity of the chemical composition at reactor scale is achieved by
intensive mixing using special mixing devices. Internal mixing can be achieved by using
impellers, external mixing by the use of recirculation pumps. Both isothermicity of the active
zone and uniformity of the chemical composition can also be attained in reactors in which
the reaction zone is very small, for example in differential plug-flow reactors (PFRs), shallow
beds, and so on.

3.2 Material Balances: Extracting the Net Rate of Production

For any chemical component in any chemical reactor, the material balance can be presented
qualitatively as follows:

temporal change of amount of component = transport change + change due toreaction (3.1)

in which the temporal change of the amount of a component, often termed accumulation, is its
change with respect to time at a fixed position; the transport change is the change caused
by flow through the reactor; and the reaction change is the change caused by chemical reaction.
Eq. (3.1) can be used as a basis for the classification and qualitative description of
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Fig. 3.1
Reactors for kinetic experiments: (A) batch reactor; (B) continuous stirred-tank reactor;
(C) continuous-flow reactor with recirculation; (D) plug-flow reactor; (E) differential plug-flow
reactor; (F) convectional pulse reactor; (G) diffusional pulse reactor or TAP reactor; and
(H) thin-zone TAP reactor.

different types of reactors for kinetic studies. Fig. 3.1 shows schematic representations of a
number of reactor types.

In reactors operating at steady state, the temporal change of the concentration of component
i is zero, dc;/dt=0, while in non-steady-state operation, dc;/dt 0. Equations with a zero
derivative dc;/dt are algebraic models and equations with a nonzero derivative are differential
models of chemical processes.

3.2.1 Transport in Reactors

In laboratory reactors, a well-defined transport regime can be used as a “measuring stick”
for extracting the intrinsic kinetic dependences. Examples of well-defined transport regimes
are pure convection and pure diffusion. For convection, the molar flow rate F'; of component
i is determined as the product of its concentration c; and the total volumetric flow rate gy:

Fi=qve; (3.2)

For diffusion, in the simplest case, the molar flow rate is determined in accordance with Fick’s
first law, which in one spatial dimension is:

Fi=—DA%" (3.3)

where D, is the diffusion coefficient, A is the cross-sectional area of the reactor available for
fluid flow, and z is the axial reactor coordinate.
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Quite often the importance of transport phenomena has to be assessed at different scales, that
of the reactor being the largest. Characteristic times for transport by convection and
diffusion are given by Egs. (3.4), (3.5).

V L
Teonv. == (34)
174 u
A
Taifr. = 7 (3.5

In Eq. (3.4), V is the reaction volume, L is the reactor length, and u is the superficial fluid
velocity. The so-called first Damkohler number, Day, is defined as the ratio of the chemical
reaction rate to the rate of convective mass transport (both with unit s') or equivalently as
the ratio of the characteristic time for convective mass transport to that for chemical reaction
(both with unit s).

Da; = Tconv. (3.6)

Treaction

For a first-order reaction, with reaction rate coefficient k,

T
Daj = — "= = kTcony. (3.7)
1/k
The second Damkohler number, Dayy, is defined as the ratio of the characteristic time for
diffusive mass transport to that for chemical reaction.

In solid-catalyzed reactions, the scale of the catalyst pellets also has to be considered. The
influence of inter- and intraparticle transport on the reaction rate has to be eliminated
experimentally and/or estimated quantitatively prior to the kinetic experiments.

In perfectly mixed convectional reactors, the “transport change” can be represented as the
difference of convectional molar flow rates, gyocio — gvci, or as gyo(cio — ¢;) if gy = gqvo.

In purely diffusional reactors, the “transport change” in the simplest case can be represented
as the difference between diffusional flow rates in and out, F;j and F;. Both flow rates are
written in accordance with Fick’s first law:

ac: e
Fo=-DAZ . F,=_paZZ (3.8)
aZ z aZ z+ Az
Then,
oc; oc; d%¢;
Fo—F;=(-DA%% ) = (—p,aZs —pAZlA 39
o l ( 82 z> ( l 82 z+Az> 822 : ( )

Non-steady-state models in which only ordinary derivatives of the type dc/dt and dc/dz
occur, that is, models consisting of ordinary differential equations, are termed lumped models.
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Non-steady-state models in which partial derivatives such as dc/0t, dc/0z, H?¢/dz?, etc., oceur,
that is, models containing partial differential equations, are termed distributed models.

3.2.2 Change Due to the Chemical Reaction—Conversion

In chemical kinetics and chemical engineering, the concept of fractional conversion, or simply
conversion, is widely used. The conversion X; of component i is defined as

Fio—F;
Xi=——t; Fi=Fp(1-X,) (3.10)
Fio
or, when the reaction volume is constant, as
Xi=0 7 = ep(1-X)) (.11)
Cio

X; is dimensionless and varies between 0 and 1.

For a first-order reaction, the reaction rate can be expressed as
r=kec;=kcip(1—X;) (3.12)

with k the reaction rate coefficient (s~ 1), which depends on the temperature (see Section 3.3.2).

3.2.3 Ideal Reactors (Homogeneous)

In chemical kinetics, four basic reactor concepts are used:

* batch reactor (BR)

* continuous stirred-tank reactor (CSTR)

* plug-flow reactor (PFR)

* temporal analysis of products (TAP) reactor

Reactors can be considered ideal if the conditions of flow and mixing are perfect, that is,
not hampered by phenomena such as dispersion, short-circuiting, or dead spaces. Well-defined
convectional transport is used in the BR, the CSTR, and the PFR. These reactors can be used
for both homogeneous and heterogeneous reactions. The PFR is usually used for
solid-catalyzed, gas-phase reactions, while in BRs and CSTRs generally at least one liquid
phase is present.

Well-defined diffusional transport is used in the TAP reactor for studying heterogeneous
catalytic reactions. This reactor is discussed in Section 3.2.4.

First, let us analyze ideal reactors of constant reaction volume in which a stoichiometrically
single reaction takes place without explicitly taking into account the presence of a solid
catalyst, that is, we are assuming the reaction is not catalyzed or is homogeneously catalyzed.
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Reaction rates r are all expressed in moles per unit of reaction volume per second. If solid
catalysts are involved, it is more convenient to express reaction rates per unit mass (ry) or
unit surface area (rg) of catalyst.

3.2.3.1 The batch reactor

In an ideal BR, that is, a non-steady-state closed reactor with perfect mixing, the transport term
is absent and Eq. (3.1) becomes

temporal change of amount of component = change due to reaction (3.13)

By definition, the BR is a non-steady-state reactor. The simplest mathematical model for the
temporal change of the concentration of component i in a BR of constant reaction volume is
dc;

7;:1%,- =ur (3.14)
where R; is the net rate of production of component i per unit reaction volume, v; is the
stoichiometric coefficient, and r is the reaction rate. The convention is to assign negative
stoichiometric coefficients to reactants and positive coefficients to products. Thus, R; is also
negative for reactants and positive for products.

BRs can be operated in two modes:

e The reaction is performed in the gas phase. The volume of the reaction mixture is
considered to be constant and equal to the reactor volume. The pressure of the reaction
mixture may change as a function of reactant conversion.

* The reaction is performed in the liquid phase. The volume of the reaction mixture may
change as a function of reactant conversion. The pressure is typically constant.

3.2.3.2 The continuous stirred-tank reactor

A CSTR is an open reactor with perfect mixing (a gradientless reactor) and convective flow
only. Mixing can be achieved by both internal and external recirculation. The material balance
for any component in a non-steady-state CSTR can be written as

dc; Fio—F;

—=Rj+—— 3.15

dt Vv (3-15)
Obviously, a BR is a particular case of a CSTR, in which there is no exchange of matter between
the reactor and the surroundings, so F; =F;y=0.

Typically, CSTR experiments are performed in the steady-state regime, that is, dc;/dt=0.
At steady state, the net rate of production of component i can be determined from
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Fio—Fi _ qvocio —qvci

R;=— = 3.16
v v (3.16)
If gv = qvo, Eq. (3.16) can be expressed as
Ri:_QVO(CiO_Ci):_CiO_Ci (.17)
1% T

where 7 =V/qy is the space time. It is called space time because its definition involves a spatial
variable, V, which distinguishes it from the astronomic time. Space time corresponds to the
average residence time in an isothermal CSTR. In the steady-state CSTR, the net rate of
production is equal to the difference between the outlet and inlet concentrations divided by the
space time. In terms of conversion, see Eqgs. (3.10), (3.11), for a first-order reaction, Eq. (3.17)
can be written as

Xi
k(1 —X;)=— (3.18)
T
or
kt
X;= 3.19
1+kt ( )

The term kz, also known as the first Damkohler number, Day, that is, the ratio of the time scale
for transport from inlet to outlet of the reactor to the time scale of the reaction (see also
Section 3.2.1), is the main characteristic of the CSTR. For large k7 (>>1) conversion is
complete, X;=1. If k7 is small (« 1), X;~ kz. Knowing the conversion, an apparent first-order
rate coefficient can be determined:

- (3.20)

3.2.3.3 The plug-flow reactor

In an ideal PFR, axial diffusion effects are neglected. It is also assumed that perfect uniformity
is achieved in the radial direction, which is the direction perpendicular to that of the flow.
This is relatively easy to achieve in tubular reactors with a high large length-to-diameter ratio, the
so-called aspect ratio. The composition of the fluid phase varies along the reactor, so the
material balance for any component of the reaction mixture must be established for a differential
element:

dc i

dv T =R,dV — qydc; (3.21)
More rigorously, Eq. (3.21) can be written as a partial differential equation:
8c,» 8C,‘
dV—=R;dV —qy—d 3.22
ot Vg, % (3.22)
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Using gy =uA and dV =Adz, Eq. (3.22) can be written as

86‘,’ aC,'
™ 329
or
86‘,‘ 8(‘,‘
—+—=R; 24
o " or (3-24)
with 7=z/u.

At steady state, when dc;/0t=0, the model equation for an ideal PFR can be expressed by the
ordinary differential equation

dc i

—=R,; 3.25

It (3.25)
which remarkably is almost identical to the expression for a BR, Eq. (3.14). The only difference
is the meaning of the term “time” used. In the model for the BR, the time is the time of the
experimental observation or “astronomic time,” whereas the time in the model for the PFR is
the space time, 7.

To obtain the net rate of production, we have to find the derivative in Eq. (3.25) based on
experimental data. For a steady-state PFR, the longitudinal concentration profile is usually
difficult to measure, and the measured characteristic is the gas-phase concentration at the reactor
exit. For any given reactor length, the space time will change by systematically increasing or
decreasing the flow rate. This is the so-called differential method of analyzing PFR data. In
practice, however, the experimental error is rather large because net rates of production of
components cannot be measured directly, in contrast with the CSTR data analysis.

In some cases, a so-called differential PFR model is used. The differential PFR can be considered
as a hybrid between a CSTR and an ordinary PFR, with conversions sufficiently small not to
affect the reaction rate. This model can be applied to reactors with a thin active zone or a high
feed flow rate or both. In a differential PFR, the reaction zone can be assumed to be perfectly
mixed. The concentrations inside the reaction zone can be taken as the inlet or outlet concentration
or as the average of these two concentrations. For a differential PFR, Eq. (3.25) is reduced to
Eq. (3.17).

3.2.4 Ideal Reactors With Solid Catalyst
3.2.4.1 The batch reactor

The equivalent of Eq. (3.14) for a BR containing a solid catalyst is

1 de;
& Ry i =virw (3.26)
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where Ry ; is the net rate of production of component i per unit mass of catalyst, ry is the
reaction rate per unit mass of catalyst, p., is the density of the catalyst pellet, and &, is the
void fraction of the catalyst bed. The void fraction is the ratio of the fluid volume to that of the
total reactor volume, V¢/V=V/(Vi+V_,). Typical values are between 0.4 and 0.46

(Ergun, 1952).

3.2.4.2 The continuous stirred-tank reactor

In the case of a CSTR with a solid catalyst, the material balance for component i, Eq. (3.15), can
be written as
1 Ep dC,' F,'() — F,‘
=Ry,
I Wcat

— = 3.27
Pear 1 — &b dt (3.27)

with W, the mass of catalyst in the reactor. The net rate of production of component i at steady
state, that is, dc,;/dt=0, can be determined from

Fio—F;
Rw.i=— (3.28)
P Wew
With
Fio—F;
X, = 3.29
= (3.29)
we obtain
FipX;
Ry.i=— (3.30)
T Wea
where W ./F;o is also often referred to as the space time.
3.2.4.3 The plug-flow reactor
For the PFR with a solid catalyst, the equivalent of Eq. (3.21) is
1 d i
O Weu S = Ry jdW ey — dF, (3.31)
Pear 1 — &b dt
At steady state, that is, dc;/dt=0,
dF,' dC,'
Ry ;= — 3.32
" dWcat v dWcat ( )
or
FidX; dX;
W= ’ (3.33)

dWcat d(Wcat /FiO)
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3.2.4.4 The temporal analysis of products reactor

The TAP reactor, created by John Gleaves in 1988, typically contains a fixed catalyst bed.
A small amount of a chemical substance is injected into the reactor during a small time interval.
In a conventional pulse reactor, the substance is pulsed into an inert steady carrier-gas stream.
The relaxation of the outlet composition following the perturbation by this pulse provides
information about the reaction kinetics. In the TAP reactor, no carrier-gas stream is used and the
substance is pulsed directly into the reactor. Transport occurs by diffusion only, in particular by
well-defined Knudsen diffusion. The Knudsen diffusion coefficient does not depend on the
composition of the reacting gas mixture. In a thin-zone TAP reactor (TZTR), the catalyst is
located within a narrow zone only, similar to the differential PFR.

The net rate of production of component i in the catalyst zone of the TZTR is the difference
between two diffusional flow rates at the boundaries of the thin active zone divided by the
mass of catalyst in the reactor:

F,'()(l) —F,'(l)

(3.34)
Wcat

Ry,i=—
To some extent this is analogous to the case of the steady-state differential PFR and the steady-
state CSTR, but in these reactors the net rate of production is given by the difference between
convectional flow rates.

In industry, pulse regimes are used in a number of adsorption/desorption processes, in particular
in swing adsorption processes in which gaseous components are separated from a mixture
of gases under pressure based on a difference in affinity for the adsorbent material.

3.2.5 Summary

The conceptual material balance equation, Eq. (3.1), is often written as
temporal change of amount of component = flow in — flow out + reactionchange  (3.35)

In a BR, the “flow in” and “flow out” terms are absent, while in a CSTR, both flow terms are
present. In a PFR, both flow terms are present too, but “flow in — flow out” is presented in
differential form. In pulse reactors, initially there is only the “flow in” term, while later there is
only the “flow out” term.

The conceptual difference between the different methods of measuring the net rate of
production is presented in Table 3.1. Experimentally, these three types of rate measurement
differ regarding both the reactor construction and the extraction of the value of R;. Technically,
the PFR is the simplest reactor for measuring steady-state data, but the differential method of
analyzing PFR data is a quite complicated experimental procedure. The CSTR has an
advantage over the BR and PFR regarding the accuracy of the estimated rate: the rate in a CSTR
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Table 3.1 Determining the net rate of production in ideal reactors

Reactor Homogeneous Heterogeneous
BR (non-steady-state dc; dc;
( Y ) = Ry, joc —
dt dt
CSTR (steady state) R—_ Fio—Fi _ qvocio —qv¢ Ru i — _Fo—F
i Y, v W,i Wcat

At constant gy
Cio — G 14
_ =

Ri = b —
T qvo
PFR (steady state) R,':@;TZE Ry = dF;
dt u ’ dWcat
TZTR Not applicable Fio(t) — Fi(t)
RW,/ =
WCat

can be determined directly from the difference between the inlet and outlet concentrations,
see Eq. (3.16), whereas the rate in a BR or PFR must be determined from the concentration
derivative, leading to a larger experimental error. The TZTR has great potential for extracting
detailed non-steady-state kinetic information. Statistical problems in kinetic analysis will be
discussed in Chapter 9.

3.3 Stoichiometry: Extracting the Reaction Rate From the Net Rate
of Production

3.3.1 Complexity and Mechanism: Definition of Elementary Reactions

Most chemical reactions are complex in nature. They proceed through a so-called reaction
mechanism or, equivalently, detailed mechanism, or just mechanism that consists of a number
of steps, referred to as elementary steps. Each elementary step comprises a forward and a
reverse elementary reaction. Rigorously, every step and every overall reaction is reversible but
in reality many steps and overall reactions can be considered to be irreversible. An elementary
reaction takes place exactly as written and elementary reaction is characterized by one energetic
barrier. The rate of an elementary reaction can be defined as the number of elementary acts of
chemical transformation per unit volume of the reaction mixture (or per unit catalyst surface
area, etc.) per unit time.

If an elementary reaction involves one reactant molecule (A — B), it is classified as a unimolecular
reaction or a first-order reaction. If two molecules take part in the reaction (eg, 2A — B or

A +B — C), the reaction is called bimolecular or second order. With the participation of three
molecules (3A — B, or 2A + B — C), the reaction is said to be termolecular or third order.

The simultaneous interaction of more than three reactant molecules in one elementary reaction
is believed to be highly improbable and even termolecular reactions are very rare.
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Examples of monomolecular or first-order reactions are
OH-—O- +H- (3.36)

and
HO,- — OH: +O- (3.37)
The rates of these reactions are r = kcon. and r = kcyo,., respectively.
The reactions
20H:- — H,0, (3.38)
and
H, + O, — 20H- (3.39)
are bimolecular or second order with rates r =kcdy; and r = kcp,co,, respectively.
The reaction
2NO + 0O, — 2NO, (3.40)
is one of the few examples of a termolecular or third order reaction, with r = kc}co, -

As a rule, in elementary reactions, reactants and products are different. An example of an
exception to this rule is one of the steps in the thermal dissociation of hydrogen:

H- +H, —3H: (3.41)

In the forward reaction of this step, one of the reactants (radical H-) is also the product of the
reaction. This is an example of a so-called autocatalytic reaction.

3.3.2 Homogeneous Reactions: Mass-Action Law

The rate of an elementary step is determined by the difference between the rates of the forward
and the reverse reactions:

r=rt—r" (3.42)

where r, 1", and 1~ are the rate of the step, the rate of the forward reaction and the rate of the
reverse reaction, respectively.

An elementary step can be described by
k+
aiAi—’ iBi (343)
SanE=Y

where A; and B; are reactants and products with a; and f; the absolute values of their
stoichiometric coefficients, and k* and k¥~ are the rate coefficients for the forward and reverse
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reactions. In addition to the mentioned limitations on the values of a; and f; (for elementary
reactions these coefficients equal one, or two, or, rarely three), the sums of the coefficients a;
and f; must also not be larger than three. The dependence of the rates of the forward and reverse
reactions on the concentrations of reactants is expressed in terms of the mass-action law as

rt =kt e =k TR (3.44)
rm =k cf cf e = kT (3.45)

where c,; and cg; are the concentrations of reactants and products. Mass-action-law equations
for elementary reactions can be considered as particular cases of power-law relationships.
These semiempirical equations characterize actual experimental kinetic dependences for many
reactions. Unlike for elementary reactions, the coefficients ; and f; in power-law equations
may have values other than one, two, or three, including zero and fractional values, and
may be positive or negative. The rate coefficients determine the reaction rates of the forward
and the reverse reaction at unitary values of reactant concentrations. They are governed by the
Arrhenius dependences and increase exponentially with inverse absolute temperature:

E+
k* =ky exp (— a > (3.46)
R,
o E;
k™~ =k, exp <_RgT> (3.47)

Here k; and k; are the pre-exponential factors, £, and E; are the activation energies, R, is the
universal gas constant, and 7 is the absolute temperature. The ratio of the rate coefficients of the
forward and reverse reaction determines the equilibrium coefficient K.:
k +
=
At constant pressure, the difference between the activation energies for the forward and reverse
reaction determines the reaction enthalpy:

=K (3.48)

AH=E}' —E; (3.49)

For an exothermic reaction, that is, a reaction in which heat is released, A.H < 0. For an
endothermic reaction, in which heat is consumed, A.H > 0.

Table 3.2 shows orders of magnitude of the kinetic parameters for first-order reactions. The

. . . 1 1
pre-exponential factor for a monomolecular reaction is about 10'% s™'.

3.3.3 Heterogeneous Reactions

In the case of solid-catalyzed gas-phase reactions, reactants in elementary steps can be
gaseous components or surface intermediates. Any chemical step that involves a catalyst can
be written as
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Table 3.2 Orders of magnitude of the kinetic parameters for first-order homogeneous reactions

Activation Energy E,
Reaction Type Rate Coefficient k (s™") Reaction Type (k) mol™")
Slow <107°-1072 Low <20
Moderate 1072-10 Moderate 20-130
Fast >10 High >130

ZaiA,- +Zanj/;<:>+ZﬁiBi +Zﬁij (350)

where A; and B; are reactants and products in the gas phase with «; and f; the absolute values of
their stoichiometric coefficients and X; and Y; are surface intermediates with a; and f; the
absolute values of their stoichiometric coefficients. Typically, Eq. (3.50) is of the form

k+
aA + Zajxjk;ﬁB +> BY; (3.51)

Moreover, a and f are either one or zero, because in an elementary catalytic reaction only one
molecule from the gas phase reacts (eg, CHy+Z — CH,Z+H,) or none at all

(eg, CHOHZ — COZ+H,). The rates of the forward and reverse reactions can be written
analogously to Egs. (3.44), (3.45):

§ =k T} 116y, (3.52)
— _r1nAnd
ry =k TIcy T (3.53)

in which a; and f; are either zero or one and ;<2 if a;=1, @; <3 if @;=0, ;<2 if ;=1 and
p;<3if p;=0. r{ and rg are the forward and reverse reaction rates per unit catalyst surface
area. The Ox; and 6y, are the normalized surface concentrations or fractional surface coverages
of surface intermediates X; and Y

Iy, Iy

QXJ-:Tt; Oy, = Ft]

(3.54)

with I” x; and 'y, the surface concentrations of intermediates X; and Y; and I’ the total
concentration of surface intermediates, including free active sites. The total concentration of
active sites can be determined in separate experiments such as adsorption experiments or
multipulse response experiments under high-vacuum conditions. In the case of solid-catalyzed
liquid-phase reactions, reactants in elementary steps can be bulk liquid components or
intermediates on the catalyst surface. The reaction may occur within a thin liquid film on the
catalyst surface.
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3.3.4 Rate Expressions for Single Reactions: Stoichiometry

For a homogeneous reaction system without exchange of matter with the surrounding medium,
the rate of a stoichiometrically single reaction, either elementary or complex, can be
expressed as

1 dl/lAI. . 1 dl/lB,.

TV dl BV i (3:53)

Here n,; and ng; are the number of moles of reactants and products. For a heterogeneously
catalyzed reaction in a closed system, the reaction rate can be expressed as, for instance,
1 dnA,. . 1 dl/lBI.

o= — = 3.56
S aiScat dt ﬂiScat dt ( )

Here S, is the catalyst surface area and the rate rg is the rate per unit catalyst surface area.
The reaction rate can also be expressed per unit volume of catalyst, ry, or per unit mass of
catalyst ry. These rates can be transformed easily into each other:

Vet Vcatpca[ Weat
rg= v = rw = r (3.57)
s Scat v Scat v Scat v

For chemical processes without a change in the number of moles during the course of the
reaction, the reaction rate takes the traditional form:
Ldca, 1dcg,

Similarly, the rate of a solid-catalyzed reaction can then be written as

re=— Vf dCA,.: Vf dCB,» (359)
AiScar dt ﬁiScat dt

3.3.5 Relationships Between Reaction Rate and Net Rate of Production

When interpreting information from kinetic measurements one should take into account
that there is a difference between the measured value of the net rate of production of component
i, R;, and the reaction rate, r. For a single stoichiometric reaction step, the relationship
between r and R; can be expressed as follows:

R;

r=— or R,=yr (3.60)
Vi

where v; is the stoichiometric coefficient of component i.

For example, the reaction rate for the elementary step A 2 B is given by
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r=r"—r =ktca—k cp (3.61)
Now,
R R R R
r=—t=L="A= TP = Ry =Ry (3.62)
IZN UB —1 1

For the elementary step 2A + B 2 3C,
r:r+—r7:k+cicB—k7C% (3.63)
and

R R
r:—TA:—RB:?C or Ra=—2r,Rg=—r,Rc=3r (3.64)
In the case that a component is participating in multiple reactions, R; is a linear combination of
the rates in which this component is consumed or formed in the steps taking place, r,. The

coefficients in this linear combination are the stoichiometric coefficients v;; of the component

in each of the steps:
Ri=) ris=)Y uil (3.65)
N N

Both the net rate of production and the reaction rate are used in many further data processing
procedures, such as the determination of rate coefficients k, pre-exponential factors kg,
activation energies E,, kinetic orders, and so on. The definitions of these rates have to be
carefully distinguished. The net rate of production of a component is an experimentally
observed characteristic. It is the change of the number of moles of a component per unit volume
of reactor (or catalyst surface, volume, or mass) per unit time. The reaction rate r can be
introduced only after a reaction equation has been assumed with the corresponding
stoichiometric coefficients. Then, the value of the reaction rate can be calculated based on
the assumed stoichiometric reaction equation. This is an important conceptual difference
between the experimentally observed net rate of production and the calculated reaction rate,
which is a result of our interpretation. The main methodological lesson is: Do not mix
experimental measurements and their interpretation.

3.4 Distinguishing Kinetic Dependences Based on Patterns
and Fingerprints

3.4.1 Single Reactions

3.4.1.1 lIrreversible reaction

Consider a BR in which a single irreversible reaction A — B takes place. The mathematical
model for this reaction is the ordinary differential equation
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dCA -

“wA_po—_ 3.66
dr A r ( )

An obvious fingerprint of the irreversible reaction is that given sufficient time the final
conversion of the reactants is complete.

The kinetic expression can be written as
r=kcy =kcyo(1—Xa)" (3.67)

where 7 is an apparent reaction order. One can distinguish the apparent order n based on
the change of concentration in time. A useful concept here is the “half-life,” the time during
which the reactant concentration is reduced to half its initial value.

(1) First-order reaction, r=kca.
Solving the differential equation (3.66) with the first-order rate expression leads to

Inca= Incag—ki or In <Cﬂ> —kt (3.68)

CA

The result is a linear dependence “In ¢4 versus ¢.” A plot of In ¢ as a function of time 7 gives as
straight line with slope —k. The half-life, ¢,/,, at which cpo =ca0/2, is then given by

In2 0.693

The half-life for this reaction does not depend on the initial concentration of A.
(2) Second-order reaction, r=kcx.

Solving Eq. (3.66) gives
1 1
e (3.70)
€A Cao

A linear dependence “(1/c) versus ¢ is obtained. The slope of the straight line obtained is £. In
this case, the half-life is inversely proportional to the initial concentration:

1
typ=— 3.71
V2= fen (3.71)

(3) Zero-order reaction, r==k.

A linear dependence “c versus ¢’ is observed:

CA=Cao—kt (3.72)
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The slope of the resulting straight line is —k. In this case, the half-life is proportional to the
initial concentration:

C
f :% (3.73)

(4) nth order reaction, r =kc}, 0<n<1

A linear dependence “(1/c )"V versus £ is obtained:

1 (n—1) 1 (n—1)
<—> = (—) +(n—1)kt (3.74)
CA CA0

Fig. 3.2 illustrates the dependence of the reaction rate on the reactant concentration for zero-,
first-, and second-order reactions.

3.4.1.2 Reversible reaction

For a first-order reversible reaction A2 B, r=r"—r" =k"cy —k cg, where k" and k™ are
the rate coefficients of the forward and reverse reaction. In accordance with the law of mass
conservation, assuming the reactor initially only contains A, ca+cg =—Cao.

At equilibrium, the solution of Eq. (3.66) is

CA —CA,eq = (CAO_CA,eq) exp(—(k+ +k7)l‘) (375)
where the equilibrium concentration of A is given by
k=1
Ktk AT K+ 1

CAeq= CA0 (3.76)

(©)

Fig. 3.2
Typical dependences of the reaction rate on the reactant concentration: (A) zero order;
(B) first order; and (C) second order. In all cases the rate coefficient equals one.
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with equilibrium coefficient Keq:k+/k_. At t),, substitution of the first part of Eq. (3.76) in
Eq. (3.75) with ¢y =ca0/2 leads to

k* —k~ k*

2K R (—(k* +k )11 )2) 3.77)
or, after rearrangement,
k}i_ =exp ((k* +k )1 ) (3.78)
from which the half-life can be determined to be
tp = L gy e (3.79)

k* +k=  Keg—1
An obvious fingerprint of a reversible reaction is that the final conversion of the reactants is not
complete, C final = Caeq 7 0-

It is interesting to note that for both the irreversible reaction A — B and the reversible reaction
A 2 B, at the point of intersection of the concentrations of reactant A and product B as a
function of time, c4 =cp =ca0/2. This is the simple consequence of the material balance
ca+cg=cap. The intersection point is at the half-time point #;,.

3.4.1.3 Reversible reaction with Langmuir-Hinshelwood-Hougen-Watson kinetics
In many cases, kinetic data are characterized by a well-distinguished plateau, see Fig. 3.3.

Such data are described by an equation of the Langmuir-Hinshelwood-Hougen-Watson
(LHHW) type:
£ (cp)
k+ + T NV
= k*f*(ee) =k f~ (CP) _ <f (er) K.

€q
30| R 2 O]
l i 1 i

(3.80)

or,

c
Fig. 3.3
Typical dependences of the reaction rate on the reactant concentration for LHHW kinetics.
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- (3.81)

Here, ¢, and ¢, are sets of reactant and product concentrations; k; are apparent kinetic
parameters of the steady-state kinetic description, k; (= k;/k*) are modified kinetic parameters,
and py; is a positive integer. The numerator in these equations is often referred to as the driving
force, while the denominator may be termed the “kinetic resistance.”

For an irreversible overall reaction, Eq. (3.80) becomes:
f'(er)

r=——=—=—
Pli
> k][
l i

This equation, the Langmuir-Hinshelwood equation, was first proposed by Langmuir and
Hinshelwood in the 1920-30s for solid-catalyzed gas-phase reactions under the assumption
that adsorption and desorption rates are high compared with rates of other chemical
transformations on the catalyst surface. In this model, adsorption-desorption steps are
considered to be at equilibrium. Later, Hougen, and Watson proposed a similar equation, the
Hougen-Watson equation, for a reversible catalytic reaction, again under the assumption that
the adsorption-desorption steps are at equilibrium.

(3.82)

In the 1970-80s, Yablonsky et al. demonstrated that the LHHW equation can be used far
beyond the equilibrium assumption. For details see Yablonskii et al. (1991) and Marin and
Yablonsky (2011). It was shown that the typical kinetic descriptions of Egs. (3.80), (3.81) have
interesting properties related to the level of the detailed mechanism:

* The numerator can be constructed based on the overall reaction only. This numerator does
not depend on the complexity of the reaction mechanism.

* The denominator, that is, the kinetic resistance, reflects the complexity of the reaction
mechanism.

* In the denominator, every term is a monomial of concentrations. Every such term
corresponds to some path for producing a particular intermediate. The reactions of this path
involve gaseous reactants and products, the concentrations of which are incorporated in
this term.

*  The kinetic parameters of the kinetic description, k; and k;, are exponential functions of the
temperature or a sum of such functions.

It was also shown (Lazman and Yablonsky, 2008) that the LHHW equation can even be applied
to problems “far from equilibrium” as a “thermodynamic branch” of a more complicated
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description. In fact, the LHHW equation is a particular case of the so-called kinetic polynomial,
which is an implicit representation, f(r,c,T) =0, and not the traditional explicit one, r=f{(c,T)
(see Chapter 9 in Marin and Yablonsky, 2011).

In some situations, the kinetic descriptions of Egs. (3.80), (3.81) can be even more simplified.
Considering that the reaction rate can be determined from experimental data and that for

an irreversible reaction the value of £ (c,) is known and that for a reversible reaction the value
of f (ep)—f ~(€p)/Kq, is known, the kinetic resistance can be determined. Using this resistance
in a description of steady-state kinetic data can be advantageous because in contrast with
the original LHHW equation, this equation is linear regarding the estimated coefficients ;.

3.4.2 Distinguishing Between Single and Multiple Reactions

In a single reaction (elementary or complex), the relation between the net rates of production
of the reactants and products is given by the stoichiometric coefficients of the reaction, which
are integers. Stoichiometric equations for “real” complex reactions are free of this limitation.

For example, for the oxidation reaction of ethylene oxide, the stoichiometric equation is
2C2H40+502 —>4C02 +4H20 (383)

and the ratios of the net rates of production of C;H,0, O,, CO,, and H,O are —2:—5:4:4. This
reaction is a single one but not an elementary one. If measured net rates of production do
not correspond to a single stoichiometric relationship, there is not a single reaction, but multiple
reactions occur. For example, the oxidation of ethylene to ethylene oxide involves three
reactions:

2CyH4 + 0, — 2C,H4O (3.84)
C,H4 +30, —2CO, +2H,0 (3.85)

and oxidation of the formed ethylene oxide, reaction (3.83). Proportional relationships between
the net rates of production of all participating reactants and products, that is, C,H4, O,, C,H40,
CO,, and H-O, are not observed.

3.4.3 Distinguishing Between Elementary and Complex Reactions

There are two fingerprints of complex reactions in comparison with elementary ones:

* Integer stoichiometric coefficients
As mentioned above, for complex reactions the stoichiometric coefficients may be larger
than three, in contrast with those for elementary reactions.
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The limitation that the sum of these coefficients in each reaction, forward or reverse, must
not be larger than three, is also absent for complex reactions.

* Kinetic orders
For complex reactions, the reaction rate cannot be described by mass-action law
dependences, see Eqs. (3.44), (3.45), with stoichiometric coefficients «; and f; and their
sum < 3. Furthermore, if the rate coefficients of Egs. (3.44), (3.45) are not governed by
Arrhenius exponential dependences on the temperature, Egs. (3.46), (3.47), this can also be
considered as a fingerprint of a complex reaction.

A reaction is not necessarily elementary if only one of the limitations mentioned above is
true. For example, many reactions in which one, two, or three molecules are participating are
not elementary. Furthermore, in some cases the kinetic law of a complex reaction may be
approximated by the kinetic mass-action law of an elementary reaction. Kinetic orders of
single reactions, apparent or true, can be found based on patterns presented by Eqgs. (3.68),
(3.70), (3.72).

3.4.4 Summary of Strategy

A typical strategy of distinguishing the kinetic dependences based on kinetic fingerprints and
patterns is presented in Figs. 3.4-3.6.

Kinetic
data

Stoichiometric test:
Ratio of rates of change of
components

Ratio is constant:
Single reaction

_| Ratio is not constant:
Multiple reactions

y

Reversibility test:
Initial mixture consisting of
products only

v v

Irreversible reaction
(reactants are not
produced from the

products)

Reversible reaction
(reactants are
produced from the
products)

Distinguishing between single and multiple reactions and between irreversible and reversible

Fig. 3.4

reactions.
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Single
reaction

Power law Power law
is valid | Flower-lawtest | is not valid
Elementary kinetics test Test on
on power coefficients of LHHW
the kinetic dependence equation
v
Yes, valid! No, not valid!
There is at least one There are no
elementary kinetic elementary kinetic
dependence dependences
Fig. 3.5
Power-law test for single reactions.
Multiple
reactions
Irreversible - Re_verS|b|I|ty Fes't: Reversible
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process process
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Power-law test:
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v

Power-law test:
Is the kinetic power law

valid or not?
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is applied

Distinguishing between irreversible and reversible multiple reactions and power-law test.

No!
LHHW equation is

applied

valid or not?

A

Yes! No!
Power-law equations LHHW equation is
are applied applied

Fig. 3.6
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3.5 Ordinary Differential Equations

The non-steady-state (dynamic) behavior of chemical reactions is described in terms of
differential equations of the type

dc
= =f(c,k) (3.86)

in which c is a vector of concentrations and k is a vector of kinetic parameters. The space of vectors
c is the phase space of Eq. (3.86). Its points are specified by coordinates cy,cs, ..., cy,. The set of
points in the phase space is the set of all possible states of the chemical reaction mixture. The phase
space can be the complete vector space but also only a certain part. In chemical kinetics, variables
are either concentrations or quantities of chemical components in the mixture. Their values cannot
be negative. Eq. (3.86) describes the temporal evolution of a chemical reaction mixture. Typically,
this evolution occurs from an initial state to a final state, which may be stable or unstable. In
physical chemistry, such a state is termed the equilibrium state or just equilibrium for a closed
chemical system, that is, a system that does not exchange matter with its surroundings. For an open
chemical system, which is characterized by the exchange of matter with the surroundings, this state
is termed the steady state. Since a closed system is a particular case of an open system, the
equilibrium state is a particular case of the steady state.

Usually the right-hand side of Eq. (3.89) does not explicitly contain the time variable ¢. In that
case, we refer to the chemical reaction mixture as autonomous.

Three methods exist for studying non-steady-state behavior:

¢ change in time ¢
* change of parameters k
* change of a concentration with respect to others

These methods correspond to changes of position in the dynamic space (c, f), the parametric
space (c, k), and the phase space, respectively.

We will now analyze the dynamics of a catalytic isomerization reaction, A 2 B, for which
the detailed mechanism is the following:

(1) A+Z2AZ
(2) AZ=2BZ (3.87)
(3) BZ=2B+Z

For this reaction mechanism, Eq. (3.86) can be written out for the reactant, product, and
intermediates:

d Ses —
ﬂZL‘H(—I '1”1—1‘rch+0-r2+O‘r3)+m
dt Ve

V; (3.88)
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%:%(Oorl+0-r2+lor3+1-r3cB)+%0f_cw (3.89)
where ry, 15, and r3 are the rates of steps 1, 2, and 3.
%:—1~r1+0-r2+1-r3:—r1+r3 (3.90)
%:O-rl+l-r2—l-r3:r2—r3 3.91)
Also, Zici =ca + g = ¢, = constant and Zj@, =07+0p7+0p7=1.
The rates of the steps can be expressed as
ri=ri —ry = (kica)0z —k; Oaz (3.92)
ra=ry —ry; =ky Oaz —k; Opz (3.93)
ry=ri —ry =ki 0z — (k3 c8)0z (3.94)

where ", ", and ;i are the reaction rates of the forward reactions with rate coefficients k",
k3, and k5" and 7, 15, and 5 are the reaction rates of the reverse reactions with rate
coefficients k|, k; , and k5.

Assuming that the concentrations of the gaseous components are constant, the non-steady-state
model of surface transformations can be written as

do _ _
TZ‘Z:_(I{;—CA)QZ-FICI Oz +k3+932— (k3 CB)QZ (3.95)
deo
%: (erA)QZ—k;QAz—k;9A2+k;QBZ (396)
do
% = k3 Oz — k3 Oz — k3 Opz + (k3 cB )07 (3.97)
The solution to this model is of the exponential form:
07 = ae (3.98)
Opz = pe* (3.99)
Opz =ye" (3.100)

where 1 is a set of characteristic roots, or eigenvalues.

We then obtain:

dae’ =— (ki cp)ae! +k; Be' + ki ye¥ — (ks cp)ae (3.101)
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Apet = (ki ca)ae™ — ki pe* —k; pe’ +k; ye' (3.102)
dye! = ki pe —ky ye! — ki ye! + (kycp)ae (3.103)

Dividing by e and rearranging, yields

—a[(kfca)+ (ks cB) + 4] + Pk +vky =0 (3.104)
a(ki ca) —p(ki +kF +2) +7ky =0 (3.105)
a(kycs) +pks —y (ki +ky +4) =0 (3.106)

The set of Egs. (3.104)—(3.106) can be represented as a matrix. Elements of its columns
have factors a, f, and y, respectively. Dividing the elements by these factors we obtain

—(k ca+k; cp+2) ki ki
ki ca —(ky +k5 +2) ky =0 (3.107)
k3 cp ks — (k5 +k; +4)

This is the characteristic equation for this isomerization mechanism and its corresponding
model. The determinant of the matrix of Eq. (3.107) is

—(ky +k;y +2) ky
—(k ca+k;cp+2)
ks — (k5 +k; +4)
(3.108)
ki ca ky kica —(ky +ks +2)
—ky . +ky =0
kyep — (ki +ky +4) k3 cp ks
from which it follows that
0=22+A(ki ca+ks +k§ +k; +ky +hkycp) +{ (k] k3 +k ki +k k) )ea
+ (kS ky +ki ks +ky k3 )ep+ky ki +ki ki +ki ks } (3.109)

From Eq. (3.109) we obtain three characteristic roots, g, 41, and 1,:
Ao=0
M+l =—(kca+ky +ki +k; +k, +k;cp)
Ml = (ki kS +k ki +kiThky Jea+ (k3 ky +kyky +ky k3 e+ ks k3 +ky ky +ky ks
(3.110)
Since one of the characteristic roots is zero, a solution of the set of equations (3.95)—(3.97)

can be written as

At

07(t) = Oy s + &M + ape™ (3.111)
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Onz(t) = Oaz,ss + B e + ™ (3.112)
Opz (1) = Opz,ss +7, " +7,e™ (3.113)

where 07 s, Oaz.ss, and Oz s are the steady-state normalized concentrations of free active sites
and surface intermediates. At t— oo, the concentrations of the surface intermediates reach
these steady-state values.

If all steps of the mechanism would be irreversible, this would yield the following characteristic
roots:

{/11+/12:—(kf’cA+k2++k3+) G

M =kiea(ks +ki)+ky ks

It has to be stressed that the characteristic roots determining the relaxation to the steady state are
not rate coefficients but rather complicated functions of rate coefficients.

The linear model has a unique positive solution. It is possible to show (see, eg, Yablonskii et al.,
1991, p. 126), that the roots have negative real values or complex values with a negative real
part (4 <0). Complex roots are related to damped oscillations. Therefore, the relaxation process
may lead to a single steady state with possibly damped oscillations. However, in reality the
influence of the imaginary part of the roots will be insignificant and the damped oscillations
will not be observable.

3.6 Graph Theory in Chemical Kinetics and Chemical Engineering
3.6.1 Introduction

Methods of mathematical graph theory have found wide applications in different areas of
chemistry and chemical engineering. A graph is a set of points, nodes, connected by lines,
edges. A graph can include cycles, which are finite sequences of graph edges with the same
beginning and end node. It can correspond to, for instance, an electrical diagram, a
representation of a railway network, a sequence of events, or, most relevant here, the
mechanism of a complex chemical reaction.

Since the 1950s, graph methods have been widely used for representing complex networks of
chemical reactions and deriving rate equations of complex reactions. King and Altman (1956)
were the first to use these methods for representing enzyme-catalyzed reactions. In such
reactions, typically all elementary reactions, forward and reverse, involve only one
molecule of any intermediate. Therefore, mechanisms for enzyme-catalyzed reactions belong
to the class of linear reaction mechanisms. These mechanisms generate a set of linear
differential equations as a non-steady-state model, and a steady-state solution of this model
is obtained by the solution of the corresponding system of linear algebraic equations.
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In the methodology used by King and Altman (1956), the intermediates in the reaction
mechanism are the nodes of the graph and the reactions are the edges. The direction of the
reactions is indicated by arrows on the edges. Such graphs depict only a sequence of
intermediate transformations from node to node. Nonintermediates, that is, reactants and
products, participating in the elementary reactions may be indicated by placing their symbol at
an arrow arriving at or leaving from an edge. The amounts of these nonintermediates are
considered to be constant during the reaction.

3.6.2 Derivation of a Steady-State Equation for a Complex Reaction Using Graph
Theory

Let us explain one of the most efficient applications of graph theory in chemistry. A steady-state
kinetic model for intermediate j can be represented by the following equation:

e (01,65, ..., 0, ..., On,, ) +1o(01, 62, ..., Ok, ..., On,, ) =0 (3.115)

where f. and f, are the kinetic dependences characterizing the consumption and generation of
intermediate j, and 6; is the normalized concentration of intermediate ;. Typically, we do not
consider an intermediate j to be involved in its production, that is, no autocatalysis occurs.
Therefore, j#k in f, and the generation term does not depend on the concentration of
intermediate j. In the general case, the model of Eq. (3.115) is nonlinear in the concentrations of
the intermediates, while for linear mechanisms, that is, mechanisms in which all elementary
reactions involve only one molecule of an intermediate, Eq. (3.115) is obviously linear.

3.6.2.1 Example: Two-step Temkin-Boudart mechanism

In heterogeneous catalysis, the simplest mechanism of a catalytic cycle is the two-step Temkin-
Boudart mechanism. A particular case of this mechanism is the two-step mechanism of the
water-gas shift (WGS) reaction (see Table 3.3). Table 3.4 shows a general representation of the

Table 3.3 Representation of the water-gas shift reaction

o
(1)H20+ Z2H, + OZ 1
(2) 0Z+CO=Z+CO, 1
H,O+CO=2H,; +CO,

Table 3.4 General representation of the Temkin-Boudart mechanism

c

(1) A+Z2AZ 1

(2) AZ+B2AB+Z 1
A+Be2AB
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Temkin-Boudart mechanism. Catalytic intermediate Z is consumed in the first reaction and
produced in the second one, while intermediate AZ (or OZ in the WGS mechanism) is produced
in the first reaction and consumed in the second. Multiplying these reactions by the corresponding
Horiuti numbers o, which here equal one, and adding them, yields the overall reaction.

The steady-state kinetic model of the general Temkin-Boudart mechanism is written in
accordance with the mass-action law as

Z:—(ki ca)0z+ (ki )0az+ (ky cB)Oaz — (k; caB)Oz =0 (3.116)
AZ: (k1+ cA)Hz — (kl_)HAZ — (k2+ cB)GAz + (kz_cAB)Hz =0 (3.117)

The total normalized concentration of active sites must obey the active site balance:
Oz +0rz=1 (3.118)

In Egs. (3.116), (3.117), the coefficients in parentheses are “apparent” rate coefficients
(Balandin, 1964) or “frequencies” (Schwab, 1982). These coefficients contain the rate
coefficients of the reactions and the concentrations of reactants or products, which are
considered to be constant. In graph theory, these coefficients are termed the weights of the
edges or reaction weights w. We distinguish between the weights of the forward and reverse
reactions, w and w; . The reaction weight is equal to the reaction rate at unitary concentrations
of the reacting intermediate, that is, the rate divided by the concentration of the intermediate.
The reaction weight equals a rate coefficient multiplied by the concentration of a gaseous
component if it this component participates in the reaction. In all our considerations, it is
assumed that no or only one gas molecule participates in an elementary reaction. The set of
Egs. (3.116)—(3.118) can easily be solved for 8 and 8. Substituting the obtained expressions
for 87 and 647 in the expressions for the rates of the two steps of the overall reaction,

r= Vl+ — l‘l_ = (k1+ CA)QZ — kl_eAZ = W;-HZ — W1_9AZ (3119)
and
ro=ry —r; = (k3 ca)0az — (ks caB)Oz = w3 Oz —w) 07 (3.120)
we obtain
wiwy —wywsy
]"1:]"2:]": n 1 2+ l 2 — (3.121)
wi +wy +w) +w,
The outcome | =ry =--- =7 is true for any reaction that proceeds via a single-route

mechanism. At steady state, the rates of all elementary steps are equal and also equal to the rate
of the overall reaction. There is a simple analogy from hydrodynamics illustrating this: if
the flow through a closed pipeline system consisting of a set of different tubes is at steady state,
the flow rate in any section of the pipeline is the same.
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3.6.2.2 General steady-state kinetic equations

The general form of a set of steady-state kinetic equations for a linear mechanism can be
represented by
W(c)0=0 (3.122)

where c¢ is the column vector of the concentrations of reactants and products participating in
the overall reaction, 0 is the column vector of the normalized concentrations of the
intermediates, and W(c) is the matrix of reaction weights:

—Wi1 Wiz e Win
Wa1 —Wpp o Won

W(c)= (3.123)
Wni Wp2 s —Wpp

In addition, the law of active site conservation must be fulfilled, in general dimensionless form:

> =1 (3.124)

J=1

The linear set of equations, Eq. (3.122), is typically solved using the well-known Cramer’s rule.
For a set of equations represented as

AO=Db (3.125)
Cramer’s rule states that
g, — L) (3.126)
77 det(A)

where A, is the matrix formed by replacing the jth column of A by the column vector b. In our
case, Eq. (3.122) has to be analyzed in combination with the linear balance of surface
intermediates, Eq. (3.124). King and Altman (1956) used Cramer’s rule as the basis for their
pioneering graph approach. They modified it and found a relationship for the steady-state
concentrations of intermediates. Later, Volkenstein and Goldstein (1966a,b) found a qualitative
analogy between the King-Altman relationship and Mason’s rule known in electrical
engineering (Mason, 1953, 1956). They described the use of this rule for many biochemical
reactions. A rigorous derivation of Mason’s rule for kinetic equations is described in
Yevstignejev and Yablonskii (1979). Details can be found in Yablonskii et al. (1983, 1991).

As already mentioned, the nodes of a graph are the catalytic reaction intermediates and the
edges are the elementary reactions. The reaction weights are defined as

+ —

r _

w
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A

1

(1) A+Z = AZ z AZ

(2) AZ = BZ 3

(3) BZ & B+Z ,x /
A o= B B Bz "2

Fig. 3.7
Mechanism (left) and King-Altman graph (right) of the model isomerization reaction.

where 9;“ and 6;" are the normalized concentrations of the intermediates reacting in respectively
the forward and reverse reaction. As an example, in the model isomerization reaction shown in
Fig. 3.7, these weights are given by

" I”1+ erAGZ + _ kl_eAZ _
= =——"=—Fk ; = = =k 3.128
T, T e TN ey o 128
v Ty KOsz, 1y kOez
2 Oaz  Oaz 27 Oy Oy 2
+ I‘3+ k3+ Og7 + _ I3 k;CBQZ _
W, =——= =k, wy=—"= =kic (3.130)
Oz Opz T e, 0z 3P

3.6.2.3 Trees in graph theory

Now it is time to introduce a more complicated concept of graph theory, that of trees. A tree is
any sequence of graph edges containing no cycles. In fact, a tree can relate to any combination
of reactions. A spanning tree, or maximum tree, is a sequence of graph edges containing no
cycles and joining all nodes of the graph. In order to create cycles, it is sufficient to add more
edges. In accordance with this definition, a spanning tree cannot contain (1) two reactions
starting from the same intermediate (eg, —1 and +2, or +1 and —3) or (2) two reactions of the
same step (eg, +1 and —1). The physicochemical meaning of the spanning tree is as follows: it is
the sequence of transformations through which a certain intermediate is formed from all
other intermediates. Such a tree is called a node spanning tree. Fig. 3.8 shows all spanning
trees for the graph of the isomerization reaction of Fig. 3.7. It can be easily shown that every
node is characterized by three spanning trees and that their total number is 3*=9.

Three types of spanning trees can be distinguished in Fig. 3.8: forward spanning trees
generated by a sequence of forward reactions, Fig. 3.8A; reverse spanning trees generated
by a sequence of reverse reactions, Fig. 3.8B; and combined spanning trees generated by a
sequence of both forward and reverse reactions, Fig. 3.8C. For a single-route reaction with
Njn intermediates (nodes), there are N, steps (edges), each consisting of a forward and a reverse
reaction, and Nj,,=N;=N. The total number of spanning trees is N?. There are N forward
spanning trees and N reverse spanning trees, while the number of combined spanning trees is
N(N —2)=N?—2N. The spanning tree weight is equal to the product of the weights of the
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Node Z Node AZ Node BZ

Fig. 3.8
Spanning trees of the model isomerization reaction of Fig. 3.7: (A) forward; (B) reverse;
and (C) combined.

edges being part of the tree. For example, the weight of the first tree in Fig. 3.8, Wy 1, equals the
product wy w3 . Then the total weights of the node spanning trees are given by

Wz =Wz 1+Wzo+Wz3=wywi +ww, +w3 wj (3.131)

Waz = WAZ,l + WAZ,Z +WAZ,3 = W1+ W3+ +W2_W3_ +W1+ W2_ (3.132)
+. 0+ - - +. -

Wgz = WBZ,] +WBZ,2 +WBZ,3 =W Wy, t W Wi + W,y Wy (3133)

The total weight of all spanning trees of the graph in Fig. 3.7 is defined by
W=Wz+Wpz+Wgz (3134)

There is a simple analogy between Cramer’s rule and the relationship based on the graph-theory
approach:

det(A)=W (3.135)

det (Aj) =W; (3.136)
Here W; is the total weight of spanning trees for node j and W is the total weight of all
spanning trees of the graph:

N; int

W=>"W, (3.137)

J=1

Thus, in view of Eq. (3.126):

W
0= (3.138)
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Note that this equation is valid for any dependence of the weights on the concentrations

of the gaseous components. From the known expressions for the concentrations of the
intermediates, we can easily determine the rate of any reaction. This is straightforward for
linear mechanisms, but problems arise for nonlinear mechanisms. For our isomerization
mechanism, the steady-state rates of all steps are equal and equal to the rate of consumption
of A and to the rate of production of B. For example,

I‘:kgeAz—kEQBz:WgeAz—WEQBZ (3139)
With Eq. (3.138), this yields

Waz - Waz _ wy Waz —w; Waz
w2 W w
Substitution of Egs. (3.131)—(133) after rearrangement leads to:

r=wy

(3.140)

oot ot v — v —
= Wi Wa W = Wi Wa Wy (3.141)

T ot t — = + 09— +.,+ — + 10— +.,+ — +
Wy W3 +W1 Wy +W3 Wy +W1 W3 +W2W3 +W1 Wy +W1 Wy +W1 Wi +W2 W3

Then, after substituting Eqgs. (3.128)—(130) and rearranging, we obtain:
ki k) ki ca—kikykyc
=
kica(ks +k5 +ky ) +kyep (ks +ky +ky ) + k3 ki +kiky +k5 ky

(3.142)

This equation shows the first important lesson on how and to what extent the structure of the
steady-state overall equation reflects the details of the mechanism. The numerator can be
written as k" ca —k~cp with k* =k k) ki and k= = ki k5 k5 . In this form it relates to the
overall reaction A 2 B obtained by adding the reactions of the detailed mechanism multiplied
by the Horiuti numbers, in this case all equal to one. It is interesting that this numerator is
absolutely independent of the mechanistic details. Irrespective of the number of assumed
intermediates and reactions in our single-route linear mechanism, the numerator of the
steady-state kinetic equation always corresponds to the rate law of the overall reaction, as

if this were an elementary reaction obeying the mass-action law.

A simple “graph recipe” for deriving the steady-state rate equation of a single-route catalytic
reaction is the following:

* construct a graph of the complex reaction.

* write the weight W; of each reaction (edge), that is, the rate of the reaction divided by the
normalized concentration of the intermediate participating in the reaction.

* for every intermediate (node) find the spanning trees by which the intermediate is produced
from all others, the so-called node spanning trees.

* find the weight of every node spanning tree, which is the product of the weights of the
reactions that are included in this tree.

* find the sum of weights of all node spanning trees W,
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* find the total weight of all spanning trees of the graph W, Eq. (3.137);

* find the steady-state normalized concentrations of the free active sites and intermediates
in accordance with Cramer’s rule, Eq. (3.138);

* Find the steady-state reaction rate of any step;

* write the steady-state reaction rate in one of the following forms:

K (e —k (e

W (3.143)
k* <f+ (cr) —fK(cP)>
r Z p Hc”“eq (3.144)
3 B Ot
f+ (Cr) _f_K(cP)
eq
r= . (3.145)

Since for a single-route mechanism the numerator of the rate does not depend on the details
of the mechanism, it can be written directly based on the overall reaction according to the
mass-action law. In such a “fast” derivation of the steady-state rate equation, steps (7) and (8)
are omitted.

3.6.3 Derivation of Steady-State Kinetic Equations for Multiroute Mechanisms:
Kinetic Coupling

In accordance with the theory developed by Yablonskii et al. (1991) for the analysis of
multiroute linear mechanisms, the steady-state rate of step s is written as follows:

= 2 Gt (3.146)
rs= W .
where C. ; is the cycle characteristic and k; is the coupling parameter of the ith cycle that
includes step s. This coupling parameter can be presented as follows. Every selected cycle that
includes step s has common nodes with other cycles. Every cycle is characterized by the
spanning trees of other cycles, that is, acyclic sequences of transformations through which
the common intermediates are formed from other intermediates of other cycles. Then, the
weight of a spanning tree is equal to the product of the weights of the edges being part of
this tree. Also, every common node is characterized by its coupling parameter: the total
weight of all spanning trees for this node, which is the sum of all corresponding spanning trees.



Kinetics and Mechanisms of Complex Reactions 69

The coupling parameter of the ith cycle is the product of the coupling parameters of different
common nodes.

Similar to a single-route reaction, in the general case the net rate of production of a given
component equals the sum of the rates of all steps in which this component is involved.

Equation (3.146) reflects two nontrivial kinetic features of cycle coupling that are characteristic
for multiroute mechanisms:

* Allcycles including a certain step are taken into account, not just one cycle, as expressed in
the numerator.

» the influence of other cycles on the one considered is reflected by the coupling parameter x;.
For single-route mechanisms this coupling parameter is absent.

Two types of coupling exist: (i) cycles having a common intermediate but not a common step
and (ii) cycles having one or more common steps. See Marin and Yablonsky (2011) and
Yablonskii et al. (1991) for further details.

3.6.3.1 Cycles having a common intermediate

An example of cycles having a common intermediate is shown in Fig. 3.9.

In this case, every step is part of only one cycle; steps (1) and (2) are part of cycle I and steps (3)
and (4) are part of cycle II. The cycle characteristics related to the two cycles are

Cer=k" k3 ca—kikycp (3.147)
Cen=k; kjca—kyky cc (3.148)

For cycle I, the coupling parameter is equal to the total weight of the spanning trees of cycle II
leading to the common intermediate Z:

ki =ky +k; (3.149)

Similarly, for cycle II, the coupling parameter is equal to the total weight of the spanning trees
of cycle I leading to the common intermediate Z:

K =ky +k3 (3.150)
(1) A+Z = BZ Ay 8
(2) BZ & B+Z %_\‘< }N
() A+Z &= Cz BZ | z o cz
(4) CZ 2 c+Z N N
I A = B \/z 4\/
I A = c B c

Fig. 3.9
Possible mechanism (left) and graph (right) of a two-route mechanism with a common intermediate.
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The total weight of all spanning trees is
W= (ki ca+ky +ki +kycp)(ky k) + (ki ca+ky +ki +kycc)(ky +k3)  (3.151)

The reaction rates for the two cycles can be obtained by substitution of Egs. (3.147)—(3.150)
into Eq. (3.146):

_kiTkyca—kikycp

B w

k;k: CA —k;k;CC
w

The ratio of the net rates of production of B and C can be expressed as

(ky +k;) (3.152)

rn=ri=n

Mm=r3=rs=

(ky +k3) (3.153)

e —— CA—
RB_’”I_kl k2 CA_kl k2 CB K[_ Keq,]
Rc mp k; kICA—k;k;CC K11 < cc )

3 R Ca—

Keq,H

&(T) (3.154)

kTky k3 kg

kiky ki +ks
parameter K depends only on the temperature, but it may also depend on concentrations, x(c, T)
for more complex mechanisms.

in which Keq1=Keq 1Keq2> Keq1=Keq3Keqs, and &(7T) In this case, the

The net rate of production of A is

a (on e ) ) k8 (o= ) O i)
Keq,l Keq,H

Rra=—(Rg+Rc)=— W (3.155)
The selectivities to B and C are given by
kiky (cA —C—B> (k5 +k;°)
RB Keq,l .
SB:R T . - (3.156)
BURC kiky (cA— B )(k3 )+ ki k; <cA— < )(k1 +k5)
Keq,l Keq,ll
and
Rc
Sc= =1-S 3.157
C= RatRe B ( )

3.6.3.2 Cycles having a common step

As an example of the coupling of two cycles with a common step, we consider the reaction
mechanism shown in Fig. 3.10. The main difference with a cycle with only a common



Kinetics and Mechanisms of Complex Reactions 71

(1) A+z = BZ
(2) BZ = B+Z
(3) BZ = C+z
A = B
A = C
Fig. 3.10

Possible mechanism (left) and graph (right) of a two-route mechanism with a common
intermediate and a common step.

intermediate and not a common step is that a step may be part of many cycles, at least two.
In this example, every step is part of two cycles. Step (1) is part of cycles I and II, step (2)
is part of cycles I and III, and step (3) is part of cycles II and III. The third cycle

relates to the overall reaction C 2 B. Only two of the three cycles are stoichiometrically
independent.

The three cycle characteristics for this mechanism are

Cer=kitkfca—kiky cp (3.158)
Cen =k ki ca —ki ks cc (3.159)
Cem=ky kycc—ks kycp (3.160)

In this case, coupling parameters are absent, because there is no specific intermediate belonging
to only one of the two cycles; both intermediates are common for all three cycles. Therefore,
the coupling parameters are equal to one.

The net rates of production of B and C are given by

Ry = KK ea—kiky "B);V(";WC k) (3.161)
R (kf’k;CA—kl_k;CC)I;/(k;k;CC_k;kZ_CB) (3.162)
or
kiks (cA— 8 )+k2+k3 (cc— = )
Keq1 Keg

Ry = (3.163)

ki ky (C'A _Kc_c) —ky k3 <cc —KCB )
RC _ eq, 11 eq, 11T (3164)

w
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in which Keq,I :Keq,lKeq,Z’ Keq,H :Keq,]Keq’:; and Keq,HI = Keq’z/Keq,:; and

W =k{ca+ky +ky +kycg+ki +k5cc (3.165)
The net rate of production of A is
k2+ (C‘A —[{CB ) +k3+ (CA—KCC )
Ra=—(Ry +Rc) = —k{ S = (3.166)

The expression for the ratio of the net rates of production of B and C is a little more complicated
than in the case of just one common intermediate (Eq. 3.158), even though the number of
intermediates is smaller:

A— c—
R_B _ 2 Keq,l Keq,lll
R c :
Keq Keg

For cycles having one common intermediate, this ratio is proportional to the ratio of driving
forces, (ca — cp/KeqD)/(caA — cc/Keq,m), Whereas for cycles with one common step, the equation
contains a cross-term that reflects the participation of products in an additional cycle, the
“global cycle.” This is a specific feature of such cyclic mechanisms.

(3.167)

3.6.2.3 Cycles having two common steps
An example of the coupling of two cycles with two common steps is presented in Fig. 3.11.

The cycle characteristics and coupling parameters for this two-route mechanism with two
common steps are

Cer=kitkf ki kf ea— ki ky k3 ky cp (3.168)
Cont =k ks k kd ea —ky ks ks kg cc (3.169)
CC,HI = k3+ k: k;kgCC —k;k;k; k6+ CB (3170)

xX >
+
N

)
[og}
N

W:EV
YV I P A VA V)
N TH
-<
-
k)

> > C

Fig. 3.11
Possible mechanism (left) and graph (right) of a two-route mechanism with a common intermediate
and two common steps.
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For constructing the coupling parameter for cycle I, intermediates of cycle II that are not
part of cycle I must be connected with the common intermediates Z and BZ. There is only
one intermediate, U, that is part of only cycle II, and the goal is to connect it to cycle 1.
Thus, the coupling parameter of cycle I is equal to the total weight of the spanning trees

ki =ks cc+k¢ (3.171)
Similarly, the coupling parameter of cycle II is given by

ki =k; cg+k; (3.172)
and the coupling parameter of cycle III is given by

Kk =k; +k; (3.173)

3.6.2.4 Different types of coupling between cycles

Comparing different types of multiroute mechanisms, it must be emphasized that there is a big
difference between (i) cycles having common intermediates and (ii) cycles having common
steps. Every step of cycles of type (i) is only part of one cycle, and the reaction rate of this step is
described by a kinetic equation that is similar to the rate equation of a single-route mechanism.
Just as the single-route reaction rate, this rate can be expressed as the difference between
the forward and reverse reaction rates. What is important regarding cycles of type (i) is that
the presence of other cycles quantitatively influences the reaction rate of the selected cycle, the
reaction route rate. However, at a given temperature, other cycles cannot change the direction
of the overall reaction corresponding to the selected cycle.

In cycles of type (ii), a step of one cycle is also part of other cycles and the reaction rate of this
step is a linear combination of multiple reaction route rates. As a result, this reaction rate cannot
be represented by the difference between a forward and reverse reaction rate. Other cycles
influence the reaction rate of the selected step not only quantitatively but qualitatively as well.
Indeed, other cycles can change the direction of the overall reaction corresponding to the
selected cycle. This is the main difference between multiroute mechanisms of types (i) and (ii).
Many examples of deriving such equations using graph theory can be found in the books by
Yablonskii et al. (1991) and Marin and Yablonsky (2011).

3.6.4 Bipartite Graphs of Complex Reactions

Bipartite graphs for presenting complex mechanisms of chemical reactions have been proposed
by Vol’pert (1972) and Hudyaev and Vol pert (1985). These graphs contain nodes of two types:
type X nodes corresponding to components X; (i=1, 2, ..., N) and type R nodes ascribed to
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the elementary forward reaction r;" and reverse reaction r; (s=1, 2, ..., N,) belonging to
step s. Therefore, reversible steps are part of two edges. Edges connect reaction nodes and
nodes of components taking part in the reaction.

A reaction step can be represented by the following general equation:
D aXi2 Y BX; (3.174)
i i

An edge is oriented from a component X; to a reaction r;r/ ~ if X; is converted (a; #0) and
from a reaction r;/ ~ to X; if X; is produced (f;#0). The stoichiometric coefficient q; is the
number of edges from component X; to reaction r*/~ and f; is the number of edges from
reaction r /= to X;. Figs. 3.12 and 3.13 show some of the simplest examples of bipartite graphs.

A more complicated example is the oxidation of CO over Pt. Two typical mechanisms
exist for this reaction: (i) the Eley-Rideal or impact mechanism and (ii) the Langmuir-
Hinshelwood or adsorption mechanism. The Eley-Rideal mechanism does not involve any
interaction between catalytic intermediates; one component from the gas phase, in this case
oxygen, adsorbs on the catalyst surface forming a surface intermediate, and another
component from the gas phase, in this case carbon monoxide, reacts with this surface
intermediate:

(1)0, +2Pt 2 2PtO (3.175)
(2)CO+PtO — CO, +Pt (3.176)

(B) X, =X, 5> X, > X,
Fig. 3.12

Examples of simple bipartite graphs for irreversible reactions: (A) acyclic mechanism and (B) cyclic
mechanism.
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X, 2X,2X, 2X,

Fig. 3.13
Examples of simple bipartite graphs for reversible reactions.

In the Langmuir-Hinshelwood mechanism, two gaseous components, in this case oxygen and
carbon monoxide, adsorb on the catalyst, and one step (step (3)) involves the interaction
between the two different intermediates:

(1)0, + 2Pt 2 2PtO (3.177)
(2)CO+Pt 2 PICO (3.178)
(3)PtO+PtCO — 2Pt+CO, (3.179)

Assuming the concentration of gaseous components is constant, which is a typical assumption
in studying kinetic models of non-steady-state solid-catalyzed reactions, the mechanisms
can be presented as sequences of transformations of the surface intermediates. For the
Eley-Rideal mechanism, these are the following:

(1)2Pt222PtO (3.180)
(2)PtO — Pt (3.181)
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The transformations of intermediates for the Langmuir-Hinshelwood mechanism are

(1)2Pt 2 2PtO (3.182)
(2)Pt 2 PtCO (3.183)
(3)PtO +PiCO — 2Pt (3.184)

Fig. 3.14 shows the corresponding graphs for both mechanisms.

In the analysis of bipartite graphs, the concept of cycles is crucial. The simplest class of reaction
mechanisms is that with bipartite graphs that do not contain cycles (see Fig. 3.12A). These
reaction mechanisms are called acyclic mechanisms and can be represented in general form as:

X; = Xo o 5 X, (3.185)

Obviously, this mechanism does not represent a catalytic reaction. Mechanisms for catalytic
reactions always contain cycles. These cycles are oriented, that is, the direction of all edges in a
cycle is the same and the end of the ith edge is the beginning of the (i+ 1)th edge.

Some graph cycles may be nonoriented. Fig. 3.15 shows the bipartite graph for the two-step
reaction mechanism

(DX, — X (3.186)
(2)Xi+ Xy = X3 (3.187)

(B)

Fig. 3.14

Bipartite graphs for the oxidation of CO on Pt: (A) Eley-Rideal mechanism and
(B) Langmuir-Hinshelwood mechanism.

Fig. 3.15
Bipartite graph for the reaction mechanism X; — Xz; Xq +X; — Xs.
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This graph contains a nonoriented cycle: edges starting from X; have opposite directions and
edges ending at r, are directed toward each other.

Bipartite graphs for the Eley-Rideal and Langmuir-Hinshelwood mechanisms contain both
oriented and nonoriented cycles (see Figs. 3.16 and 3.17).

The structure of graphs of complex reactions is very important for the analysis of chemical
dynamics. The absence of oriented cycles indicates relatively simple dynamic behavior. Clarke
(1980) and Ivanova (Ivanova, 1979; Ivanova and Tarnopolskii, 1979) used bipartite graphs for

Fig. 3.16
Cycles for the oxidation of CO on Pt via the Eley-Rideal mechanism.

Fig. 3.17
Cycles for the oxidation of CO on Pt via the Langmuir-Hinshelwood mechanism.
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the stability analysis of complex catalytic reactions, in particular to verify whether some
critical phenomena, such as kinetic multiplicity of steady states and rate oscillations, can be
explained within a given kinetic model. Using cycles, the characteristic equation for nonlinear
detailed mechanisms can be constructed. Then, the eigenvalues of this equation, especially
their signs, are analyzed. Based on this analysis, conclusions regarding the stability of the
dynamic behavior can be drawn.

3.6.5 Graphs for Analyzing Relaxation: General Form of the Characteristic Polynomial

A non-steady-state kinetic model of a complex catalytic reaction with a linear mechanism
can be formulated as

do
—=W(c)0 3.188
=W (3.188)
where c is a set of measured (observed) concentrations of gaseous components, 0 is a set of
nonmeasured (unobserved) normalized concentrations of intermediates, and W(c) is the
matrix of the reaction weights. In addition, the law of active site conservation, Eq. (3.124), must
be fulfilled. Eq. (3.188) is the non-steady-state kinetic model of the transformation of catalytic
intermediates assuming that the concentrations of the observed components are constant.
The solution of Eq. (3.188) is of the form
Nintfl
0;()=">_ Ciexp(Ait) j=1,....Nin (3.189)
i=0
where /; are the roots (or eigenvalues) of the characteristic polynomial P(1), and C;; are
constants.

The characteristic polynomial of a square matrix A = |a,~j‘ of order # is called the determinant
for the set of linear equations

n

D (aw—8uh) =0 i=1.2,....n (3.190)
k=1

where A is a scalar and 6 is the Kronecker delta function,

1 ifi=k
6ik—{0 ifik (3.191)

The characteristic polynomial P(4) can be written as
P(A)=(—1)"(A"—diA" " +drd"? —d32" 3+ (—1)"d,) (3.192)

Evstigneev and Yablonskii (1982) have proven that the coefficient of A* with k the exponential factor
for the characteristic polynomial P(1) equals the sum of the weights of all the k spanning trees of the
reaction graph if k0 and equals zero if k=0. A k spanning tree for graph G(x,y) is called an
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unconnected partial graph' containing all the nodes, that is, a set of rooted trees (“rooted forest™), all
edges of which are directed toward the roots, that is, the given graph points x. A rooted tree can be
degenerated, which means it consists of only one point. When speaking of trees, spanning trees,
and graphs, we imply that they are oriented. The weight of the spanning tree is the product of weights
of its edges. The weight of a degenerated component is assumed to be equal to unity.

Relationships for different coefficients are the following:

* k=1. The coefficient at 4 is equal to the sum of all the principal minors of order (n—1). It
was proven that in terms of graph theory every minor of this type equals the sum of the
weights of spanning trees entering the point x.

+ 1<k<n— 1. The coefficient at 2 equals the sum of the principal minors of order (n—k).
Every term corresponds to an n-point graph without cycles and having £ components.

e k=n—1. The coefficient at A* equals the trace of the matrix W(c), that is, the sum of all
elements on the main diagonal of the matrix, which are the reaction weights.

+  k=n. The coefficient at A* equals the weight of the empty n-point graph having no points.
By definition, its weight is unity.

As an example, for the catalytic isomerization reaction A 2 B with the mechanism given by
Eq. (3.87), the reaction weights are given by

wi =k cas wi =k wi =k wy =ky 5 wi =k3; wy =k5 cg. The graph corresponding to
this mechanism is shown in Fig. 3.4. The characteristic equation is

P+did+dy =0 (3.193)
The coefficient d; is the sum of the weights of all reaction weights:
di =k ca+k] +k5 +ky +k5 +kjcp (3.194)

The free term d, is given by

dy =ki caky +kicaks kS ki +kiky +hky kycp+ky ky e +k{ ks ca+ky kycp+ky ky

(3.195)

If all steps are irreversible, these coefficients are reduced to
di =k{ca+ks +ky (3.196)
dy =ki ca(ks +ki ) +k; k5 (3.197)

In accordance with Vieta’s formulas, the roots of the characteristic polynomial can be
determined from its coefficients. In this example,

/11 +/12:—d1 (3198)
M =d; (3.199)

' H(y,v), with y<x and v<u, is a partial graph of the graph G(x,u).
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Nomenclature

A cross-sectional area (mz)

C.si cycle characteristic for cycle i containing step s
Ci concentration of component i (mol m_3)

D, diffusion coefficient of component i (m2 sh
d; coefficients in characteristic equation

E, activation energy (J mol ")

F; molar flow rate of component i (mol sh
AH enthalpy change of reaction (J mol™ ")

K.q equilibrium coefficient ()

k reaction rate coefficient ((mol m_3)(1 g

ko pre-exponential factor (same as k)

N number (—)

na;  number of moles of reactant i (mol)
ng; number of moles of product i (mol)
P(A) characteristic polynomial

p pressure (Pa)

qv volumetric flow rate (m> s™1)

R, universal gas constant (J mol ! Kil)

R; net rate of production of component i (mol m> s_l)
r reaction rate for a homogeneous reaction (mol m> s_l)
rs reaction rate per unit surface area of catalyst (mol m;ft s_l)

ry reaction rate per unit volume of catalyst (mol mc_a? s_l)
I'w reaction rate per unit mass of catalyst (mol kg;a% s

Scat  catalyst surface area (mcatz)

S selectivity to component i (—)

T temperature (K)

t time (s)

u superficial fluid velocity (ms ™)

%4 reaction volume (m3)

w weight of spanning tree

W.a mass of catalyst in the reactor (kg..,)

w reaction weight (mol mc’a% sh

X; conversion of component i (—)

z axial reactor coordinate (m)

Greek symbols

a; absolute value of stoichiometric coefficient of reactant A; (-)
aj absolute value of stoichiometric coefficient of intermediate X; (—)

Pi stoichiometric coefficient of product B; (-)
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B; stoichiometric coefficient of intermediate Y; (-)
Oix Kronecker delta (—)

£ small parameter (-)

&b void fraction of catalyst bed (m3fm_3)

K; coupling parameter for cycle i containing step s

r X, concentration of surface intermediate X;(mol mc’a%)
I, total concentration of surface intermediates (mol mg,>)

A characteristic root, eigenvalue

ij normalized concentration of surface intermediate X; (-)
Vi stoichiometric coefficient of component i (—)

e Catalyst density (kgeyMegy)

o Horiuti number (-)

T characteristic time (s)

T space time (s)

Subscripts

0 initial, inlet

cat  catalyst
eq  equilibrium

f fluid

int  intermediate

s step

Superscripts

+ of forward reaction

— of reverse reaction

a; partial order of reaction in reactant A;

a; partial order of reaction in intermediate X;
i partial order of reaction in product B;

B partial order of reaction in intermediate Y;
n (apparent) reaction order
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Physicochemical Principles of Simplification
of Complex Models

4.1 Introduction

In chemical reactors an enormous variety of possible regimes, both steady state and non-steady
state (transient) can be observed. Steady-state reaction rates can be characterized by maxima
and hystereses. Non-steady-state kinetic dependences may exhibit many phenomena of
complex behavior, such as “fast” and “slow” domains, ignition and extinction, oscillations
and chaotic behavior. These phenomena can be even more complex when taking into account
transport processes in three-dimensional media. In this case, waves and different spatial
structures can be generated. For explaining these features and applying this knowledge to
industrial or biochemical processes, models of complex chemical processes have to be
simplified.

Simplification not only is a means for the easy and efficient analysis of complex chemical
reactions and processes, but also is a necessary step in understanding their behavior. In many
cases, “to understand” means “to simplify.” Now the main question is: “Which reaction or
set of reactions is responsible for the observed kinetic characteristics?”” The answer to this
question very much depends on the details of the reaction mechanism and on the temporal
domain that we are interested in. Frequently, simplification is defined as a reduction of the
“original” set of system factors (processes, variables, and parameters) to the “essential” set for
revealing the behavior of the system, observed through real or virtual (computer) experiments.
Every simplification has to be correct. As a basis of simplification, many physicochemical
and mathematical principles/methods/approaches, or their efficient combination, are used,
such as fundamental laws of mass conservation and energy conservation, the dissipation
principle, and the principle of detailed equilibrium. Based on these concepts, many advanced
methods of simplification of complex chemical models have been developed (Marin and
Yablonsky, 2011; Yablonskii et al., 1991).

In the mathematical sense, simplification can be defined as “model reduction,” that is, the
rigorous or approximate representation of complex models by simpler ones. For example, in a
certain domain of parameters or times, a model of partial differential equations (“diffusion-
reaction” model) is approximated by a model of differential equations, or a model of
differential equations is approximated by a model of algebraic equations, and so on.

Advanced Data Analysis and Modelling in Chemical Engineering. http://dx.doi.org/10.1016/B978-0-444-59485-3.00004-7
© 2017 Elsevier B.V. All rights reserved. 83
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See Gorban et al. (2010), Gorban and Karlin (2005), Gorban and Radulescu (2008), and
Maas and Pope (1992).

In this chapter, both a set of physicochemical conceptual assumptions used in model
simplification and a set of mathematical tools for this purpose are presented. First, we are going
to explain physicochemical concepts of simplifications using models of chemical
transformations. In this case, the transport processes are considered to be fast, and the models
consist of ordinary differential equations (non-steady-state processes) or algebraic equations
(steady-state processes).

4.2 Physicochemical Assumptions

Typically, assumptions are made on substances, on reactions and their parameters, on transport-
reaction characteristics, and on experimental procedures.

4.2.1 Assumptions on Substances

(1) Abundance of some substances in comparison with others, so their amount/concentration
can be assumed to be constant in the course of the process, either steady- or non-steady-
state. For example, in aqueous-phase reactions, the water concentration is often taken as a
parameter in kinetic reaction models.

(2) Insignificant change of some substance amount/concentration in comparison with its
initial amount/concentration during a non-steady-state process. For example, in
pulse-response experiments under vacuum conditions in a temporal analysis of
products (TAP) reactor, the total number of active sites on the catalyst surface is
much larger than the amount of gas molecules injected in one pulse. Therefore, the
concentration of active catalyst sites may be assumed to remain equal during a pulse
experiment.

(3) Dramatic increase of the concentration/temperature at the very beginning of a process in a
batch reactor or at the inlet of a continuous-flow reactor, typically by a delta function or
step function.

(4) Complete conversion of some substances in time during the process or at the very end (the
final section) of the chemical reactor.

(5) Gaussian distribution of the chemical composition regarding some physicochemical
properties, for example, the molecular weight of polymers.

(6) Assumptions on intermediates of complex chemical reactions:

(a) Frequently, the concentrations of many intermediates are very small compared to the
concentrations of others. At the limit, only one intermediate dominates. For
heterogeneous catalysis, Boudart introduced the term “most abundant reaction
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intermediate” (mari), which is the only important surface intermediate on the catalyst
surface under reaction conditions.

(b) Some intermediates can be considered to be in a quasi-steady state (QSS) or pseudo-
steady state (PSS), see Sections 4.2.2 (assumption (5)) and 4.3.5 for a more detailed
explanations. Here, a word on the prefixes “pseudo” and “quasi.” In literature, they
are both used interchangeably to mean “sort of,” but in fact have somewhat different
meanings. “Pseudo” is from Greek, meaning false or not real(ly), and is typically
used for situations where deception is deliberate. “Quasi” is from Latin, meaning
almost, as if, or as it were. It is often used to describe something that for the most part
but not completely behaves like something else. Hence, we prefer to use quasi to
describe this type of (non-)steady state.

4.2.2 Assumptions on Reactions and Their Parameters

ey

2

Assumption of irreversibility of reaction steps. Either all reaction steps are irreversible
(strong irreversibility), or some reaction steps are irreversible (weak reversibility).
Rigorously speaking, all reaction steps are reversible. If the rate of the forward reaction is
much larger than that of the reverse reaction, we consider the reaction step to be
irreversible. If in a sequence of steps, say in a heterogeneous catalytic cycle, at least one
step is irreversible, the overall reaction can be considered to be irreversible.
Assumption of “rate-limiting or rate-determining step.” In a sequence of reaction steps,
there usually are fast steps and slow steps. The kinetic parameters of the slow steps are
much smaller than those of the fast steps, reversible or irreversible, and kinetic
dependences are governed by these small parameters. If there is only a single slow step,
this is called the rate-limiting or rate-determining step. However, this is not a rigorous
definition of the rate-limiting-step concept, which remains a subject of permanent fierce
discussions (Gorban et al., 2010; Gorban and Radulescu, 2008; Kozuch and Martin, 2011).
In their paper, Kozuch and Martin express a provocative opinion on this subject.

(3) Assumption of “quasiequilibrium” or “fast equilibrium.” If in a sequence of steps both

“4)

the forward and reverse reactions of some reversible steps are much faster than other
reaction steps, the assumption can be made that the forward and reverse reactions of
such fast steps occur at approximately equal rates, that is, they are at equilibrium.
Typically, this assumption is justified by the fact that the kinetic parameters of these fast
steps are much larger than the kinetic parameters of the other, slow steps. For many
chemical systems, the assumption of quasiequilibrium is complimentary to the assumption
of a rate-limiting step; if one step is considered to be rate limiting, other, reversible
steps can be assumed to be at equilibrium.

“Quasi-steady-state” assumption. This assumption relates to reaction intermediates whose
rate of change follows the time evolution of the concentrations of other species. According
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to the QSS assumption, the rates of production and consumption of intermediates are

approximately equal so their net rate of production is approximately equal to zero.

The QSS assumption is typically used in the following situations:

(a) Gas-phase chain reactions (eg, oxidation reactions) are propagated by free radicals,
that is, species having an unpaired electron (H-, O-, OH -, etc.). The kinetic
parameters of reactions in which these short-lived, highly reactive free radicals
participate are much larger than the kinetic parameters of reactions involving other
species. Their concentration in the QSS is necessarily small.

(b) Gas-solid catalytic reactions occur through catalytic surface intermediates. These are
not necessarily short-lived but their concentrations are much smaller than the
concentrations of reactants and products of the overall reaction. Therefore, the
kinetic dependences of the surface intermediates are governed by the concentrations
of the gaseous species. A similar reasoning holds for enzyme-catalyzed biochemical
reactions, in which the number of active enzyme sites is small compared to the
number of substrate and product molecules.

(5) Assumption of equality or similarity of chemical activity. Based on a preliminary
analysis, some groups of species with identical or similar chemical functions or activities
can be distinguished, for example, a family of hydrocarbons of similar activity can be
represented by just one hydrocarbon. This is the so-called lumping procedure (see also
Section 4.3.8).

(6) Additional assumptions on parameters:

(a) Assumption of equality of parameters of some steps. For example, kinetic
parameters of some adsorption steps or even coefficients of all irreversible reactions
are equal.

(b) Assumption of “fast step.” The kinetic parameter of a certain step is assumed to be
much larger than the kinetic parameters of other steps.

(c) Assumption regarding the hierarchy of kinetic parameters. For example, in
catalytic reactions adsorption coefficients are usually much larger than the kinetic
parameters of reactions between different surface intermediates.

(7) Principle of critical simplification. In accordance with this principle (Yablonsky et al.,
2003), the behavior near critical points, for instance ignition or extinction points in
catalytic combustion reactions, is governed by the kinetic parameters of only one
reaction—adsorption for ignition and desorption for extinction—which is not necessarily
the rate-limiting one.

4.2.3 Assumptions on Transport-Reaction Characteristics

(1) Assumption of continuity of flow. When a fluid is in motion, it must move in such a way
that mass is conserved.
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(2) Assumption of uniformity of chemical composition and/or temperature and/or gas pressure
in a chemical reactor.

(3) Assumption of transport limitation, that is, an assumption under which amodel only comprising
transport can be used (fast reaction and slow transport, in particular diffusion limitation).

(4) Assumption of kinetic limitation, that is, an assumption under which a model only including
reaction can be used (fast advection or fast diffusion and slow reaction, kinetic limitation).

These assumptions are analyzed in detail in Chapter 5, which is devoted to transport-reaction
problems. Special attention has to be paid to boundary and initial conditions in transport-
reaction problems because these conditions reflect the physical realization of processes.

4.2.4 Assumptions on Experimental Procedures

(1) Assumption of insignificant change of the system characteristics during an experiment
involving a small perturbation of the system: a state-defining experiment.

(2) Assumption of controlled change of the system characteristics during an experiment: a
state-altering experiment.

(3) Assumption of instantaneous change: instantaneous injection of a reactant into a
chemical reactor.

(4) Assumption of linear change of the controlled parameter: a linear temperature increase
in the course of thermodesorption.

4.2.5 Combining Assumptions

It should be noted that some physicochemical assumptions are overlapping and some are
complimentary. For example, assuming that some steps are fast automatically means assuming
that other steps are slow. In the simplest case—the two-step mechanism—the assumption

of a fast first step is identical to the assumption of a rate-limiting second step. Assumptions on the
abundance of species and rate-limiting steps can be made both for reversible and irreversible
reaction steps. In contrast, the quasiequilibrium assumption cannot be applied to a set of reaction
steps that are all reversible. Sometimes many assumptions, not just one or two, are used for
the development of a model. An example is the Michaelis-Menten model, which is well known in
biocatalysis. In this model, for which the mechanism is shown in Fig. 4.1, the total amount of
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Fig. 4.1
Mechanism of enzyme reaction.
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active enzyme sites is much smaller than the amounts of liquid-phase substrate (S) and product
(P). Because of that, QSS behavior of the enzyme species (free enzyme E and substrate-bound
enzyme ES) is observed. It is assumed that

(1) the first step (E+S=2ES) is reversible, while the second step (ES — P +E) is irreversible
(2) the kinetic parameters of the first step are much larger than those of the second step, that is,
the first step is fast and the second step is slow.

Therefore, there are two simultaneous assumptions: the assumption of quasiequilibrium of the
first step and the assumption that the second step is rate limiting.

4.3 Mathematical Concepts of Simplification in Chemical Kinetics
4.3.1 Introduction

In modeling, it is not enough to present assumptions or simplifications expressed in a verbal
way. Physicochemical assumptions have to be translated into the language of mathematics.
In 1963, Kruskal (1963) introduced a special term for this activity, “asymptotology.” See
Gorban et al. (2010) for a detailed analysis. Mathematical models have to be developed based
on assumptions with clear physicochemical basis. Every physicochemical assumption has a
domain of its correct application, and this domain has to be validated. Typically, this is
done using the full model that includes the partial model the validity of which is tested.

The partial model is generated asymptotically from the full model and the correctness of
this asymptotic procedure has to be proven (Gorban and Radulescu, 2008). As stressed by
Gorban et al. (2010) “often we do not know the rate constants for complex networks, and
kinetics that is ruled by orderings rather than by exact values of rate constants may be very
useful.”

A mathematical analysis founded on the basic laws of physics, in particular laws of
thermodynamics, may provide us with an understanding of “tricks” of which the
physicochemical meaning was previously unclear or even with a formulation of new
fundamental concepts. For example, the meaning of the QSS assumption introduced in
chemistry at the very beginning of the 20th century was clarified only about 50 years after using
the mathematical theory of singular perturbations and, even now, this knowledge is not
sufficiently widespread. The lumping procedure, a commonly used approach to reduce the
number of chemical species and reactions to be handled by grouping together species
having similar chemical functions or activities into one pseudocomponent or lump, was
theoretically grounded and realized by Wei and Prater (1962) and Wei and Kuo (1969).
Complex chemical behavior that was discovered in chemical systems in the 1950-70s,
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such as bistability, oscillations, chaotic behavior, and so forth, has been understood only by
transferring and adapting the concepts of the mathematical dynamic theory (stability,
bifurcation, catastrophes, chaos, etc.). Maas and Pope (1992) efficiently used the mathematical
technique of manifolds for understanding combustion processes. At the same time, many
mathematical tools applied to chemical problems are still remaining “purely mathematical”
not having a special chemical content, such as many methods of statistical analysis and
sensitivity analysis. The process of conceptual interaction between chemical sciences and
mathematics is still continuing and will never be finished.

We will now present an analysis of different types of simplifications.

4.3.2 Simplification Based on Abundance

This simplification (assumption (1) in Section 4.2.1) assumes that the concentration of at least
one species is much larger than that of others. For example, in models of many reactions in
aqueous solutions, the water concentration is considered to be constant. Similarly, in
reactions in which precipitation occurs, the concentration of the solid phase is taken as the
constant. These constant values are incorporated into the kinetic coefficients. In typical
heterogeneous gas-solid reactions, the amount of reacting gas molecules is assumed to be
much larger than the total amount of active catalyst sites. In this case, the concentration
of the abundant gaseous species is included in the reaction rate coefficient as a constant
(apparent kinetic coefficient). This simplifies the reaction model and often results in a linear
model. Thus, for a surface catalytic process at steady state, the rate of adsorption for the
reaction A+Z— AZ can be expressed as

Fads = (kadsCA)QZ = WadSHZ (41)

Here, 05 is the normalized surface concentration of free active sites, which changes during the
course of the surface reaction, and c, is the constant concentration of the gaseous species
A. Parameters k,q; and w,q4 are the adsorption rate coefficient and the apparent adsorption rate
coefficient or weight, respectively.

In contrast, in vacuum pulse-response experiments, also known as TAP experiments, the
amount of gas molecules injected is much smaller than the total amount of active catalyst sites
(Gleaves et al., 1988, 1997; Marin and Yablonsky, 2011) and the change in the normalized
surface concentration of free active sites is insignificant. Hence, the reaction can be presented
as follows:

rads = (KadsOz)ca =Ky iCa 4.2)
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and in this case the apparent adsorption rate coefficient, k.4, includes the concentration of free

active sites as a parameter and not the concentration of the gaseous reactant.

Obviously, models (1) and (2) are linear, although for different reasons and in different ways:
model (1) is linear regarding the concentration of free active sites and model (2) is linear
regarding the concentration of the gaseous reactant.

4.3.3 Rate-Limiting Step Approximation

This approximation is based on assumption (2) in Section 4.2.2. The common opinion is that for
not too complicated mechanisms peculiarities of transition regimes can be comprehended in
detail. For example, for the sequence of two irreversible first-order reactions

AtLB . C 4.3)

starting from pure A (no B or C present), the exact solutions for the concentrations of A, B, and
C as a function of time in a batch reactor (or in a plug-flow reactor with ¢ replaced by ) are

CA = L‘Aoe_klz (44)
CB =CA0 kl (e_klr — e_kzt) (45)
ko — ki
k> —kyt ki —k t>
CCc=Cpap—CA—CB=C 1— e " — e 2 4.6
C=CA0—CA—CB AO( s s (4.6)

A remarkable feature of reaction sequence Eq. (4.3) is a maximum in the concentration

of B. Typically, there is a large difference between the magnitudes of the kinetic parameters
ky and k, of the two steps, and two periods in temporal dependences are distinguished:

(1) a short initial period governed by the kinetic parameter of the fast step and (2) a long
relaxation period, which is determined by the kinetic parameter of the slow step.

If k> k, (Fig. 4.2), the relaxation dependence during the short initial period is governed by
the large kinetic parameter, k,. The concentration maximum can be achieved very fast.
During this initial period, cg /= ca9 — ca. Then, during the second, long, period, the
relaxation dependence and, especially, the tail dynamics are governed by the small kinetic
parameter k; because the exponential e %! vanishes. During this period, cc ~ cap —ca and
cg = (ki /ky)ca. The ratio of the concentrations of B and A then equals ky/(k, — k), or just
(k1/k3), since k,>>k;. In this case, the rate-limiting step is the first one. Since the expression
cg = (ky/ky)c A relates to the maximum concentration of B, this regime can be termed a
“quasi-maximum” regime or even a “quasi-steady-state” regime, if the concentration of

A changes very slowly. See subsequent text for a more detailed definition of the QSS regime.
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If, on the other hand, k> k, (Fig. 4.3) during the initial period the relaxation is governed by the
large parameter, k;. After that the exponential term e %’ vanishes and the long relaxation
dependence and the tail dynamics depend on the small kinetic parameter, k,; the rate-limiting
step is the second one. In contrast with the previous case, the ratio of the concentrations of
B and A during the second period is not constant, but approaches infinity with co =0 and
Cc =CA0 —CB.

Gorban and colleagues (Gorban et al., 2010; Gorban and Radulescu, 2008) developed a
general theory of limitation in chemical reaction networks. The main new concept of this theory is
an acyclic “dominant mechanism,” which is distinguished within the complex mechanism. The
opinion that for a not too complicated mechanism peculiarities of transition regimes can be
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comprehended in detail is true for the rate-limiting step approximation. Nevertheless, recently
it was found that the mechanism of two consecutive irreversible reactions (4.3), one of the
simplest in chemical kinetics, may exhibit an amazing variety of properties, in particular
coincidences of different peculiarities of transition regimes such as double and triple
intersections, extrema, and oscillation (Yablonsky et al., 2010). Mathematically, this can be
explained by the interplay of the two exponential dependences that form part of the solution.

4.3.4 Quasi-equilibrium Approximation

The quasi-equilibrium approximation is based on assumption (3) in Section 4.2.2. One or more
steps of the overall reaction are considered to be at equilibrium if their kinetic parameters, both
forward and reverse, are much larger than the kinetic parameters of other steps. An example is
the reaction sequence

A—B—C “4.7)

with k", k{ >k, and starting from pure A. Fig. 4.4 shows the exact solutions for the
concentrations of A, B, and C as a function of time. In this case, it is easy to show that two
transient periods can be observed:

(1) A short initial period at the end of which an equilibrium (or rather a quasiequilibrium) of
the first step is established, where the reaction rate of the forward reaction is
approximately equal to the rate of the reverse reaction: ;" ~r{ (During this initial period,
hardly any C is formed and cg = cag — ca.).
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(2) A long quasiequilibrium period with initial concentrations that are the final concentrations
of the initial period.

At the end of the initial period,
CB %Keq,ch (48)

where Keq 1 =k /k; is the equilibrium coefficient of the first step. Assuming that the
concentration of C is negligible, ca +cp = cao.

Then, the final concentrations of A and B after the initial period can be approximated by

1
= 4.9
CA =CA0 (1 +Keq,1> (4.9)
and
Keq 1
= : 4.10
CB =CA0 <1+Keq,1) ( )

These concentrations are taken as the initial concentrations for the second, quasi-equilibrium
period, for which the kinetic dependence is quite simple:

dCB
—=—lyc 4.11
7 2B 4.11)
Integrating Eq. (4.11) with the initial condition Eq. (4.10), yields
Keq 1 —kat
. ; 4.12
cB CA0<1+Keq,l>e (4.12)
Then,
CA = CAp ! e et (4.13)
1 +Keq,1
and
c
2 — Keq (4.14)
CA

Relationship Eq. (4.14) is approximately fulfilled within the quasiequilibrium domain.

The physicochemical meaning of this approximation is that in spite of the temporal change, the
concentration ratio of some components in the mixture, in this example A and B, is governed by
the equilibrium coefficient of the fast first step (see Egs. 4.9, 4.10). However, the absolute
concentration change in time is caused by the small kinetic parameter of the slow second step,
see Egs. (4.12), (4.13).
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Constales et al. (2013) have described a wide variety of kinetic dependences that correspond to
this two-step mechanism in which the first step is reversible.

4.3.5 Quasi-Steady-State Approximation

Every simplification has its own region of validity and this region has to be estimated at
least qualitatively. The QSS approximation, which is based on assumption (5) in Section 4.2.2,
is the simplification that is the most applied and the least understood. It can be called “the
most complicated simplification.” Despite the fact that this approximation has been in use since
the 1910s, its physicochemical and mathematical meanings are still not well understood
within the chemical community. Therefore, it makes sense to analyze a number of aspects of
this approximation and illustrate the analysis with some examples.

First of all, the QSS is not a steady state; it is a special type of non-steady state. The

popular version of the QSS approximation can be formulated as follows: During a chemical

process, the concentrations of both species present in large amounts, usually the controllable

and observed species, and species present in small amounts (intermediates such as radicals

and surface intermediates), usually the uncontrollable and unobserved species, change in time.

In the QSS approximation, the concentrations of the intermediates become functions of the

concentrations of the observed abundant species; they “adapt” to the concentrations of the

observed species as if they were steady-state concentrations.

The two-step consecutive reaction, Ak—><l_B &, C, can be used as the simplest example of QSS
ky

behavior. Let the kinetic parameters of the reactions in which B is consumed (k;” and k)

be much larger than the kinetic parameter of the reaction in which B is formed (k;").

Fig. 4.5 shows an example of an exact solution for this situation. It can be proved that the QSS

concentration of B can be approximated closely by the following asymptotic relationship:

ki
kl_ + ko

cgp= CA (4.15)
As the parametric ratio is small (kfr <<kf,k2), B can be considered as a reactive molecule (eg, a
free radical) with a very small concentration that follows the concentration of A.

Thus, in this simple example, three simplifications come together:

(1) The first step is rate limiting.

(2) Insome temporal domain, an invariance is observed, where the ratio of the concentrations
of B and A is approximately constant.

(3) Simultaneously this invariance is a fingerprint of the QSS.

Obviously, there is a similarity between the quasi-equilibrium relationship, Eq. (4.8), and the
QSS relationship, Eq. (4.15). Both phenomena are caused by a difference in the magnitude of
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the kinetic parameters. However, the physical meaning of these approximations is different.
Relationship Eq. (4.8) reflects the fact that both forward and reverse reactions of the first step
are fast, while Eq. (4.15) is a consequence of the fact that the rate of consumption of B is fast.

4.3.6 Mathematical Status of the Quasi-Steady-State Approximation

In previous sections, different simplifications and approximations have been introduced using
first-order reactions involving linear models as examples. In many real situations, kinetic
models corresponding to different physicochemical systems are nonlinear. As mentioned
earlier, two typical scenarios where the QSS approximation can be used are gas- or liquid-phase
reactions with free radicals as intermediates and catalytic or biocatalytic reactions involving
catalytic surface intermediates or substrate-enzyme complexes. Within the traditional
mathematical procedure for dealing with these intermediates, three steps can be distinguished:

(1) Write the non-steady-state model, that is, a set of ordinary differential equations for both
the observed species and the unobserved intermediates.

(2) Replace the differential equations for the intermediates with the corresponding algebraic
equations by setting their rates of production equal to their rates of consumption, so that
the net rate of production is zero, which, in the case of catalytic surface intermediates,

translates into putting:
do;
—=0 4.16
0 (4.16)

where 6; is the normalized concentration of surface intermediate j, and then solving these
equations, such that the concentrations of intermediates are expressed as a function of the
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concentrations of the observed species and the temperature. In fact, solving this set of
equations is fairly easy for linear models corresponding to linear mechanisms, but for
nonlinear models this may not be so simple.

(3) Finally, construct expressions for the reaction rates of the observed species in terms of the
reactant and product concentrations of the overall reaction only.

The idea to set the net rate of production of an intermediate equal to zero has its origins in the
early 1900s and is almost always attributed to Bodenstein (1913). The QSS approximation is
still the most popular approach for dealing with systems of complex chemical reactions
involving radicals or (bio)catalysts. A complex reaction mechanism consisting of a
combination of subsystems related to the observed variables x and unobserved variables y can
be described by the following general model:

d
;’;:f(x,Y)
“4.17)
Y o(x.y)
ar S\%Y

The subsystems in Eq. (4.17) are called subsystems of “slow” and “fast” motion, respectively.

The mathematical validity of the steady-state approximation can be illustrated by scaling the
original set of equations and writing it in dimensionless form as

N
T=f(x)
(4.18)
ay
e =g(x.y)

in which ¢ is the so-called small parameter (e < 1). At the limit e — 0, Eq. (4.18) transforms into
the so-called degenerated set of equations.

dr (4.19)

The solution of the fast subsystem g(X, y) =0 will yield a fast variable vector y as a function
of the slow variable vector x. Tikhonov’s theorem provides conditions for which the solution
of Eq. (4.18) approaches that of the degenerated set of equations, Eq. (4.19) (Vasil’eva

and Butuzov, 1973).

Let y =y (X) be a continuous and continuously differentiable solution of g(X, y) = 0 in a certain
domain X with x € X and y =y4(X) is an asymptotically stable global solution of the
subsystem of fast motion, y(#) — yss(X) at — oco. Then, if the solution x=x(¢) of the
degenerated system Eq. (4.19) remains in the X domain at 0 <t <tg,,, for any 74> 0, the
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solution of the original set of equations [X(?), y(x(#))] at e — 0 approaches that of the
degenerated system uniformly on the segment [7y, #n.1]. The functions x(¢) for the original and
degenerated systems approach each other uniformly throughout the segment [0, fa1]-

This statement can be presented qualitatively in a simpler way: The solution of the original
system approaches the solution of the degenerated system if the subsystem of fast motion
g(X,y) =0 has a stable solution and the initial conditions are “attracted” by this solution.

Different actual systems generate the small parameter ¢ in different ways. For example, in
homogeneous chain reactions, the small parameter is a ratio of rate coefficients. It arises
because the reactions in which free radicals, which are unstable and thus are short-lived,
participate are much faster than the other reactions.

In heterogeneous gas-solid catalytic systems, the small parameter is the ratio of the total amount
of surface intermediates 7y, to the total amount of reacting gas molecules n, , present in the
reactor:

e — Nt int _ ISca

(4.20)
ng, g Ct Vg

with [, the total concentration of surface intermediates, S, the catalyst surface, c, the total
concentration of gas molecules, and V, the gas volume.

In contrast to free radicals, surface intermediates may be relatively long-lived. Yablonskii et al.
(1991) have indicated different scenarios for reaching QSS regimes in such systems.

If e — 0 and the system of fast motion has a unique and asymptotically stable global steady state
at every fixed y;, we can apply Tikhonov’s theorem and, starting from a certain value of ¢, use a
QSS approximation.

Summing up the theoretical analysis of the QSS problem, we can distinguish two types of
behavior:

* A QSS caused by a difference in kinetic parameters (rate-parametric QSS).

* A QSS caused by a difference in mass balances of species (mass-balance QSS), that is,
a large difference in mass balances between gaseous or liquid reactants and products on the
one side, and substrate-enzyme complexes or catalytic surface intermediates on the other.

An example of the rate-parametric QSS has been presented in Section 4.3.5 using the two-step

consecutive reaction (4.7), A<_—l>_B£>C. Many examples of the mass-balance QSS are

Ky
presented by Yablonskii et al. (1991), in particular for a typical two-step catalytic mechanism:
(1) A+Z2AZ and (2) AZ2B +Z. See also the corresponding analysis in the excellent review

on asymptotology by Gorban et al. (2010).
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Two difficulties are linked with the use of the QSS approximation in heterogeneous
catalytic reactions. The first is both pedagogical and theoretical: This approximation is an
example of the right result obtained based on the wrong assumption, namely that d6,/dt=0.
This is impossible for the fast surface intermediates. However, ed0,/dt~0 is true and the rates
of consumption of the surface intermediates are approximately equal to their rates of
production. The second difficulty is that as far as we know, despite over 100 years of QSS
approximation, its domain of validity for non-steady-state catalytic reactions has never been
investigated systematically based on experimental data and comparing them with different
models, both non-steady-state models and QSS models.

4.3.7 Simplifications and Experimental Observations

Summing up our analysis of all mentioned simplifications, the following problem can be
posed: “How, based on simple experimental observations, can we distinguish which reaction is
rate limiting and which is not, which reaction is irreversible and which is reversible, and,
finally, which regime is established, a quasiequilibrium or QSS or just a regime with a
rate-limiting step?” Answering these questions gives a primary diagnosis of the mechanism

of a specific complex reaction. In fact, in the case of the relatively simple reaction,
kit k

A——B—-C, some answers to these questions are overlapping. Attention has to be paid
kv

first to the data obtained in the course of the long (slow) period.

The following scenarios are possible:

* Bisobserved in negligible quantities. Thus, the approximate balance relation cs + cc = cao
is maintained. This means that step 1 is rate limiting and irreversible or virtually irreversible
and step 2 is fast, so in effect the overall reaction A — C occurs (Fig. 4.2).

* A is observed in negligible quantities. Thus, the approximate balance relation is
cB +cc = cap. This means that step 1 is fast and irreversible or virtually irreversible and step
2 is rate limiting (Fig. 4.3). In effect the overall reaction B — C occurs. Furthermore, the
ratio of the concentrations of B and A, cg/ca, is not constant but approaches infinity after a
short time. This is an additional argument in favor of the first step being irreversible and fast
and the second step being slow.

* A and B are observed in relatively large quantities during the slow period. Their
concentrations are changing, but the ratio of the concentrations of B and A is approximately
constant (Fig. 4.4). Based on these observations, one can conclude that step 1 is fast and
reversible and step 2 is rate limiting. The balance relation has the form:
CAF+CB+Cc=Cap~ CA(I +K1,eq) +Cc.

e During the slow period the concentration of B is negligible. A and C are both
observed, but the rates of their change are relatively small (Fig. 4.5). It can be concluded
that step 1 is rate limiting and step 2 is fast. The balance relation has the following
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approximate form: ca +cc & cag. In this case, the concentration of component B is
characterized by QSS behavior regarding component A.

These features are reflected in Tables 4.1 and 4.2. The corresponding decision tree is presented
in Fig. 4.6 as a sequence of Yes-No tests followed by the corresponding conclusions.

The following physicochemical considerations have to be taken into account in discussions on
the similarities and differences of asymptotic regimes:

* All these regimes are provoked by large differences in certain properties of the
reactions and processes involved, for example, differences in kinetic parameters or mass
balances or both.

* In an asymptotic analysis, the time evolution of absolute values of concentrations is studied
and linked to certain reaction features, such as a rate-limiting step, and species, for
example highly reactive intermediates with kinetic parameters that are much larger than
those of other species.

* At the same time, it is interesting to monitor the time evolution of concentration ratios,
which for some asymptotic regimes can be invariances (unchanging ratios of kinetic
parameters). If the parameters represent equilibrium coefficients, these in variances can be
termed “thermodynamic invariances.”

Table 4.1 Regimes for the reaction Alp . c

kq <k, k> k;
First, fast period k, dominates k; dominates
CB A CA0 — CA CB A CA0 — CA
Second, slow period ki dominates k, dominates
@, Kk B,
ca ko CA
CCc A a0 —CA CC = CA0 —CA
Regime characteristic | First step rate limiting during slow period; | Second step rate limiting; limiting regime
quasi-maximum or QSS regime

o
Table 4.2 Regimes for the reaction AﬁBLC
ky

ky,ki>k; ki k>k,
First, fast period ko, k7 dominate ki, ki dominate
B R Ca0 — CA
Second, slow period ki dominates k, dominates
@~ ki Bx Keq,,
ca ki tky CA ’

Regime characteristic First step rate limiting; QSS of B Quasiequilibrium of the first step
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Concentration test:
Are some concentrations small?

v v
No Yes
| cp is small | | cg is small I
Conclusions Conclusion
Step 1 irreversible Step 1 rate
Step 2 rate limiting limiting
v v
Test of Test of
concentration concentration
coherence coherence
cglcpr cglcp# cglcpr cglcp#
constant constant constant constant
intime intime intime intime
v v v v
Conclusion Conclusion Conclusion Conclusion
Quasi- No quasi- Quasi- No quasi-
equilibrium equilibrium steady-state steady-state
regime regime regime regime
Fig. 4.6

Decision tree for reaction A2B — C.

Finally, it has to be noted that typically fast and slow regimes occur in kinetic behavior.

In addition, the concept of the “turning point” (domain), which defines the transition between
these two regimes, has to be introduced. Typically, the fast period is determined by the fast

step(s), but strictly speaking the position of the turning point in time is determined by the fast
parameters. The slow period is the obvious period of rate limitation. However, as a rule this
limitation is accompanied by other phenomena such as quasi-equilibrium or QSS.

4.3.8 Lumping Analysis

In their classical paper, Wei and Prater (1962) introduced a so-called lumping procedure.
They showed that for systems in which only monomolecular or pseudo-monomolecular
reactions occur, a linear combination exists of concentrations that change in time
independently. These linear combinations or “pseudocomponents” correspond to the left
eigenvectors (row vectors) 1 of a kinetic matrix K as follows. If IK =11, then
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d(l,c)/dt =1, c)A, where the standard inner product.' (,¢) is the concentration of a
pseudocomponent. Wei and Prater also established a specially designed experiment for
identifying these pseudocomponents.

The results obtained by Wei and Prater gave rise to a question: “How do we lump
components into suitable pseudocomponents with proper accuracy?” Wei and Kuo determined
conditions for exact (Wei and Kuo, 1969) and approximate (Kuo and Wei, 1969) lumping
for monomolecular and pseudo-monomolecular reaction systems. They showed that under
certain conditions, a large monomolecular system could be modeled well by a lower-order
system.

Nomenclature

Ci concentration of component i (mol m )

K kinetic matrix

K.q equilibrium coefficient (depends)

k reaction rate coefficient (first-order reaction) (s™H

k.qs adsorption rate coefficient (s_l)

ads  apparent adsorption rate coefficient (s_l)

1 left eigenvector of kinetic matrix K (-)

ng total amount of reacting molecules in the gas phase (mol)
Nyine  total amount of surface intermediates (mol)

r reaction rate for a homogeneous reaction (mol m s h
Fags Tate of adsorption (mol m > s~ ')

Scar  catalyst surface area (mgat)

time (s)

~

Vs  gas volume (m3)

Waes apparent adsorption coefficient, weight (mol m> sh
X observed variable

X dimensionless observed variable (-)

y unobserved variable

v dimensionless unobserved variable (-)

Greek symbols

£ small parameter (-)

I total concentration of surface intermediates ( mol mcﬁ)
A eigenvalue (-)

' The inner product of two vectors having the same dimensionality is denoted here as X"y and yields a scalar:

n
xy= Zx,-y,- =y"x. It is also referred to as the scalar product or dot product and denoted by x-y.
i=1
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0 normalized concentration of surface intermediate j (—)
T dimensionless time (—)

Subscripts

0 initial, inlet

eq equilibrium

g gas

int  intermediate
Ss steady state

t total
Superscripts
+ of forward reaction

— of reverse reaction
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Physicochemical Devices and Reactors

5.1 Introduction

Diffusion has a history in science of more than one and a half century (Philibert, 2005, 2006).
Driven by the experimental observation of the German chemist Johann Débereiner in 1823
that hydrogen gas diffuses faster than air, in the late 1820s and early 1830s the Scottish
chemist Thomas Graham performed a systematic study on diffusion in gases and found that the
rate of gas diffusion is inversely proportional to the square root of its molecular mass
(Sherwood et al., 1971). The following milestones of diffusion theory and experiment can be
distinguished:

* Fick’s laws of diffusion (Fick, 1855a,b, 1995)

*  Maxwell’s theory of diffusion in gases (1860s)

* Einstein’s theory of Brownian motion (Einstein, 1905)

* Knudsen diffusion in diluted gases discovered by Martin Knudsen (Knudsen, 1909, 1934;
Feres and Yablonsky, 2004)

* Onsager’s linear phenomenology with diffusion considered within the general context of
linear nonequilibrium thermodynamics (Onsager, 1931a,b)

* Teorell’s approach of the diffusion of ions through membranes (Teorell, 1935, 1937,
Gorban et al., 2011)

* Prigogine’s theory of “dissipative structures” generated by a combination of nonlinear
chemical reactions and diffusion processes (Glansdorff and Prigogine, 1971; Nicolis and
Prigogine, 1977)

In studies of heterogeneous systems, in particular those of gas-solid catalytic processes,
attention was particularly paid to the interplay between diffusion and reaction in porous catalyst
pellets. In 1939, Thiele introduced a dimensionless number, the Thiele modulus, to characterize
this complex diffusion-reaction process in a porous medium (Thiele, 1939). The Thiele
modulus quantifies the ratio of the reaction rate to the diffusion rate. Significant progress in the
fundamental understanding of diffusion and adsorption in zeolites was achieved due to
Karger and Ruthven, whose book (Kidrger and Ruthven, 1992) is considered by many to be
the best contribution to the field of zeolite science and technology.

Keil (1999) authored a comprehensive review of theoretical and experimental studies in the field
of heterogeneous catalysis. Excellent books and review articles devoted to mathematical

Advanced Data Analysis and Modelling in Chemical Engineering. http://dx.doi.org/10.1016/B978-0-444-59485-3.00005-9
© 2017 Elsevier B.V. All rights reserved. 105
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diffusion and diffusion-reaction problems, in particular in porous media, have been published
(see, for example Aris, 1975a,b; Crank, 1980; Vasquez, 2006; Gorban et al., 2011).

Summing up, diffusion-reaction problems have been popular topics in physical chemistry and
in chemical and biochemical engineering for over one and a half century.

5.2 Basic Equations of Diffusion Systems
5.2.1 Fick’s Laws

The basic equation of diffusion is Fick’s first law. In accordance with this law, the diffusive
flux (for ideal mixtures) is proportional to the negative concentration gradient, in
multidimensional form:

J=—-Dgradc=—-DVc 5.1

where J is the diffusive flux vector, D is the diffusion coefficient, c¢ is the concentration, and V
is the del or nabla operator, which in three dimensions (x, y, z) is expressed as

V =(9/0x,0/dy,0/0z). According to Fick’s second law, the time derivative of the
concentration is the negative of the flux divergence:

oc )
T —divJ=DAc (5.2)

where the Laplace operator A = V>

Interestingly, Fick introduced this law using an analogy with Fourier’s law for heat
transfer. So, Fick’s law for mass transfer was coined after Fourier’s law for heat transfer and
not before.

5.2.2 Einstein’s Mobility and Stokes Friction

Within Einstein’s microscopic theory of motion of diluted particles in liquid systems, the
diffusion coefficient is proportional to the absolute temperature:

D =mkpgT (5.3)

where kg =R, /Ny is Boltzmann’s constant, with R, the universal gas constant and N
Avogadro’s number, T is the absolute temperature and m is the so-called particle mobility,
which equals the inverse of the Stokes friction coefficient f. The simplest case is a spherical
particle with radius r;, in a Newtonian liquid with dynamic viscosity #:

1

1
f B 6mryn -4)

m—=
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Egs. (5.3) and (5.4) combined represent the Stokes-Einstein diffusion coefficient:

ksT
D=2
67rpn

(5.5)

Under a constant external force F., the velocity of the particle population equals mF..

5.2.3 Knudsen Diffusion and Diffusion in Nonporous Solids

For gas-solid systems with a low gas density in which gas molecules diffuse through long
narrow pores, the mean free path of the molecules is much larger than the pore diameter. In this
type of diffusion, so-called Knudsen diffusion, the transport properties are essentially
determined by collisions of the gas molecules with the pore walls rather than by collisions
with other gas molecules. Based on the kinetic theory of gases, in the Knudsen approach

all rebounds are assumed to be governed by the cosine law of reflection. In a straight cylindrical
pore of diameter dpore, the Knudsen diffusion coefficient Dk ; for component i with molecular
mass M; is given by

dpore  [8RsT A

f >5 5.6
3 VM " dpore (5-6)

Dg ;=

with A the mean free path.

In solid bodies, the diffusion coefficient can be estimated using the Arrhenius dependence
(Dushman and Langmuir, 1922)

E,
g

with E, the activation energy.

5.2.4 Onsager’s Approach

Within Onsager’s theory (1931a,b), for multicomponent diffusion the flux of the ith
component is given by the famous reciprocity relationship:

Ji=) LiX (5.8)
J

where L;; (=L;;) are the so-called phenomenological coefficients that are part of the Onsager
matrix L and X is the matrix of generalized thermodynamic forces (eg, a temperature,
pressure, or chemical potential gradient). For pure diffusion, the jth thermodynamic force is
the negative space gradient of the jth chemical potential y;, divided by the absolute temperature
T. In ideal systems
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jj=R,T In— (5.9)
Cjeq
where ¢; .4 are equilibrium concentrations. Linearization near equilibrium yields
1 R,
Xj:—Tgrad,uj:—cj’eq grad ¢; (5.10)
SO
J-:—ZL~&gradc-:—ZL~&Vc- (5.11)
! . Y C]‘ eq / . Y Cj eq ! ‘
J » J ’
and
Oc; Ac;
= _div];=R L;—! 5.12
57 iv] g; i (5.12)

Onsager’s approach, by definition, is valid in the vicinity of equilibrium, and deviations of
cj from ¢; ., are assumed to be small. The symmetry of the Onsager matrix, L; =L,
follows from the principle of microreversibility (see the classical monograph by de Groot
and Mazur, 1962).

5.2.5 Teorell’s Approach

The mobility-based concept used by Einstein was further applied by Teorell (Teorell, 1935,
1937), who constructed a theory on the diffusion of ions through membranes in aqueous
solutions of univalent strong electrolytes (also see Gorban et al., 2011). Teorell assumed the
solutions to be ideal and homogeneous on both sides of the membrane. The essence of his
approach is captured in the following equation:

Flux = (mobility) x (concentration) x (force perkilogram ion) (5.13)

The force consists of two parts: (i) a diffusion force caused by a concentration gradient and
(ii) an electrostatic force, caused by an electric potential gradient. With these two parts,
Teorell’s equation for the flux can be written as

ldc d(p>

J=mc <—RgT—— +g— (5.14)

cdx qu

where ¢ is the charge and ¢ is the electric potential.

It sometimes is convenient to represent the diffusion part of the force in a different way, with c.q
as reference equilibrium concentration (Gorban et al., 2011):

c
dn{ —
Tldc_ n(ceq>

I (5.15)
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5.2.6 Nonlinear Diffusion Models

Gorban et al. (1980, 1986) proposed a model for surface diffusion of chemical species, which
was later extended by Gorban and Sargsyan (1986). Different versions of this approach have
been presented in the excellent paper by Gorban et al. (2011), in which an extended review is
combined with many original results on these topics:

* mass-action law of diffusion

* mass action cell-jump formalism

* continuous diffusion equation

* generalized mass-action law for diffusion (thermodynamic approach)

Conceptually, the nonlinear mass-action law for surface diffusion can be introduced as follows.
A system contains different surface species with concentrations /'1,1,...,[ y,,. Empty sites
with concentration Iy are considered to be surface species as well. The sum of all surface
concentrations, including those of the empty sites, is assumed to be constant, that is, the total
amount of catalytic sites is conserved:

Ninl
Zl“j:Ft:constant (5.16)
=0

In a jump model of the surface diffusion process, this process is considered to proceed by
jumplike substance exchange between different locations on the surface. Gorban et al. (1980)
used this model for modeling of the oxidation of carbon monoxide over a platinum catalyst.
One step of this reaction involves the reversible exchange of an adsorbed carbon monoxide
molecule with the neighboring empty site:

PtCO + Pt 2 Pt+ PtCO (5.17)

For the diffusive flux of species A; (j=1, ..., Ni,), the jump model gives
Jj=—D;(zVI;—TI;Vz) (5.18)
Consequently, the corresponding diffusion equation is

]"4

As a result of the conservation law for the active catalyst sites, the concentration of empty
catalyst sites is equal to

Nim
Fo=rc—>» I (5.20)

j=1
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and the system of N;,, diffusion equations can be presented as

int le
Ji= (rt Zr)vr +rv(2rj> (5.21)
j=1
or; _ r zml” AT+ 1A il“ (5.22)
o o ’
This system can be generalized under the assumption that all surface species can be
exchanged with their closest neighbors by jump processes:
Ji==> Dy(IWNI;—I;VIy) (5.23)
k
8F
ZD,k I\ -V (5.24)

5.3 Temporal Analysis of Products Reactor: A Basic Reactor-Diffusion
System

5.3.1 Introduction

The temporal analysis of products (TAP) reactor is an experimental device for the systematic study
of gas-solid diffusion-reaction systems. The TAP reactor can serve various purposes, such as

* precise characterization of diffusion properties and activity of solid materials.

* determination of the mechanism of gas-solid reactions over solid material, in particular
the mechanism of heterogeneous catalytic reactions.

* formulation of recommendations on improved design of active materials and modification
of operating regimes of industrial reactors.

The TAP reactor was created by John T. Gleaves in 1988 (Gleaves et al., 1988) and later
modified (Gleaves et al., 1997). The TAP reactor has found a variety of applications in
many areas of chemical kinetics and chemical engineering. The first 20 years of TAP
application has been reflected by the special review of “Catalysis Today” (Kondratenko and
Perez-Ramirez, 2007) and three other reviews (Berger et al., 2008; Gleaves et al., 2010;
Yablonsky et al., 2005).

5.3.2 Typical TAP Reactor Configurations

Fig. 5.1 shows a typical TAP reactor system. It can be used for performing a battery of kinetic
experiments, both transient and steady state, in a wide range of pressures (from 10~ to
250 kPa) and temperatures (from 200 to 1200 K).
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Fig. 5.1
Schematic of a TAP reactor coupled to a time-of-flight mass spectrometer. Reprinted from Gleaves, J. T,
Yablonsky, G., Zheng, X., Fushimi, R., Mills, P.L., 2010. Temporal analysis of products (TAP)—recent advances
in technology for kinetic analysis of multi-component catalysts. J. Mol. Catal. A: Chem. 315, 108—134,
Copyright (2010), with permission from Elsevier.

However, the specific features of the TAP system are demonstrated in pulse-response
experiments under vacuum conditions in the Knudsen-diffusion regime, in which the diffusion
process is well defined. This means that—unlike the molecular diffusion coefficient—the
Knudsen diffusion coefficient does not depend on the composition of the gas mixture.

The diffusivity then is calculated as

Ep dpore SRgT
Der.i=—Dyg ;= —== 5.25
eff.i = DK, 3 M (5.25)
with
2 Ep
dpore ==——d 5.26
pore 3 (1 _ Sb) P ( )

where D is the effective diffusion coefficient of the gas, &, is the bed voidage, 7y, is the
tortuosity of the bed, and d,, is the diameter of the catalyst pellet.

Pulse intensities in vacuum experiments range from 10" to 10'” molecules per pulse with a
pulse width of 250 ps and a pulse frequency of between 0.1 and 50 pulses per second. Such a
spectrum of time resolution is unique among kinetic methods. Possible experiments include
high-speed pulsing, both single-pulse and multipulse response, steady-state isotopic
transient kinetic analysis (SSITKA), temperature-programmed desorption (TPD), and
temperature-programmed reaction (TPR).
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Fig. 5.2
Three-zone TAP reactor with quadrupole mass spectrometer; L,one 1= Lsone 2= Lzone 3- Reprinted from
Shekhtman, S.0., Yablonsky, G.S., Chen, S., Gleaves, J.T., 1999. Thin-zone TAP-reactor—theory and application.
Chem. Eng. Sci. 54, 4371—4378, Copyright (1999), with permission from Elsevier.

5.3.2.1 Three-zone TAP reactor

The most common TAP microreactor is the three-zone TAP reactor (Fig. 5.2). In this
reactor the active catalyst zone is sandwiched between two inert zones, which consist of
packed beds of inert particles, typically quartz.

In the three-zone TAP reactor, it is difficult to maintain a uniform profile of the catalyst surface
composition because of the gas concentration gradient, which is the driving force for the
diffusion transport in the reactor. This nonuniformity of the catalyst surface composition
becomes significant particularly in multipulse experiments.

5.3.2.2 Thin-zone TAP reactor

The thin-zone TAP reactor (TZTR) configuration (Fig. 5.3) was a proposal by Shekhtman et al.
(1999). In a TZTR, the thickness of the catalyst zone is made very small compared to the
total length of the reactor. Thus, the change of the gas concentration across the thin catalyst zone is

Diffusion zone |

|
I Lin

I
e I
| i Catalyst zone
| —  f—Lpt
Fig. 5.3

Thin-zone TAP reactor. Reprinted from Shekhtman, S.O., Yablonsky, G.S., Chen, S., Gleaves, J.T., 1999.
Thin-zone TAP-reactor—theory and application. Chem. Eng. Sci. 54, 4371—4378, Copyright (1999), with
permission from Elsevier.
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negligible and the catalyst composition can be considered to be uniform. In the thin-zone TAP

approach, it is possible to separate chemical reaction from the well-defined Knudsen-diffusion

process. Another advantage of the TZTR is that the catalyst zone can be more easily maintained at
isothermal conditions than the catalyst zone in the conventional three-zone TAP reactor.

5.3.2.3 Single-particle TAP reactor

Zheng et al. (2008) reported results of atmospheric and vacuum pulse-response experiments
on the catalytic oxidation of carbon monoxide. The catalyst sample used was a single
polycrystalline platinum particle with a diameter of 400 pm, which was placed in a microreactor
bed containing about 100,000 inert particles with diameters between 210 and 250 pm (Fig. 5.4).

¥ Inlet pulse

(B)

T
__ Thermocouple

400 micron
Pt particle

Ceramic
insulation

6350 microns

\y

250 micron
Quartz particle

,.,"' + Outlet pulse
vil

A) (Vacuum)

Fig. 5.4
(A) Schematic of TAP single-particle microreactor configuration. A Pt particle with a diameter of
400 pm is located in a sea of inert quartz particles with diameters between 210 and 250 pm; (B) image
comparing a 400 pm Pt particle to a pencil point; (C) SEM image showing the complex surface
structure of a polycrystalline Pt particle; (D) Larger magnification (15,000 x) of the particle shown
in (C), which demonstrates that the surface is nonporous. Reprinted from Zheng, X., Gleaves, J.T.,
Yablonsky, G.S., Brownscombe, T., Gaffney, A., Clark, M., Han, S., 2008. Needle in a haystack catalysis. Appl.
Catal. A 341, 86—92, Copyright (2008), with permission from Elsevier.
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This TAP single-particle microreactor is a further modification of the TZTR. The particle
occupies less than 0.3% of the cross-sectional area of the TAP reactor, so the catalyst zone can be
considered as a point source. Temperature and/or concentration gradients across the catalyst zone
can be assumed to be negligible. Nevertheless, the conversion achieved in this single-particle
microreactor is high because of the nature of the diffusion-reaction process.

5.3.3 Main Principles of TAP

The three main principles of TAP are

* well-defined Knudsen diffusion as a measuring stick for the characterization of chemical
activity.

* insignificant change of the solid material during a single-pulse experiment and controlled
change during a series of pulses.

* uniformity of the surface composition of the solid material across the active zone.

The first and second principles were formulated early on, in the pioneering paper by Gleaves
et al. (1988) and further developed by Shekhtman et al. (1999). As mentioned, in TAP
experiments, transport occurs in a well-defined diffusion regime, known as the Knudsen
regime, the characteristics of which are independent of the gas composition. Such diffusion
transport serves as a measuring stick for extracting kinetic information. During a pulse
experiment, in the Knudsen regime a typical pulse contains 10'® molecules or approximately
10" mol. As an example, with a catalyst sample having a surface area of 10* m? kg™, a single
pulse would address only 1/10° part of the total surface of 10~ kg sample. If the active
surface area is a realistic fraction (say, more than 0.1%) of the total surface area, a single
pulse will have a negligible effect on the active catalyst surface. Whenever the number of
reactant molecules is significantly smaller than the number of active catalyst sites, the catalytic
system is in nearly the same state before and after the experiment. This type of experiment
performed in the TAP reactor is referred to as a state-defining experiment (SDE).

For distinguishing a SDE, the following experimental criteria can be used:

* insignificant change in the pulse response of a reactant or product during a series of pulses
* independence of the shape of a pulse-response curve on the pulse intensity

The first criterion implies that the reactivity of the catalyst surface does not change from pulse
to pulse. This criterion can be applied to an irreversible process such as the reduction of a
metal oxide catalyst by a hydrocarbon. The second criterion implies that the number of
molecules in the input pulse is sufficiently small for a minor change of this number not to
influence the shape of the exit flow response.

SDEs provide kinetic parameters corresponding to a given catalyst state. For example, in the
case of the irreversible transformation of a hydrocarbon on a metal oxide catalyst, the
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corresponding kinetic coefficient depends on the state of the metal oxide surface and, in
particular, on its oxidation state.

In a state-altering experiment (SAE), a multipulse procedure is performed. A large number
of pulses are injected and the reactant and product responses are monitored. By performing
TAP multipulse experiments, the interaction of a gas component with the surface at different
catalyst compositions can be studied. State-defining and state-altering experiments can be
performed in sequence. In this so-called interrogative cycle, a given catalyst state is probed
using SDEs involving different gas molecules. Next, a SAE is performed, resulting in a new
catalyst state. This state is probed again by different types of gas molecules in SDEs. The
goal of this procedure, for which Gleaves et al. (1997) coined the term “interrogative kinetics,”
is to systematically probe a variety of different catalyst states and to understand how one state
evolves into another.

The third basic principle of TAP, that of uniformity of the surface composition across the
active zone, proposed by Shekhtman et al. (1999), has to be considered an absolute
necessity in TAP studies because kinetic information corresponding to a certain catalyst
composition cannot be obtained directly if nonuniform catalyst states are probed.

We consider the TAP reactor as a basic kinetic device for systematic studies of reaction-diffusion
systems. In this chapter, we are going to (i) present and analyze models of different TAP
configurations with a focus on their possibilities with respect to characterizing active materials
and unraveling complex mechanisms, and (ii) demonstrate relationships between TAP models
and other basic reactor models, that is, models for the ideal continuous stirred-tank reactor
(CSTR), batch reactor (BR) and plug-flow reactor (PFR). In some situations, the TZTR can be
considered a simple building block for constructing the various models.

5.4 TAP Modeling on the Laplace and Time Domain: Theory
5.4.1 The Laplace Transform

The first step in the successful analysis of TAP experiments is to abstract from the
detailed physical model to obtain a practical equivalent mathematical formulation
including only the apparent physical parameters.

For the one-dimensional model this amounts to

dc Pc
Do —
&b ot eff 02
Now we are facing the difficulty that this partial differential equation (PDE) is imposed on
continuous domains in time and space, in fact on ¢ >0 (all positive values of time) and on

0 <x < L (all x coordinates inside a zone of constant apparent &, D¢ and k, in the reactor). Note

kac (5.27)
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that we exclude the boundary values t=0, x=0, and x=L from these domains because the
derivatives 0/0t and 9?/0x* are only directly defined for interior points.

Our task is now to reduce this differential equation to mathematical structures that can
be expressed finitely. Two steps are required for this: (i) reducing the time dependence to
the Laplace domain and (ii) integrating the relation expressed in x over the domain 0 <x <L.

The switch to the Laplace domain is realized as follows: when f is a function of at most
exponential growth, so

[f ()] < Crexp(Cat) fort>1 (5.28)

with C; and C, real values and f a continuous function at least on separate intervals, the
Laplace transform L{f} is defined through the integral equation

LIFY(s) = Jom ()t (5.29)

where s denotes the Laplace variable, a value in the complex plane. From the assumed estimate,
Eq. (5.28), of |[f(r)| in terms of an exponential, it can be shown that £{f} is an analytical
function of s defined at least over the half-plane Re(s) > C,.

The Laplace transform is an exceptionally useful computational technique because the
equivalents of calculus operations in the Laplace domain are straightforward algebraic ones.

5.4.2 Key Results

The first key result in the present case is that the Laplace transform of a derivative with respect
to ¢ is readily expressed in terms of L£{f}, namely

L{f'y =sL{f} =1 (0) (5.30)
as follows directly from applying the definition, Eq. (5.28), and integrating by parts:

1

J = ’(t)dt:e_‘“f(t)](;'oo—J () F(1)dr
0 0 (5.31)

+ 00

—0-f(O)+s| e H(0dr=sLLr) ~£(0)

0

This allows us to get rid of the time derivative J/0r on the left-hand side of Eq. (5.27). The term
0% /0x? is not affected by the Laplace transform in ¢, so that

AA
E{@} =3 L{f} (5.32)

The second key result is that the Laplace transform uniquely simplifies accounting for different
solicitations of a linear system over time. If the response of a system L{f} =g to g(¢) is f(r)
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and the system is autonomous, it will respond to g(z —7) by f(t — 7) when a time shift occurs.'
Consequently, if we know the response fo(f) to a Dirac delta solicitation £{fy} =45(t), and
writing g(#) as a superposition of Dirac delta expressions:

g(1) :J(:oog(r)ﬁ(t—r)dr (5.33)

the solution f to L{f} =g is given by

f0)= J ¢(Dfolt—7)dr (5.34)
0

as a result of linearity. This expression is so useful in practice that it is studied in its own right.

It is called the convolution product of g and f,, g*fo. Note that since both factors in the

+ 00 t
convolution product are assumed to be causal, the integral can also be written as J .- or j
0

without affecting its value. Calculating such convolution integrals might seem arduous but
luckily the Laplace transform simplifies this considerably. If we write the definition
of L{f*g} as

—0o0

+ 00 + 00

e”(f*g)(t)dt:J+ooe”Jjoof(r)g(t—r)drdt (5.35)

—00 oo

£ire) = |

0

e (fg) (= |

—00

and exchange the order of integrals while reworking e~ = e~*7¢~*(""?) then Eq. (5.35)
simplifies to

+00 +00
I I 1 I O ) (536)

—00 —00
that is, the Laplace transform of a (complicated) convolution is a (simple) product. This also
means that systems of linear equations with convolution products, which would be difficult
to analyze in the time domain, transform to systems of linear equations including ordinary
products, for which the many resources of linear algebra are readily available.

We now apply these results to the problem at hand. After Laplace transformation with
respect to t, the PDE becomes

0*L{c}
ox?
in which only derivatives with respect to the variable x remain, so that this is actually an

ordinary differential equation (ODE). Furthermore, this ODE is linear with constant
coefficients and homogeneous: from a basic analysis we know that its solutions can be written

Sb(S,C{C}) -0 :Deff —kaE{C} (537)

! Note that all functions considered here are supposed to be causal, that is, their values vanish for all 7<0.
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as linear combinations of exponential terms exp(4x) where A € C must be chosen such that
both sides of Eq. (5.36) are identical. Substitution leads to the characteristic equation

s = Deged> — ky (5.38)
with roots
+k
dp =y 22T (5.39)
Dss

In general, s is allowed to be any complex value of sufficiently large real part for the defining
integral of the Laplace transform to exist. In practice, however, due to the properties of
analytic functions of complex variables, one can always assume that s is actually real, and large
positive. All results obtained under these assumptions are guaranteed to be valid generally
for all s in a right complex half-plane, but in cases such as these the positivity assumption brings
the benefit that the square root in Eq. (5.39) need not be specified for nonreal or negative
values of its argument. Similarly, although for eps = —k, there is a complication due to the
coincidence of the two characteristic roots (since then 4, =A1_ =0), this case does not require
further analysis.

Summarizing, the general solution of Eq. (5.37) can be expressed as

L{c}=Cexp (—x sbs+ka> +Chexp <x gbﬁ_kﬁ) (5.40)
Deff Deff

where C| and C, are constants for x (but typically will depend on s and other parameters). This
establishes the general framework within which the actual solution will necessarily fit.

To obtain results that are generally valid and can be used as computational building blocks
for models with an arbitrary composition of zones, we now turn to the special boundary
condition that expresses the physical contact between successive zones in the reactor (see
Fig. 5.5). These contact or interface conditions are to be determined from a combination of
physical insight and experimental results.

2] z [z] z | %]
Ly L, Ly Ly Lg
Ep,1 €p,2 b3 €ba €p,5
ka1 ka2 ka,3 ka4 ka5

Deff,1 Deff.2 Deff.3 Deff,4 Deff.5
Fig. 5.5
Schematic of a five-zone TAP reactor. Each zone has its own length L;
and parameters & ;, k, ; and Deg .
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The first condition is that there is no jump in concentration, that is, ¢(x —0) = c(x+0)
everywhere, specifically at x values where two neighboring zones touch.

The second condition is similar, but applies to the diffusive flux, which is given by

J= —Deff% (5.41)
Ox
soJ(x—0)=J(x+0) everywhere, specifically at x values where two neighboring zones touch. At
these points, however, D.¢ need not be equal on both sides. For instance, in the schematic of
Fig. 5.5 there isnoreason why D, should equal D, or why D » should equal D 3, and so on;
each zone may consist of a different material with unique properties. Consequently, the equality

D, ; <—C> = Degf,i—1 <_c> (5.42)
Ox ) 1egq Ox/ tioht

entails that the derivative dc/dx will show a jump at the interfaces between the zones.

Taking fully into account these jumps in material characteristics in a multizone model in the
time domain is a pain; again the Laplace transform comes to the rescue and delivers
computational elegance. In order to clarify this, we briefly return to our solution in the Laplace
domain for a single zone, and express the concentration and flux values to the left of this zone in
terms of the values to its right. The linearity of the equations guarantees that one can write

Eg H et [%; %ﬂ [ﬁjﬂ . (5.43)

for certain matrix entries M;;. In particular,

)= 261 o 6= o) =

Expressing this in the general solution gives

ka
£{c} = cosh <L gbl‘;’;f ) (5.45)
and
ka
L{JY = \/(evs + ka)Derr sinh [ Ly /25" (5.46)
Dt
Similarly,

)= L), e 265, 54
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which from the general solution leads to

sinh (L LA ka)
D
L{c} = sl (5.48)
(ebs + ka)Deff
and
+k
L{J} = cosh (L e > (5.49)
Degt
Written in more compact form, in the Laplace domain a zone corresponds to a matrix equation
E{C}] [E{C}]
=M(s, ép, ka, Dett, L (5.50)
|:’C{J} left ( or et ) E{J} right

where the zone transfer matrix M is given by

sinh u
cosh u

3
M— w3 u=Ly/ 25—\ /(ep + ka)Derr (5.51)

D b
wsinhu coshu eff

Notice that the determinant of M, det M=1 as cosh?u — sinh?u = 1.

If, for instance, a TAP reactor consists of two adjacent zones, combining the zone transfer
matrices leads to

L L{c
[ﬁgﬂ - =M, (51, €b,1, ka1, Desr. 1, L1)Ma(s2, €2, ka2, Detr 2, L2) [ﬁgﬂ - (5.52)

global transfer matrix

so that the global transfer matrix, linking the inlet and outlet concentration and flux values,
is the product of these zone transfer matrices, ordered left to right, M; M,. If the reactor consists
of three zones, the global transfer matrix is given by M{M,Mg3, etc. In general, we will express
the global transfer matrix in terms of its elements as

Py Ppp
M= 5.53
[Pm Pzz] (5:33)

Now this global transfer matrix can be used to express the boundary conditions at the inlet and outlet
of the reactor. We assume that at =0 at the inlet a sharp pulse of gas is injected into the system.
Physically this means that Jiye (1) = (7 — 07 ). We also assume that the vacuum at the outlet is
perfect, that is, Couter(f) = 0. Our interest lies with the outlet flux, Joue, Which is observed
experimentally. In the Laplace domain, keeping only the second equation in the matrix system
yields
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E{Jinlet} :P21£{coutlet} +P22£{Joutlet} (554)
=0
so that
1
L{T outter } =5 (5.55)
22

which is the fundamental result of TAP reactor theory. It means that to completely analyze
a multizone reactor setup in the Laplace domain, it suffices to form the zone transfer
matrices, to multiply these matrices to obtain the global transfer matrix, and then take the
value of the P,, component in the result.

5.5 TAP Modeling on the Laplace and Time Domain: Examples
5.5.1 Moment Definitions

Moments are experimental characteristics of the outlet flux that can readily be obtained in
+ 00

closed form from their Laplace transforms. Since L{f}(s) = [ e 'f(t)dt (Eq. 5.29),
0

the so-called zeroth moment is

Mo=L{fH0)= L floar (5.56)
the first moment is
oL +00
Mi==S N0 = | o (5.57)
A) 0
and so on. The nth moment is
8n£ + 00
M= (-1 SR O =] (5.58)
S 0

5.5.2 One-Zone Reactor, Diffusion Only

For a one-zone TAP reactor with diffusion only, the global transfer matrix can be written as
(with symbol * for complicated irrelevant entries)

* *x

Py P2
M: =
{le Pzz}

5.59
* cosh (L 8bs> ( )

Do
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SO

1

cosh (L Sbs)
Dy

In this case, the zeroth moment is My = 1 (all molecules pulsed in also leave the reactor since there

L%¢
is no reaction, k, =0) and M| = D ® The average residence time, which is given by M,/M,,

eff

£{J0utlet} = (560)

2

lepl
therefore equals EeDb—’ a typical characteristic time for a diffusion process taking place with
eff

diffusivity D¢ over alength L. The Laplace transform £{J e} therefore is a generating function
for the moments of the outlet time distribution. It also coincides with the so-called characteristic
function of the distribution if we set s = —iw, winR. An alternative interpretation does not

consider £{J,uqc} but its natural logarithm: in general we know from statistics that near s =0,

2 3

A S
EC2—§C3+'“ (561)

N

1!C1+

In £{Joutlet} = InM,—
where the coefficients C; are the so-called cumulants of the distribution: C; is the average,
M//M,, C; the variance, M, /My — (M, /Mo)z, (3 a skewness, and so on. These cumulants help
describe the outlet flux as a distribution of particle “escape times.” Note that all moments and
cumulants can be obtained exactly from the specifications of the reactor and the computation of
the global transfer matrix described in Section 5.4. No discretization in time or space is
involved; the results are mathematically exact.

The results in the Laplace domain can also be used to obtain results in the time domain. To this
end, we first note that setting s = iw, with @ the Fourier frequency, in the Laplace transform
definition yields

+ 00 + 00

o (1)t = J e (1)t = F{F} (o) (5.62)

—00

£(f} i) = |

0

(the second step relying on the causal nature of f), so that the Fourier transform of f is readily
obtained by this substitution. Now a very fast and robust numerical algorithm, aptly called
the Fast Fourier Transform, is available for computing from a suitable sample of F{f}(w)
values a corresponding set of f(#;) values in time.

A further method to return from the Laplace domain to the time domain is based on a
special type of series expansion; in the present case expanding

1 EX(=1)"@2n+1)x

coshx 4,24 (n+ %)27[2

(5.63)

£pS
b leads to

for x=L
eff
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X (=1D)'2n+1)x
L{Joutlct} - Z g ) ( ) (5.64)
n=0 L &, 1\2_2
= s+(n+d)n
eff
Since
1N\ 2
(}’l + 2) 7Z2Deff 1
Liexp| ————5———1 = (5.65)
L&y (n+ %)27T2Deff
s+ ——=L
L2€b
it follows from Eq. (5.64) that
N\2
D + 00 (Vl + E) 7[2Deff
T eff
Jomlet:LQ—gbZ(_l)n(zn-i-l)eXp _Lz—gbt (566)

n=0

where the argument to the exponential function rapidly becomes very negative with increasing
n. In this case, a different expansion yields

1 2

_ —2(e — —3x + —5x _ —Ix +eee 5.67

coshx e‘+e™* (e ¢ ¢ ¢ ) ( )
so that
1 2
- +00 LZEb <n + §>
b n

J =L —1)"(2n+1 —_— 5.68

outlet ﬂ'DefflS;( ) ( n )exp Degst ( )

5.5.3 One-Zone Reactor, Irreversible Adsorption

In the case of irreversible adsorption, the only difference from the diffusion-only case is that
€bS + k, replaces &ps in the expressions, that is, s must be replaced with s + k, / &,. Consequently,

ka

(-]outlet)kﬁgo =e & (Joutlet)ku:() (5.69)

and the expressions in the time domain follow at once.

When the moments are concerned, M, no longer equals 1 but becomes
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1
My = <1 (5.70)

cosh <L ka >
Do

meaning that only part of the injected gas leaves the reactor without being adsorbed. The
conversion then equals 1 — M and increases with increasing k,. Often a new dimensionless

ka

quantity ¢ =L is introduced to restrain the size of the expressions. The average residence
eff

time of gas molecules leaving the reactor is then given by

M, tanhg epL?

My @ 2Desp
—— N —

reaction  diffusion

(5.71)

and is always smaller than the pure diffusion time: the molecules that escape are faster on
average and thereby avoid adsorption.

5.5.4 One-Zone Reactor, Reversible Adsorption

The case of reversible adsorption has not yet been considered, but the flexibility of the analysis
in the Laplace domain will allow us to reduce the problem to a known case as follows.

The original PDE (Eq. 5.27) now includes a desorption term:

oc P*c
e&p—=Dett— —
b oy eff 53
where 0(x, 1) is the so-called fractional surface coverage of adsorbed species. This coverage
satisfies a differential equation of its own:

kac +kqCcal0 (5.72)

—=—-—c—kq0 (5.73)

The resulting set of equations may be solved in the time domain by setting

. Cea (00
c= . <8t +kd9> (5.74)

and substitution in Eq. (5.72), but this would give rise to awkward terms of the form 96> /Ox*0t
in the final equation. We observe, however, that in the Laplace domain the equation for & is
readily solved (assuming initial zero coverage):

S(L46) —0) =X (e} ko {0} (5.75)

Cec
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SO

ka
[,{9} :mﬁ{C} (576)

Substituting Eq. (5.76) in the Laplace-transformed PDE for ¢ yields

en(sL{c}—0)= Deff% - (ka - %> L{c}

Ox? S+ kd
) 5.77)
O°L{c} skq

5 W diiad Sk S L

T 0x2 s+kg {c}
k

Thus, k, merely has to be replaced with the expression i_z throughout, which for k4 =0
S+ Kd

clearly simplifies properly to k,. The interface and boundary conditions only involve the
diffusional parameter D.¢r and are independent of k,. Consequently, the zone transfer matrix is
still of the form

sinh u
cosh u
M= w (5.78)

wsinhu coshu

but now the more general expressions

u:L\/ebs+kas/(s+kd) (5.79)
Deff
and
w =/ (o5 +ska/ (s +kq))Dete (5.80)

apply instead.

The essential value L£{Jyuue} is still given by 1/P»,, so that for a single-zone reactor with
reversible adsorption

1
E{Joutlet} = (581)

cosh <L\/ebs +sky/(s+ kd)>
Dest

where My = 1 (all gas molecules eventually escape from a reactor in which a reversible reaction
takes place) and the average residence time is

M, 1L? k,
72 42 5.82
My 2Dus <gb kd> (5.82)
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The average residence time is the sum of the diffusional value and a reversible reaction
time component of retardation. The results in the time domain are no longer obtainable from
a simple shift in s; the roots of the denominator follow from a quadratic equation in s (see
Gleaves et al., 1988 for details). The Fast Fourier technique remains though.

5.5.5 Three-Zone Reactor

Multiplying the three zone transfer matrices for P,, yields an expression that includes the
sum of four products of hyperbolic functions, which is a little long but is easily obtained
exactly using computer algebra. In a three-zone reactor, the middle zone typically is the
only reactive zone. In the reversible case, My =1 as always and

backmixing
M, e, L? L) Deg L3 Des
_1:_€b,1 1 1_'_2_2 eft,l+2 3 Deff, 1
My 2 Desr, 1 LiDerp  LiDer3
(5.83)
backmixing
1 k. L2 L;D ff.2 1 €Ep 3L2
+—(sb’2+—a> 2 [ 142200 4205
2 kq) Degy 2 Ly Degi 3 2 Dei 3

in which the time contributions of the successive zones are split up, showing the presence of
backmixing terms in the first and second zone components.

In the irreversible case (kg =0), the zeroth moment is given by

1
My= 5.84
0 L3Detrn . (5-84)
coshp+— @ sinh @
2 Dett 3

backmixing

which is always less than the one-zone result due to backmixing from the third zone to
the second.

5.5.6 Reactive Thin Zones

The previous results illustrate how irreversible adsorption leads to the survival of
hyperbolic functions in the expressions obtained. This can be avoided by making the reactive
zone very thin. If we let L, — 0 in the three-zone reactor results, the contribution of the second
zone will of course disappear entirely; but if we simultaneously increase k, so that the product
kaL, remains fixed and finite, an interesting phenomenon arises: the zone transfer matrix tends
to the nontrivial result
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1 0
M= [kaLz 1} (5.85)
In the time domain this means that
Cleft = Cright = €3 Jieft =  kaloC  +Jiight (5.86)
——

reaction rate
The zeroth moment no longer contains hyperbolic functions:

1

My=——F+—— 5.87
0 (ala)ln (5.87)
1+ ——=
Degr,3
In the reversible case, the matrix tends to

1 0

M= | s(k.L>) ! (5.88)
s+ kd

since the reverse reaction is not affected by the limit in the zone length L,.

5.5.7 Other Thin Zones

5.5.7.1 Capacity and resistor zones

The reactive thin zone is the one most frequently encountered in the literature, but several other
ones are mathematically possible. The first is obtained by letting k4 increase in the thin
reactive zone but in such a way that k,L,/kq remains finite. Then the matrix tends to

1 0
M= | <§L2> | (5.89)
kq

which, in analogy with electrical networks, we dub a capacity zone. In the time domain, this
means that

t
J (it — Jrgne)d (5.90)
0

k
et (1) = Cright(l) = <k—22>

~~

uptake

A different limit does not require any reaction (k, = kq = 0) but lets L, approach zero while
L>/D.¢ remains fixed and finite. In this case the matrix tends to

=
M= | Dg (5.91)
0 1
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and in the time domain

L,

Jiett :Jright; Cleft = D—Jlefl + Cright (5.92)
eff

right

which, in analogy with electrical networks, we dub a thin resistor zone. It is a “concentrated
diffusive element.”

5.5.7.2 Generalized boundary conditions

The standard boundary condition at the outlet is couer = 0. In fact, this is an ideal limit of a

prescribed velocity v at the outlet: Joyger = VCoutlet; @S v — + 00, this tends to couer =0, since
Joutler Mmust remain finite. A remarkable fact is that this outlet condition can be reduced to the
standard one by adding a thin resistor zone: if Cexya =0, Jouttet = Jextra and

—

Coutlet =—J outlet T Cextra We indeed obtain Jouget = VCoutlet, the generalized outlet condition, by
v
extra
| 1
multiplying the global transfer matrix to the right by v |, so that its (2,2) element is
01
1
—P>1+ Py and
v
1
Lo} =7——— (5.93)
;P 21+ P

Similarly, different inlet conditions have been proposed, where instead of Jiye =6(r—0") a
premixing zone of length 6 is considered, in which the concentration is determined by the
injection flux, amounting to

dCpre-mi
5% = Jinlet — Jpre—mix (594)
so that in the Laplace domain
stﬁ{cpre—mix } =Jintet — £ {Jpre—mix } (5.95)

which represents a thin capacity zone of matrix [ . Accordingly, to take into account this

s6 1]

model of a premixing zone, it suffices to multiply the global transfer matrix to the left with this
matrix; the result’s (2,2) element then reads s6P, + P>, and the outlet flux is corrected to

1
L{Joutier} = m (5.96)
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If both corrections are applied simultaneously, the outlet flux becomes

1
E{Joutlet} = 5 (597)

1
—P11 +S5P12+—P21 +P22
v v

5.6 Multiresponse TAP Theory

Up to now we have always considered a single gas of concentration ¢, possibly in combination
with a single fractional coverage 6. The experimental capability of a TAP machine does,
however, allow for the measurement of different gases with concentrations c;, some of which
might not even have been injected at all but are produced in the TAP reactor. The model’s
partial and ordinary differential equations must be generalized accordingly. To do this, we will
switch to a vector ¢ of gas concentrations and to a vector 0 of fractional coverages of surface
species (not necessarily of the same dimension). The diffusion-reaction equation now becomes

de d*c
Ebg = Deff@ — KGGC + Cca[KGse (5'98)
and
00 K
at ccat

where &}, and D are diagonal matrices of the zone characteristics, Kgg is a matrix of gas
reaction impact on gases (typically diagonal when only adsorption occurs), Kgg is a matrix of
the impact of surface species reactions on surface species, and Kgg and Kgg represent kinetic
links between gases and surface species and vice versa. For the simple example of a reversible
reaction in a one-gas context, K¢ = [ka], Kgs = [kd], Ks¢ = [ka] and Kgg = [kq]. In a more
complex example, the overall reaction A 2 B, proceeding by elementary steps

ka1 k* ka,2
A+7Z—AZ—BZ—B+7Z, these matrices are given by
kq,1 k- ka2

. ka,l 0 B kd,l 0 B ka,l 0 B kd,l —k~
KGG—[ 2], KGS—[ 0 kd,2:|, KSG—|:O ka,2:| and Kss—[_k,L kd,z]'

Applying the Laplace transform first to the equations for the fractional surface coverage

assuming zero initial coverage yields

S(L{0}—0) :IESG

E{c} —Kssﬁ{e} (5100)

cat
so that
Ksg

cat

(s+Kss)L{0} =—C £{c} (5.101)
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or

L0} = (s+Kss) ' =X £{c} (5.102)

cat

Substituting Eq. (5.102) into the PDE, Eq. (5.98) after Laplace transform leads to

0*L{c} -1
8bS,C{C} = Deffw — Kg(}ﬁ{C} + Kgs(S + Kss) KSG,C{C} (5103)
so that
0*L{c _
Deff% - (sbs+KGG — Kgs(s+Kss) 1KSG>£{c} = Ks(s)L{c} (5.104)
Now we can write this equation as a system in L{c} and L{J}:
0 —Dgi|[L{c
ﬁ[ﬁ{c}] = ar | [ £1€) (5.105)
OcLLIM] | —Ks(s) 0 )LDy
so that, integrating in x from O to L,
E{C}] 0 D [ﬁ{c}}
= exp L (5.106)
[ﬁ{J} left Ks(s) 0 L{J} right
The calculation of the exponential will in practice require the determination of its eigenvalues.
Since
2
[ 0 Dyl D Ks(s)L? 0
Ks()L 0 | 0 Ks(s)DgL? (5.107)
and
/2
exp (x) = h— \/x_x+ coshvx? (5.108)

Va2

it follows that

0 Dy cosh /D4 Ks(s)L 0
exp =
Ks(s) 0 0 cosh |/ Kg(s)Dg L

[ sinh y /D2 Kg(s)L |
sin eff S(S) 0 (5109)

0 Dy D Ks(s)

Ks(s) 0 sinh | /Ks(s)Dg'L
0

Ks(s)Dg
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where all results on Kg(s)D can be readily obtained from the flux on D{Ksg by the
congruence relationship

f(Ks(s)Dyt ) = Degef (Do Ks () ) Dot (5.110)
This halves the computational work required.

Of course, if each gas lives separately in the reactor and all matrices, especially Kg(s), are
diagonal, the comprehensive matrix with all gases will not offer new information. The
nontrivial cases occur when adsorbed gases transform from one species to another, so that Kgg
holds the kinetic information of the surface reaction system and Kg(s) is no longer diagonal.

For the inlet concentration, 5(—0%) is no longer sufficiently general because different gases
might be injected in different quantities and even at different times. Therefore, we define a
vector of inlet fluxes J(¢) such that
_ de
(Ks(s)Dggt ) = —Derry - =J(1) (5.111)
X x=inlet

The zone transfer matrices will include all gases and their fluxes, so will be of dimension
(2N g) X (2Ng) , and the global transfer matrix obtained as their product will have the same size,

Py Py

to be split up as
PHEUP [le P

} as before, with each P;; an N, X N, matrix. The outlet condition can
remain ¢ =0.
From the lower block of equations, we then obtain
L{T} = P21 -0+ P L{Jouter} (5.112)
and thus
L{Joutet} = P, L{T} (5.113)
which is a clear generalization of the one-gas result.

L . . 1 v! .
Again, thin zones can be introduced. The resistor zones are of the form [ 0 1 ] where v is a
diagonal matrix of formal velocities, so that

Cleft = Cright +V ' J (5.114)

left
right

. . . 0
The active zones in their simplest form can be represented as [ ] where L — 0 but so that

1
K.L 1
all elements of K,L remain fixed and finite, and K, is a diagonal matrix of reversible adsorption
coefficients. However, the active zone can also exhibit much more complex surface reaction
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sk,

schemes. Generalizing the result of the one-gas reversible adsorption to the case where

S+ Kq

K(s)L remains finite as L — 0, so that the zone transfer matrix tends to [K (i) L (1)] .

As a special case, taking a further limit, k4 — + oo, leads to capacity zones of the form
1 0
koL . The treatment of alternative boundary conditions (inlet premixing zone,
(k—d>s 1
prescribed outlet velocity) is then readily generalized.

ka,1 k* kq,2
As an example, for the reaction sequence A +7Z AZ BZ B +Z the key result is
kq,1 k- ka,2
1 Degrazk™ kqrka2 | Detrazk ka1 +ka1kao +ka k™
=1+ + (5.115)
Mga Der g3kt ka1kan  Lols ka2k* ko1
The result for is similar but with the roles of A and B switched. Furthermore,
AB
Maa =1—Mga; Mg =1—-Mgy (5.116)

As always in such model problems, it is possible to interpret the separate contributions to
these expressions in a more physical manner in terms of equilibrium coefficients and
characteristic times of diffusion.

5.7 The Y Procedure: Inverse Problem Solving in TAP Reactors

The TAP theory developed up to now is linear and explains the many advantages of the
Laplace-domain technique where obtaining exact and interpretable expressions is concerned. In
the special case of TZTRs, it is possible to drop the requirement of linearity of the reaction and
to reconstruct, purely from observed outlet fluxes, the temporal evolution of the concentrations
and reaction rate in the thin reaction zones, without any a priori assumption of its linearity. The
method used is called the Y procedure, in reference to the Cyrillic letter 4, an inverted R, for
rate, which by a happy coincidence is also the first letter of the Roman surname of its inventor,
G.S. Yablonsky. We consider the three-zone, TZTR (see Fig. 5.6), and write out the equations
obtained from the zone transfer matrices as follows.

Cm
Jinlet Jleﬂ Jright Joutlet
c=0
L L L
Fig. 5.6

Schematic of three-zone, thin-zone TAP reactor.
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In the left zone, the inlet flux satisfies

AC{Jinlet} :vlslﬁ{cm}+61£{fleﬁ} (5.117)
so that
L{J; - L
»C{Jleft} _ { 1n1et} CVlSl {Cm} (5118)
1
In the thin reaction zone, the rate of consumption R satisfies
LyL{R} = L{Jiert} _L{Jright} (5.119)
by a balance argument.
In the right zone,
s
cm=c3-0+ v—zﬁ{Jouﬂet} (5.120)
and
Jright =353+ 0+ c3L{Joutter } (5.121)
Substituting Eqgs. (5.118), (5.120), and (5.121) in Eq. (5.119) yields
v
1L LR} = L{Tinter } — <61€3 + V—15153> L{J outlet }
3
(5.122)

A%
= (CIC3 + v—1S1S3> (L{Touttet, dift } — L{Touttet })
3

where Jourer gifr denotes the outlet flux that would be produced in the absence of reaction, by a
diffusion system only. This equation shows how, in principle and for exactly known data, R can
be recovered. Note that on the left-hand side of the equation, R is multiplied with L,, so that the
effects will diminish as L, becomes too small, unless a similar limiting sequence is used as in
the modeling of the linear thin zone, where although L, — 0, K,L remains fixed and finite.
Furthermore, c¢;L,R is obtained from a difference between two fluxes, where the relative error
can be amplified due to near cancellation of terms if the effect of the thin zone is not sufficiently
marked. Finally, the factors that occur have a net amplifying influence on higher frequencies, as
can be seen when analyzing the case s = iw for the Fourier transform analogue of the Laplace-
domain equation. In practice, a damping factor must be inserted to prevent the experimental
magnification (asymptotically of type exp (/1\/5)) of high-frequency error components.
Nevertheless, state-of-the-art TAP machines can perform the Y procedure reliably, with the
most limiting difficulty being the interference of the electrical mains with the measurements, at
their characteristic frequency of 50 or 60 Hz.
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5.8 Two- and Three-Dimensional Modeling

Up to now we have considered the diffusion-reaction equation only in a one-dimensional spatial
setting. If a correct formulation is to be given in space, the second derivative term §*c/9x* must
be replaced by the Laplacian 9%c/0x* + 9*c/dy?* + 8*c/dz* = Ac, taking into account the
diffusion along all three coordinate axes, and Eq. (5.27) generalizes to

&b de =Dt Ac —kyc (5.123)
ot

Clearly, this equation needs to be completed with boundary conditions corresponding to the
cylindrical shape of the TAP reactor. This requires the use of cylindrical coordinates (r,8,z)
instead of the Cartesian coordinates (x,y,z). Note that the cylindrical z coordinate is
longitudinal and corresponds to the Cartesian x coordinate used so far. Substituting the
coordinate transformation equations and applying the chain rule we obtain the following
expression for the Laplacian in cylindrical coordinates:

10 ( Oc 1 &% 9%
AC—;ar (VE) +r—2w+¥ (5124)

In what follows, it is assumed that the TAP reactor cylinder has a radius R >0. The
boundary condition at r =R (ie, the cylinder’s mantle) is that no flux can escape it; since
the diffusive flow is given by the gradient of ¢ this boundary condition can be written as

Jc

or
The other boundary conditions (at the inlet, at the outlet, and at the interfaces between
successive zones) remain the same as for the one-dimensional model. Solving Eq. (5.123)

=0 (5.125)

r=R

may seem exhausting, but the application of a standard mathematical technique, namely
separation of variables, is very helpful. To understand its working, first consider that a
function of several variables f(x,y,z) can always be expanded in a local Taylor series, for
example, near (0,0,0) as

F(x,y,z) =aooo + aioox + aoioy + aoo1 Z + axoXx + ajioXxy (5.126)

+d0y” + ao11YZ + A101X2 + Agoaz” +
under suitable smoothness assumptions. This is a kind of “infinite” degree polynomial with
building blocks that are expressions of the form x™y"z” with m,n,p € N. Now we could try
to substitute an expression (5.126) for the unknown function ¢ in Eq. (5.123) and group like
terms together, but in practice this would lead to an infinitely intricate set of equations in
the unknown coefficients a,,,,(f) and their derivatives. Since we are aiming at true,
mathematical solutions (as opposed to more numerical approximations), this is not
acceptable. The road to success for the present problem lies in a suitable generalization of
Eq. (5.126), while retaining one crucial property: we want to find special solutions of
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Eq. (5.123) for which the spatial dependency splits into three independent factors, each
handling one of the three spatial coordinates r,6,z. Hence, we wish to seek solutions of
Eq. (5.123) that can be represented as (typically infinite) sums of products f(z)f>(r)f3(0)
multiplied by a coefficient that may depend on time. We will choose fi,/>, and f5 in such a
way that the representation makes geometric sense and that the PDE becomes almost
trivial to solve.

5.8.1 The Two-Dimensional Case

For clarity of exposition, we will first assume that c is not dependent on the angle 6, but only on
the longitudinal coordinate z and the transversal distance to the cylinder’s axis, . The PDE,

Eq. (5.123), then reads
dc 10 [ oc\ 0%
€b5 :Deff <;§ (l’g) + @) — kaC (5127)

r +—
or\ or) 022
shows a dependence on r, so if we can coax ¢ so that it is merely a multiple of c itself, the
dependence on r will be removed entirely. This requires that

10 [/ Oc
o <r5> — e (5.128)

for some constant y; substituting a(t)f;(z)f>(r) in this equation and simplifying yields

10 (0 0*
and we wish to find solutions of the form ¢ =a(¢)f;(z)f>(r). Only the term —— < —C> ¢
-

1d
o () =ph(r) (5.129)
since a(f) and f;(z), which can be assumed not to vanish in an identical manner, cancel out. The
resulting ODE for f>(r) has the general solution

fo(r)=CiJo(y/=pr) + C2Yo (y/—ur) (5.130)

where Jy and Y are so-called Bessel functions, special functions from mathematical analysis
that cannot be expressed finitely in terms of functions such as logarithms or trigonometric
functions. Inspecting the graphs of these functions (they are readily available in numerical
and computer algebra packages), it can be seen that Yy is singular (tends to infinity) as » — 0,
whereas J remains finite. Since our candidate functions serve to represent physical
concentrations, it is clear that we will have to set ¢, =0 in this and work only with Jy. It is
also convenient here to write A for \/=u so that f,(r) =Jo(Ar) will lead to

oc Pc

Sb—:D

o Defi gz~ (ka +Deff/12)c (5.131)
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1
0.5
F \
Jo /
A A A
0 0 1 2 \—/
-0.5
-1
0 2 4 6 8 10
X
Fig. 5.7

Graph of Bessel function J§ versus x with roots 4.

where ¢ = a(t)f1(z)f2(r) as before. To determine 4, the new boundary condition, Eq. (5.125),
comes in most usefully:

%(d(t) 1@)A(r) =a(0fi(2)f(r) (5.132)

hence the requirement is that J{,(AR) = 0. Fig. 5.7 shows a plot of J)(x) as a function of x. Roots
occur at values 4o =0, 4; =3.831705970, 1, =7.015586670, and so on for an infinity of
Ao A1 A2

possible values. The corresponding values of 4 are then RRR and the PDE
corresponding to 4; (k=0, 1, 2, ...) is
Gc 826‘ Deff 2
€bE:Deff@_ (ka'l‘ R2 ﬂk c (5133)

The remarkable fact about this equation is that it is identical to the one-dimensional PDE,
Eq. (5.27), except that k,, the adsorption rate coefficient, is increased with a term

Desi
R2

equal to

The interpretation of this fact is as follows: when considering the 2D-solution to Eq. (5.123) for
which

Lr)=Jo (%) (5.134)
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/12
the rate coefficient of the forward reaction increases by a “pseudoreaction” term —=, where
Tr
R2
is a transversal diffusion characteristic term, and A is the corresponding root of Jy(x),

T, =
eff
the kth one when counting 0 as A.

Physically, the origin of this effect is that the diffusion reduces the solution with k=1, 2, ... (the
ones that are not identically constant) ever more rapidly as & increases. This is no coincidence as
our simplifying requirement that %% (r%) = uc already expresses that the left-hand side,
representing transversal diffusion (up to a constant factor D), reduces to the right-hand

side, a linear term typical of a first-order reaction. For each & separately, the PDE (Eq. 5.133)
can be treated using zone transfer matrices just as before, except that the pseudoreaction term
must be added to the adsorption rate coefficient k,. When inert zones are to be modeled, the
same coefficient must be added to their value of k,=0, so that in the model an inert zone
formally becomes a zone of irreversible adsorption in the k=1, 2, ... components of the
two-dimensional model. The results of the analysis in the Laplace domain then carry through,
including the closed-form expression in the time domain that can be found in some cases.

5.8.2 The Three-Dimensional Case

Reuse of the previous results is a recurring theme in mathematical modeling, and one that will
again apply to the three-dimensional versus the two-dimensional case much in the way that the
two-dimensional case has been reduced to the one-dimensional case in the previous subsection.

In the three-dimensional case, we must allow for a dependence factor f3(6) in the product
c=a(t)f1(2)f>(r)f3(6), where 0 is the transversal polar coordinate. Since 6 is an angle, there are

no “boundary” conditions as such, but we need periodicity, viz. f3(6 + 2x) =f3(0) (in radians).
2
The diffusional term _gc now has to be reduced as much as possible: we cannot make r

206°
2c
disappear from this term, but we want to reduce the second derivate gy to a multiple of c, that

is, we wish that £y’ (0) =vf3(@) for some constant v. The general solution of this ODE is

f5(60) = Cicos (vV=v0) + Cysin (v/—10) (5.135)

and it is clear that periodicity can only be obtained if v/—v is some integer n, so

v=—n? (n=0,1,2,...). The case n=0 is the one where there is no dependence on @, which
is the one that has been treated in the previous subsection. We now assume that n=1, 2, ...
to include a dependence on 8. If ¢ = a(1)f (z)f>2(r)f3(0) as before, with such an f, after
expansion of 9/0r Eq. (5.123) reads
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Oc d*c N 10c n? . d*c

_ ge, e r.,.72¢
o2 ror r? 072
~—_————

r part z part

— kac (5.136)

so that our f, will have to be picked correctly to simplify the whole of the r part, that is,
1! 1 / n2
2 :’jfz—r—zfzzﬂfz (5.137)
2
where compared to the two-dimensional case, the new term is — n_2 5. This ODE has the general
;

solution given by

o(r)=CiJu(y/=pr) + CoY, (\/—ur) (5.138)

where J, and Y,, are Bessel functions of order n (n=1, 2, ...). Again, the mathematical
definitions are such that Y,, diverges as its argument tends to 0, but that J,, remains finite. For
each 7 the analysis can be carried out as in the two-dimensional case, with J, replacing J, and
the roots 4,,; of J/ (x) =0 replacing the 4.

The contribution of pseudoreactions then leads to

8c 82C Deff 2
EbE:Deff@— <ka+ﬁ/’ln,k>c (5139)

which again reduces to the one-dimensional PDE.

5.8.3 Summary

The general three-dimensional solution of the TAP PDE, Eq. (5.123), is the superposition of the
following components:

* the one-dimensional solution cy(z,f) of the one-dimensional equation:

8c1 82c1
A _p2
L eff 57
* the two-dimensional solution cy(z, t)Jo (ﬂk 1%) with A the kth root of J§(k=1,2, ...) and ¢y
satisfying

kacr (5.140)

Jcny d*cn Degr 5
SbW:DeffW— ka+Fj‘k 11 (5141)

* the three-dimensional solution ¢y (z, £)J, (ﬂn,k]%) with 4,,; the kth root of J)(x) (n=1,2, ...,
k=1, 2, ...) and cyy satisfying
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Ocm d*cm Dot
Ep 7 = Deffv — ka + R—Zﬂi’k &0 (5 142)

All of the PDE:s in z and ¢ obtained this way can be treated separately using the zone transfer
matrix symbolism.

In Constales et al. (2001b) these results have been applied to typical temporal experimental
data from a TAP procedure to show that for a TAP reactor with an aspect ratio L/R larger
than ten, all two- and three-dimensional effects can be neglected, as was to be expected
Dege
R2
result, but it is a very important one to fully justify the TAP reactor design, which aims at
the closest possible approximation of the one-dimensional linear case; the possibility of
using exact results for two- and three-dimensional models is an extra bonus.

considering the size of the pseudoreaction terms

/1% - This may seem like a negative

More generally, the methodology that was used here in a practical way—separation of variables
to reduce transversal diffusion to formal reaction, reduction of two and three dimensions to one
dimension—can be generalized to other reactor configurations, such as nonideal PFRs and
cascades of CSTRs and also to more complex arrangements.

5.8.4 Radial Diffusion in Two and Three Dimensions

The zone transfer matrix calculated in the Laplace domain for a single zone in the
one-dimensional model exactly expresses its behavior as a component of any system built
from such a zone, not only as part of a TAP reactor. We now study what happens if we were to
consider concentric situations in two and three dimensions instead. Let d denote the dimension
(d=1, 2, or 3). Then the spatial PDE, Eq. (5.123), takes the following form for radial situations

dc 0*c d—10c
Eba —Deff <W + TE) — kac (5143)

This corresponds to the one-dimensional case for d =1. In its zone transfer matrix, the cosh and

sinh functions occurred naturally considering the formal boundary conditions [Z] = [ (1)] and

d—10
[ﬂ , respectively. The new term __ac in Eq. (5.143) affects its solution in the Laplace
roor

domain: instead of the cosh and sinh functions, we find

d +k d +k

c,ritay, ( MO +Cyrim 2K, < Mr> (5.144)
eff 271 D

where I and K are the so-called modified Bessel functions of order d/2 — 1. The case d =1 can be
recovered from this using special properties of /_,, and K_;,, but for other values of d the
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Bessel symbols are unavoidable. To make the first formal boundary condition, we need £{c} to
be proportional to

d g d
(o) ()
g= 2 ot - 2 cff (5.145)

d( _4d , d( _d :
(o (V) (ke ()
dr 5~ 1 eff _— dr 7~ 1 eff r—ry

so that g/0r at r, simplifies to 1 —1=0.
8lr=r,
8lr—r,
matrix. Subsequently, the (2,1) entry is found by deriving this with respect to r; and multiplying
by —D.¢s to calculate the diffusive flux.

d d
a4 ( /8bs+kar> i, ( /5b5+kar>
2! Dest _ 27! Des (5.146)
-4 s +ky _d eps +k, ’
2]y r r 2K, r
271 Desr r=ry 21 Dest —

hl,_, .
_l)i;}lf‘]r_h will be the (1,2) entry of the matrix and h/=

Then

satisfies the formal boundary conditions and is the (1,1) entry of the zone transfer

Similarly,

(v

will yield 2=0 at r=r, so that
(2,2) entry.

r=ri

its

r=ry

A more compact way of determining the transfer function is based on the general solution,
Eq. (5.144), in matrix terms

f 1_4 Cl
of | =r'-aM(r) (5.147)
_Deffa_ G2
-
with
() ()
M(r) = 71 Dt 27! Dese
eps +k, eps +k,
_\/ﬁl \/ﬁK "
it (€p5 + )%_1< D r) i (€08 +ka) c2_1_1<\/7cffr>
(5.148)
Then,
f
of =M(r;) )M~ () of (5.149)
Do ——— | —Defi -
87’ 8] r=ry

r=ri zone transfer matrix
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As an example, for d =3, working out the (2,2) element of the zone transfer matrix of
Eq. (5.149) leads to

sinh < ;i(rz — I‘])>
Pyp="2 (cosh < AL m)) + eff (5.150)
.

| Dot £pS
D eff

so that the distribution of diffusing particles injected at r =r that reach r=r, has this element
1/P,;, as Laplace transform, up to the factor r%/r% to take into account the relative surface of
the spheres at r=r; and r=r,:

172 o lep(r— 1‘1)2

== 2r; + + .- 5.151
Pyry 6 Deg (@ri+rz)s ( )

residence time
In the special case where r; — 0, we find

EpS
2
1 ) Deff

—
2
P22 1 inh EpS
S D 1)
eff

If, for instance, one is simulating a diffusing particle inside an intricate domain and the ball
with radius r, centered at the particle’s position is completely contained in this domain, a
random jump to the ball’s surface can be taken after a time generated by the random
variable whose Laplace transform is given by Eq. (5.152). The cumulative distribution of

2

(5.152)

Eq. (5.152) in the case (, /ng rz) =1 can be obtained from the inverse Laplace technique
eff

illustrated in the TAP case and equals
2 X (k+ %)2
— ) exp| —— 5.153
\/Ek; p ( t (5.153)

5.9 TAP Variations
5.9.1 Infinite Exit Zone

Now, we further illustrate the flexibility of the transfer matrix method to calculate the effect of
replacing the vacuum exit by an infinite zone of fixed characteristics &y, Dogr and k,. We
consider J,uqe; to be the flux at the exit of the reactor, which coincides with the entry of the
infinite zone (see Fig. 5.8).
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Coutlet
TAP reactor Infinite zone
Joutlet
[Pﬁ P12:|
Py Py
Fig. 5.8

Schematic of TAP reactor with infinite exit zone.

The general solution of the diffusion equation in the Laplace domain,

PL{c
en(sL{c}) :Deff%Z}_kaﬁ{C} (5.154)
is given by
L{c}=Cjexp (—x 8bs+ka> +Caexp <x 8bs+ka) (5.155)
Do Desr

When facing an infinite zone that extends into x — + oo, only the first term in this expansion
remains finite. We must therefore force the solution to be expressible in the first term only.
For this, we merely have to calculate its diffusive flux,

0 eps+k, eps+k,
—Degt— — = ko)Deg | — 5.156
ff 8xeXp< N\ b > (ens+ka) tf( N\ "Dy ) ( )

so that the requirement simplifies to

Joutlet = (SbS + ka)Deff Coutlet (5157)

This is similar to the outlet condition Joynet = Veourier fOr a prescribed outlet velocity v, except
that its role is played by the expression \/(eys +ka)Degr, which is a function of the Laplace
variable s. Proceeding as usual to extract J,uye; from the global transfer matrix,

Joutlet

* Py Pp||—F/—/—————mm—

B 5.158

|:Jinlet:| |:P21 P22:| (Sbs + ka)Deff ( )
outlet

leads to the closed-form expression

1

Joutlet = (5.159)
Py
Pyp+—m—7——
(£bS + ka)Deff
. . . Py .
where the denominator includes, along with the usual P,, term, a term —————, which
(sbs + ka)Deff

represents backmixing from the infinite zone into the TAP reactor. As a check, consider the
case of a single-zone reactor with the same characteristics as the infinite zone. Then
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1

+k
(&bS + ky ) Degr sinh <L b)

& N
cosh <L, /8bs+ a) + Deir 5160
D (€08 + ko) Degt (5.160)

+k
=exp| —L L
Dest

Joutlet =

as could have been expected from the uniformity of the reactor. Now

k> 1 gL 1 (e,L?\ 1
InJ. =— —= s+ -=—+/Dag—— | — S+ - 5.161
outlet Dt 2/kyDeg AV v/Day ( )
residence time
2
where Day; = —— is the second Damkéhler number.

eff

5.9.2 Internal Injection

If a TAP reactor is run with the injection point not at the “left” end, but internal to the
cylinder, the formulation of the transfer matrix leads to further elegant equations. We write
Pj; for the global transfer matrix elements of the reactor to the left of the injection point
and Q;; for the elements to the right of this point (see Fig. 5.9).

Expressing all relationships as usual in the Laplace domain gives

[£led) = [ o) [ e

[ L{cinj } ] _ [Qn le} [ 0 } (5.163)

ﬁ{f right} 021 02 | | L{outtet}
Cq Jiett  Jright Coutiet = 0
J1 =0 Cini Joutlet

_ inj
/311 /312i| JmJ |:Q11 Q12i|
PZ1 P22 Q21 Q22
Injection
Fig. 5.9

Schematic of TAP reactor with internal injection.
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and
L{Jinj } = L{Tsight } = L{resc} (5.164)

Solving this set of five equalities for the unknowns: ¢y, Cipj,Jiefis Jrights and Jouqer, for the outlet
flux yields

L Jin'
L{Toutlet } z% (5.165)
Oxn+

P

where the denominator again includes a backmixing term.

A variation of this occurs when the “left” side of the reactor is not closed, but open to the
vacuum exterior; instead of J; being equal to zero and ¢, to be determined, then c; equals zero
and J; is to be determined from

0 Py P | L{cij}
= , 5.166
[5{11}} [le Pzz] [ﬁ{fleft} ( )
The expression for the outlet flux then is given by

L Jin'
L{Joutier} :{7P1J1}le (5.167)
On+

Py,

To get a feel for the different implications of these two results, let us assume that both reactor
parts are inert with such characteristics, s, that

sinh /s
[Pu P12:| _ [Qn le} _ cosh /s NG (5.168)

Py Py 021 O» .
V/ssinh /s cosh /s

Then with the assumption that J;,;= 1 the “left-closed” equation, Eq. (5.165), yields

1 cosh /s 3
L{Joutlet } = B - =1-= 5.169
Houer} sinh?,/s  cosh(2+/s) 2 ( )

while the “left-open” equation, Eq. (5.167), results in

1 1 1 1
L{Joutlet}: N = :—<1——S+"'> (5170)
h 2cosh 2
cosh \/Esm Vs 2cosh(y/s)

\/E
sinh /s
N

cosh /s +
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So, in the first case, all molecules exit to the right with an average residence time of 3/2,
while in the second case, only half of the molecules exit to the right with an average
residence time of 1/4.

5.9.3 Nonideal Plug-Flow Reactor via Transfer Matrix

In a nonideal PFR, besides transport by convection some diffusion occurs in the axial direction.
For such a reactor, a model equation of the form

dc o*c  oc

—=Dett——v——k 5.171
ey, = Detig 5 —vo -~k ( )
is obtained. Its treatment mimics the TAP case, but presents some additional computational
complexity. A Laplace transform of Eq. (5.171) yields

82£{c}_ oL{c}
a2 ox

Now we need the solutions to the characteristic equation of this ODE in space:

evsL{c} = Dest

—kL{c} (5.172)

DestA* +vA— (ky+£5) =0 (5.173)
with roots
1
de= <—vi \/v2—4Deff(ebs+ka)) (5.174)
2Dt

The transfer matrix must now take into account the presence of the convective term in the flux
expression

P
J=ve =Dy = (5.175)
Ox

The first column of the transfer matrix for a reactor zone of length L with characteristics ey, Dgr,
and v is calculated from a linear superposition of exp (44 (L —x)) that has zero flux and unit
concentration at x = L. This is readily seen to be

exp 4y (L—) _exp(i (L))

v+ Deged 4 V4 Deged
1 1

v +Deffl+ - v+ Deffﬂ_

(5.176)

Similarly, the second column is obtained from a linear combination that has a concentration of
zero and a flux of one at x=L:

exp (14 (L—x)) — exp(A_(L—x))

5.177
(V + Deff/1+ ) — (V + Deff/l_) ( )
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After working out the details, the zone transfer matrix is given by

AL oL
v+ Do, v+Deggd_ el — et
1 B 1 Degt(A+ — A=)
v+ Daids v+ Dogth (5.178)
el — AL (V+ Degr + )e’”L — (V4 Degd— )e’LL
1 Degt(A+ —4-)
% +Deffﬂ+ v+ Deff/?,, i

The technique of building the global transfer matrix is the same as for TAP reactors, but
the boundary conditions are typically generalized to J = vc, that is, no diffusive flux

at the outlet. This is the condition studied before in a generalized outlet condition for TAP
reactors and leads to an outlet flux of the form

1
Joutlet = 123 (5179)
Py +—
v

5.10 Piecewise Linear Characteristics
5.10.1 Introduction

In our treatment of TAP reactors using the transfer function, so far we have always

assumed that the characteristics €, D¢, and k, are constant in each separate zone. In practice,
if these were to exhibit a continuous dependence on the longitudinal coordinate x, this

could be approximated by slicing the domain up and selecting average values of the
characteristics in each resulting slice. The availability of computer algebra software has brought
a wealth of special functions from advanced mathematics within reach of less specialized
scientists, and in this respect it is useful to note that closed-form solutions exist even for piecewise
linear characteristics (linear in each zone). For instance, the linear characteristic PDE

(ep +2ox)sL{c) = % < (Deff + 5effx) a,caic}> _ (ka + /};x> (5.180)

has a general closed-form solution that can be expressed in terms of the functions

EbS + l;a M
exp | — —X
Do U

1 Des¢ (5;5 + iga) — Desr(eps +ky) \/ s + Ky .
-1 (Deff +Deffx>

(5.181)

1,24—
2 ~3/2 [ ~ 7 ~3/2
Det{f \/ €S +ky D
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where m and u denote Kummer’s function M(u, v, z) and Tricomi’s function U(u, v, z), solutions
of Kummer’s ordinary differential equation

d’y dy

—+v—z)——uy=0 5.182

Tz (v=2) az " ( )

These results are presumably not directly useful for practical applications, except maybe to
check the accuracy of software developed for modeling variable-characteristic reactors
mathematically by providing an exact theoretical value independently.

5.10.2 Conical Reactors

For reactors that are not cylindrical but conical, equations can still be established for the case
with piecewise-constant characteristics. The diffusion equation is a mass balance that must
now take into account the shape and the fact that the surface area of a transversal slice is
proportional to x* for a conical reactor. Between x and x+dx, the gas content is e,x’dxc(x),

0
while the diffusive flux at x is given by —x?De c(:)(x) and the reaction loss in the volume
X
considered is x*dx — k,c(x). Hence,
oc 0 oc
ebxzE = Deir - <x2 &) — ke (5.183)
which after rearrangement becomes
Oc 10 /[ ,0c
— =D | X" =— | —kaC 5.184
&5, =Dett 5 8x( 8x> aC ( )

This is the three-dimensional radial equation presented before, but reduced to the cone in its

+k
exp| + £ ox
Dett

X

domain. The general solution is constructed from and the transfer matrix

can be calculated accordingly.

5.10.3 Surface Diffusion

The treatment of surface diffusion can be reduced formally to the multiresponse case as follows.
Assume that the vector with fractional surface coverages 0 satisfies the equation
00 %0

o =Dy ) + reaction terms (5.185)

Then for the zone under consideration, this is a gas-type reaction-diffusion equation and 0 can
be incorporated formally into the vector ¢ of gas concentrations and its diffusive flux,
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0
Jo = —Dy—, can be incorporated into the vector of gas fluxes. Nevertheless, then the problem

ot

arises that the coverages 0 are restricted to the zone considered and cannot diffuse into
neighboring zones. If we establish the transfer matrix with the fractional surface coverages and
diffusive fluxes of the surface intermediates incorporated in the vectors of the gas
concentrations and gas fluxes, after rearrangement of the concentrations and fluxes from the
order ¢,0,J.,Jg to the order c,J,0,Jy, a matrix relationship of the form

C C
« 8]

Je| J.

o | ~|[3] 0 (5.186)

Jo . Jo

is obtained. Our task is then to set Jg =0 both left and right and to eliminate 0 on both sides
S0 as to obtain a transfer function in ¢ and J. only, which can then be plugged into the product of
transfer matrices constituting the global transfer matrix. From the last row, it follows that

right

o:x[c} + POyighe + V- 0 (5.187)
Je right
so that
—1 C
9right:_lzl ;\/|: :| (5.188)
Je right

From the two top rows, we find

[Jc] —a[;] + BOrign = (0 — P2 [Jc] (5.189)

€ 1left ¢ I right SN—————— LY Jright

transfer matrix

5.10.4 Independence of the Final Profile of Catalyst Surface Coverage

The general theory of TAP experiments is linear because the device itself and its use of
pulse experiments causing an insignificant change to the solid material’s surface were
designed with a simple linear model in mind. Under some circumstances, however, exact
mathematical results can also be obtained for nonlinear model equations, albeit only at = + oc.
The plainest example of this is the irreversible adsorption reaction A +7Z — AZ, where Z
denotes an active catalyst site. The rate of this elementary reaction is given by

r=kycalNz (5.190)
which in the linear model is represented as

r = (kaNz)cA = ko appCa (5.191)
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because it is assumed that the total number of molecules in each pulse is negligible
compared to the number of active catalyst sites, Nz involved. If this assumption is not
made, and if the law of mass action is applied, the “time” rate expression must be proportional
to @zc or (1 —Oaz)ca, with 07 (=Nz/(Nz+Naz) the fractional surface coverage with free
active catalyst sites, oz (=Naz/(Nz +Naz) the fractional surface coverage with adsorbed A,
and 07 + 057 = 1. The model set of PDEs then reads

2
eb%:l)eﬁ%_ ka(1—0az)ca
d v (5.192)
00rz

ca——ka 1-0
Ccat ot ( AZ)CA

This is of second order and cannot be solved in terms of Laplace transforms because the
product ,7c cannot be expressed conveniently in terms of 8,7 and ¢, when transformed to
the Laplace domain. Nevertheless, the second equation can be rearranged,

| 90az  k

- - =2; (5.193)
(1 — QAz) ot Ceat
and then integrated (assuming 657(0) =0):
k !
- ln(l—GAz):—aJ cadt (5.194)
Cecat Jo
or, solving for 657 as a function of #:
k !
Oaz=1—exp (——aJ cAdt> (5.195)
Cecat Jo

t

The integral J cadt is the area beneath the curve of c, from O to ¢. This does not help
0

much for finite ¢, but for £ = + oo we can use it for substitution in the time integral of both
sides of the equations for dca /0t:

+00 aCA 82 +00 + 00 ka
——dt =Dett— dt— —(1—-80 dt 5.196
&b Jo o 53 Jo cA CcatJO o (1—=0az)ca ( )
N e’
—ea(+00)—ca(0) 00az
—0-0=0 ot
" . . .k [ . :
Writing M(x) for the dimensionless expression — | cadt and then using Eq. (5.195), we obtain
Ccat Jo
Deff dzM Deff d2M
O=————F—0pz(+0) = ——(1— -M 5.197
ka dxz AZ( OO) ka dxz ( eXp ( ) ) ( )

This ODE for M(x) can be integrated using the standard method of introducing an auxiliary

on Vo) £ M q " d*M  av dv dM VdV
expression X) 10r — and rewriting ————=———as —_— | — | =V —.
p dx e e B \am) ar M
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Then we integrate the equation obtained by this substitution in Eq. (5.197),

Degr  dV
—=1—exp(-M 1
v a s T oeM) (5.198)
to obtain
1D
2 kff (V2=Vi®) =M+ exp (—M) — (M + exp (—M))) (5.199)

where M, and V| denote the values of M(x) and V(x) at the left side of the zone. In the case of a

. o Oc . . . .
single-zone reactor, the diffusive flux J4 inlet = —Deff—A is prescribed, and integrating
inlet
from O to + oo yields

. J Jinterdt = —Dege V) (5.200)

Ccat Jo

am
from which the value of V| can be obtained. Solving for V = e gives
X

aM 2k
—:—\/V12+—3(M+ exp(—M) — (M, + exp(—M,))) (5.201)
dx Dess
so that
Mi am
J —x (5.202)

M(x) \/V12 + ;ka (M + exp(—M) — (M, + exp(—M,)))

eff

This equation clearly holds for x = 0 where M (x) = M, and considering the outlet of the reactor
at x =L where cp =0 and thus M =0,

JMI dM

0 \/Vlz + lZ)I:f (M + exp(—M) — (M, + exp (—M,)))

=L (5.203)

is the equation that allows us to determine M. This explicit solution is somewhat intricate,
but the essential property is that when the integral from r=0 to + oo is considered, an
ODE is obtained that determines M(x) and hence (x, + co) uniquely with boundary

+ 00

conditions that depend only on the fotal amount J Jinlerdt pulsed in. It is exceptional for
0

such properties to hold; if we were to model, for instance, two competing adsorption
reactions, A+7Z; — AZ, and A+7Z, — AZ,, or if further reactions occurred after
adsorption, for example, A + Z — AZ — BZ, the final profile of the catalyst coverage
would be dependent not only on the total amount injected but also on the evolution of
Jinlet(®) in time. The key properties that lead to a dependence on the total amount injected
are only that:
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* atany position, the final catalytic composition is defined uniquely by the integral amount of
gas concentration at that position, that is, 6;(x) is a function of M(x);

* the integral amount of gas concentration is defined uniquely by the total amount of
molecules admitted, that is, that M(x) satisfies the ODE where Jj;; only enters through the

+ o0
value J Jinlerdt.
0

For more detailed numerical and exact results of this type, refer to Constales et al. (2015) and
Phanawadee et al. (2013).
5.11 First- and Second-Order Nonideality Corrections in the Modeling

of Thin-Zone TAP Reactors

5.11.1 Thin-Zone TAP Reactor

Consider a three-zone TAP reactor in which an irreversible (adsorption) reaction occurs,
and for which the middle zone is intended to be thin (the TZTR). The transfer matrix M;
for the first zone is given by

sinh (Ll gb’ L )
£f, 1
cosh (L 1 ﬂ) ‘

D1 Vb, 1Dett, 1S (5.204)
€p,1Defr,158inh | Ly .15 ) Losh L €p,18
o D

off, 1 Desr 1

The transfer matrix for the third zone, M3, is similar to this matrix but with subscripts “3”
instead of “1.” The second zone’s transfer matrix, M5, takes into account the adsorption rate
coefficient and is given by

M, =

(5_.205)
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where « (in m s~ ') represents a reactivity parameter of the ideal thin zone that is being
approximated (see Constales et al., 2001a for details). We are interested in the limit L, — 0,
which is the TZTR case. In this limit

lim M, = [1 0] (5.206)

L,—0 k1

In the Laplace domain, the observed outlet flux can be calculated from
1
Jx = - (5.207)
P (MM, M;),,
and in the TZTR limit we have

1
= cosh <L1 €b’1s> cosh <L3 8b’3s>
J1zTR Deg 1 Degi 3

eb,1Det 1 . €p,18 \ . £p,3S8
+,/———=—sinh { L : sinh { L . > (5.208)
V €b,3Det,3 ( ! Deff,l> < Dt 3
K Ep, 18 . €p,3S
+———cosh | L; —) sinh <L3 : )
vV €b,3Defr 38 ( Degi 1 Deti 3

As Ly — 0,J3 — Jrzmr With J1zr —J3 = O(L,), but unfortunately, due to the absence of a term
proportional to

J/ssinh <L1 ;‘*”) cosh <L3 Eb’”) (5.209)

eff,1 eff,3

the parameters of the limit TZTR (L, etc.) proportionally to L, cannot be corrected so as to
ensure a faster O(Lg) approach of the limit.

In practice, this relates to the question of what to do with the nonzero thickness of the
middle zone: should it just be ignored or should it be split up and one half added to L, and
the other to L3? From our asymptotic viewpoint where L, — 0, neither of these choices will
improve the convergence of the approximation qualitatively, simply because a TZTR is
too coarse an approximation of a real three-zone reactor with a relatively thin active zone.

This has motivated the introduction of the thin-sandwiched TAP reactor (TSTR), an ideal
reactor offering a far superior approximation from the asymptotic viewpoint, while retaining
the property of concentration uniformity in the reactive zone that is essential for application of
the Y procedure (see Yablonsky et al., 2002).

5.11.2 Thin-Sandwiched TAP Reactor Matrix Modeling

Consider an inert zone whose thickness L; will conceptually be decreasing to zero, while
keeping D.¢ proportional to L; with proportionality factor 1/p (where p is a “diffusional
resistance”’). The corresponding transfer matrix will then tend to the limit
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1 p
{0 1] (5.210)

as L; — 0. This is called a “thin resistor zone” (see also Section 5.5.7).

A TSTR consists of inert first and last zones, just like a TZTR, but the middle zone is no
longer merely a thin reactive zone, but a “sandwich” consisting of a thin reactive zone between
two thin resistor zones (in this case, of equal diffusional resistance values p, because we wish
to retain the symmetry of the middle zone). The transfer matrix of this TSTR is given by

1 pl{1 p||1 p
1133

and its corresponding outlet flux is represented by

= (1+kp)cosh <L1 ;b’ls) cosh <L3 eb,3s>

eff,1

J1sTR

ep,1Dett1 . ep,15 \ . £p,38
+(1+x ————sinh (L . sinh | Lj : )
(1+xp) €p,3Defr,3 < ! Deff,l) ( D

(5.212)

K h(L gb’ls> inh <L gb’”)
——— COS 1 sSin 3
V€b,3Deff 35 Desr,1 Dest 3
. Ep,18 €p,38
+p(2+kp)\/€b,1Dett,1 sinh (L1 D ’ )cosh <L3 : >

Deyi 3

The fourth term in this expression will enable us to approximate the TSTR limit with the
discrepancy reduced to O(L%).

In a first-order approximation, the values corrected with O(L,) are:

A D
L=, +22 il ;) (5.213)
€n,1 b, 1Detr,1 + €b,3Dett,3
A D
[y=Ly+ 22 _037el3 g, (5.214)
&p,3 &b, 1Defr, 1 + €b,3Dett,3
&2
K=K+ L, (5.215)
6D
2¢ep, 2D L
P (1 B €b,2Detr,2 ) 2 (5.216)
€v,1Defr,1 + €p,3Detr,3 ) 2Detr,2

These values will ensure an O(L3) discrepancy between the TZTR with parameters L, etc., and
the TSTR with parameters L, etc.
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There is considerable freedom in choosing which parameters to correct, but this choice appears
the most justified because the value x here only affects k& and not p or the other TSTR
parameters. Note also that the equations for L; and L3 amount to a weighted doling out of the
“void length” &, ,L, over the void lengths of the inert zones, €, L, and &, 3L3, with weights
ep.1Derr,1 and e, 3Dcpr 3. It is possible for p to be negative, which would not be physically
meaningful if a single zone were considered, but is no problem here for the modeling of a
complete TSTR.

In general, no second-order correction can ensure O(L3) convergence, but in the special case
where &y 1Defr,1 = €b,3Defr,3 (most notably, whenever the first and last zones have the same
physical characteristics, even if their lengths differ), some terms in the general solution’s
second derivative with respect to L, at 0 vanish, and then the corrected values (after elimination
of D¢ 3) will ensure an O(L3) discrepancy between the three-zone TAP reactor and the TSTR
reactor. Note that all parameters are now influenced by «:

R 1 D L3
Li=L +€*”2L2+<38"’2 ef“-z) £0.2827 (5.217)
€p,1 0,1 \ €b,1Deft,1 24Dt >
R 1 D L3
Li=L, +€b—’2L2+—<3eb’2 eff’2—2> b 2K (5.218)
€b,3 €0,3 \ €b,1Deft,1 24D.st,»
2 3
K K
K=x+ Lo+ L3 (5.219)
6Dcr, ~ 120D%,
D L D Deio\*\ kL2
b= (1 _ €b2 eff,2> 2 [ _pfr2lerm2 4 <€b,2 eff,2> K 22 (5.220)
€p,1Deif,1) 2Dett,2 €p,1Dett, 1 €p,1Dett,1 24D ,
Nomenclature
Ceat catalyst concentration (mol m’S)
C; concentration of component i (mol m )
D diffusion coefficient (m*s™")
Do preexponential factor (m?s™

Do effective diffusion coefficient (m” s ")
D Knudsen diffusion coefficient (m2 sfl)
d, diameter of catalyst pellet (m)

dpore  pore diameter (m)

E, activation energy (J mol )

F. external force (kg m s72)

f Stokes’s friction coefficient (kg s ')

I, K modified Bessel functions
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J diffusive flux vector (mol m 2 s )

Jo Bessel function

k. adsorption rate coefficient (s_l)

kg Boltzmann’s constant (J K_l)

kq desorption rate coefficient (s™h

L reactor length (m)

L; length of zone i (m)

M; molecular mass of component i (kg mol ™)
M, nth moment

m particle mobility (sk g~ ")

Na Avogadro’s number (mol)

N« total number of intermediates (—)

Ny number of active catalyst sites (—)

q charge (C)

R cylinder radius (m)

R net rate of production (mol m s

R, universal gas constant (J mol ! Kil)

r transversal distance to cylinder’s axis (m)
r rate of reaction (mol m > sfl)

p particle radius (m)

S Laplace variable (s_l)

T temperature (K)

t time (s)

V velocity (m s

X; Jjth thermodynamic force (depends)

X distance from reactor inlet (m)

x, y, z Cartesian coordinates (m)

Yo Bessel function

z longitudinal coordinate (m)

Greek symbols

I; concentration of surface intermediate j (mol me. )
0 length of premixing zone (m)

£p bed voidage (—)

0 angle in cylindrical coordinate system

0 fractional surface coverage with component j (-)
n dynamic viscosity of liquid (kgm™'s™")
K reactivity parameter (m s~ ')

A mean free path (m)

7 constant in Eq. (5.128) (-)
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U; chemical potential of component j (J mol ")
T time shift (s)

Th tortuosity of bed (-)

Q@ electric potential (J C_l)

Subscripts

cat catalyst

eq equilibrium

g gas

t total
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Thermodynamics

6.1 Introduction
6.1.1 Thermodynamic Systems

Thermodynamics is the science concerned with the study of the relations between temperature,
heat, work, and the energy content of a system at equilibrium. A system is something that can
be distinguished from the surrounding medium. In thermodynamics, the main types of systems
defined are isolated, closed, and open systems. An isolated system is a system in which there
isno exchange of heat and matter with the surroundings. In a closed system, there is no exchange of
matter with the surroundings, but heat exchange generally does occur. In an open system,
exchange of matter with the surroundings takes place and heat exchange may occur or not.
Certainly, these definitions are idealizations of real situations.

Expensive chemicals are often produced in small amounts using closed systems. For example,
reactors in the pharmaceutical industry (eg, for the production of drugs) are typically

closed systems (batch reactors). On the other hand, relatively cheap bulk chemicals, such

as ammonia and methanol, are usually produced in open systems (continuous-flow reactors) in
the presence of a solid catalyst bed (fixed-bed reactors). Rigorously, these gas-solid
catalytic reactors can be considered to be semiopen systems because there is exchange between
the gas-phase reactants and products with the surroundings, but the catalyst stays in the
reactor. However, in some reactor types, the catalyst moves through the reactor along with
the reactants, for example, in the methanol-to-propylene process using a so-called moving-
bed reactor.

Obviously, a closed system can be considered as a particular case of an open system, that is, an
open system without exchange of matter between the system and the surroundings.

For closed systems, idealized interactions with the surroundings can be of different types. The
most important ideal thermodynamic processes are

* isothermal processes: occur at constant temperature
* isobaric processes: occur at constant pressure
* isochoric processes: occur at constant volume
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Thermodynamic systems may be ideal or nonideal. An ideal thermodynamic system can be
defined as a system in which molecule sizes can be considered to be negligible and in which
interactions between molecules—repulsion or attraction—can be neglected. In a nonideal
thermodynamic system such interactions have to be taken into account.

6.1.2 Thermodynamic State Functions

Thermodynamic state functions are characteristics of a system that only depend on its
current state. They do not depend on the history of the system, that is, on the way in which the
system achieved that particular state. Typical state functions that are used in chemistry and
chemical engineering are

* mass
* chemical composition
* pressure
e volume
* temperature
* energy
o enthalpy

o internal energy
o  Gibbs free energy
* entropy

Changes in state functions depend only on their initial and final values and are independent of
the path between them. In contrast, the final values of heat and work depend on the specific path
between the two states. These characteristics are process quantities and not state functions.
Excellent textbooks with detailed information on thermodynamic functions are those by Smith
et al. (2005) and Atkins (2010).

Relationships between state functions are called equations of state. An example is the
relationship between the temperature, pressure, and volume at a given amount of substance:

fp,V,T)=0 (6.1)

where p is the absolute pressure, V is the volume, and T is the absolute temperature. One of the
simplest equations of state is the ideal gas law, which is valid under the assumption that there
is no interaction (attraction or repulsion) between molecules,

pV=nR,T or f(p,V,T)=pV—nR,T=0 (6.2)
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N¢

where n= Z”i is the total number of moles in the system with n; the number of moles of
i=1

component i and R, is the universal gas constant.

In nonideal systems, interactions between molecules cannot be neglected. Furthermore, the
sizes of the molecules must be taken into account. Two of the most popular equations of state
for nonideal systems are the Van der Waals equation and the Redlich-Kwong equation.

The key thermodynamic characteristic of a component 7 in a mixture is its chemical potential,

defined as
0G
K= (8_> (6.3)
i) T.p, i

where G is the total Gibbs free energy of the mixture. In an ideal gas mixture, the chemical
potential is expressed as

n; Di
Hi=pd +R,T ln;l: W+ R T 1n1; (6.4)

where u is the chemical potential of component i at standard conditions (p° =1 bar), which is
independent of the composition, and p; is the partial pressure of component i. The first equality
in Eq. (6.4) is true for any ideal thermodynamic system, moreover it may be used as the
definition of an ideal system (Gorban et al., 2006). Examples of other ideal systems are an ideal
solution, an ideal adsorbed layer (substances adsorbed on the surface of a solid phase), and an
ideal plasma.

The chemical potential must satisfy the following conditions (Yablonskii et al., 1991):

* the condition of symmetry:

O; _ %
8nj 8n,~

(6.5)

* the condition of positive values: u; >0
* the quadratic form,

N

Opi
Z in 8_/;]'xj (66)

i,j=1

in which x; and x; are arbitrary variables related to components i and j, is nonnegatively
determined in the real coordinate space R"

* the quadratic form, Eq. (6.6), is positively determined in any hyperplane with a positive
normal v (all v > 0)
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The first and second conditions ensure the existence of the thermodynamic Gibbs free energy
function or, using the mathematical term, the convex Lyapunov function for kinetic
equations. The Lyapunov function is a strictly positive function with a nonpositive derivative.
The one exception to this definition is that at the equilibrium point, the Lyapunov function
equals zero. In physicochemical sciences, the Gibbs free energy is an extremely important
Lyapunov function for understanding the stability of equilibria.

An alternative representation of the chemical potential for a component of an ideal gas
mixture is

pi(e, T) =R,T ln% +u;— Cy T InT+R,T6; 6.7)

where ¢ is a vector of concentrations, ¢° is the standard concentration (1 kmol m ), u; is the
energy of the normal state of component 7, Cy; is the molar heat capacity of component i at
constant volume, and §; is an arbitrary constant. Eq. (6.7) makes it possible to obtain an explicit
form for the Gibbs free energy. For example, for a thermally isolated system at constant volume
and constant internal energy U

Ne Ne
n;
G_Z,uin,»:Zn,-RgT(an+5i—l)—CVT( InT+1) (6.8)

where the total heat capacity of the mixture is given by

Nc
Cv = ZCV’,'I’Z,' (69)
i=1
and
N
CyvT = U—Zu,-n,» (6.10)
i=1

The nonideal chemical potential can be expressed as
pi=u; +R,T Ina; (6.11)
where a; is the activity of component i, which is the product of the concentration and an activity
coefficient:
Ci

ai=1,- (6.12)

where the division by the standard concentration is necessary to ensure that both the activity and
the activity coefficient are dimensionless. Generally, activity coefficients y; depend on
temperature, pressure, and composition.
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In terms of the Marcelin-de Donder kinetics, the reaction rate is expressed as a function of
chemical potentials (Feinberg, 1972):

r(e,T)=r(c,T)|exp Z% — exp Z% (6.13)
g i g

i
where r°(¢,T) is a positive function.

In the case of an ideal gas, Eq. (6.4), the Marcelin-de Donder equations represent
traditional mass-action law kinetics with the accompanying power-law terms (polynomials).
In the case of a nonideal gas, Eq. (6.11), Marcelin-de Donder kinetics generates more complex
models, in which every term can be mixed, including power-law factors and exponential
factors.

6.1.3 Steady State and Equilibrium

Many physical and chemical processes occurring in chemical reactors determine the temporal
evolution of the reaction mixture. In an open chemical system, the steady state is a state in
which the composition and other characteristics (temperature, pressure, volume, etc.) are
considered to be constant in time. In contrast, in a nonsteady-state regime, the system
characteristics change during the time of observation.

Besides these two regimes, another regime, with a temporally periodic change of the chemical
composition (chemical oscillation or self-oscillation), may also be observed. A famous
example of this phenomenon is the Belousov-Zhabotinsky reaction. Another example of
complex kinetic behavior in open chemical systems is the occurrence of multiple steady states
due to the fact that for some components of the reaction mixture the rate of consumption and
rate of production can be balanced at more than one point. This type of behavior has become the
subject of detailed theoretical and computational analyses (Marin and Yablonsky, 2011;
Yablonskii et al., 1991). Despite the fact that there are many experimental data concerning such
complex behavior, the steady-state regime with characteristics that are constant in time still is
the most observed phenomenon.

Chemical equilibrium is a particular case of the steady state, that is, the steady state for a closed
system. For a reversible reaction consisting of a single elementary step, chemical equilibrium
means that the rate of the forward reaction is the same as the rate of the reverse reaction.
Defining the equilibrium of a complex chemical system is a little more complicated. In that
case, many different elementary steps occur in the chemical reactor, with every step consisting
of a forward and a reverse reaction. For the whole system to be at equilibrium, every
mechanistic step must be at equilibrium.
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6.1.4 Reversibility and Irreversibility

Reversibility and irreversibility are central concepts of classical thermodynamics. Rigorously
speaking, in physics and chemistry all processes are reversible. However, for many
chemical processes the probability of the reverse process is negligible. For instance,
processes such as the combustion of coal or hydrocarbons and enzyme reactions are in fact
irreversible. On the other hand, even if the overall chemical reaction is irreversible, it always
comprises at least one reversible step. For example

* the irreversible oxidation of carbon monoxide on platinum-containing catalysts
includes the reversible adsorption of carbon monoxide.

* in accordance with the Michaelis-Menten mechanism, every enzyme reaction includes
the reversible adsorption of the enzyme, E+S 2 ES.

* every gas-phase chain reaction contains a reversible step in which radicals are
generated, for example, in the oxidation of hydrogen: H, 2 2H -.

Yablonsky et al. (2011b) discuss different meanings of the term “reversible.” First of all,
all processes are governed by the second law of thermodynamics in accordance with

which the entropy of an isolated system may increase or stay the same, but never decreases.
From this point of view, all processes involving entropy growth are not reversible. Second,
processes should satisfy the principle of detailed balance and the Onsager relations, based
on the requirement of microreversibility (see Section 6.1.5). From this point of view, all
processes are reversible, or better, “time-reversible.” In the last sense, one very much
related to the common sense of chemists and chemical engineers, reversibility is the
existence of inverse processes. If the transition A — B exists, then the transition B — A

also exists. This condition is significantly weaker than that of microreversibility.

Time-reversibility of irreversible processes sounds paradoxical and requires some
explanation (Yablonsky et al., 2011b). The most direct interpretation of time-reversing
is to go back in time. This means taking a solution of the dynamic equations x(¢) and
checking whether x(—7) is also a solution. For microscopic dynamics (the Newton or
Schrodinger equations), we expect this to be the case. Nonequilibrium statistical physics
combines this idea with the description of macroscopic or mesoscopic kinetics by an
ensemble of elementary processes (reactions). The microscopic reversing of time at this
level turns into “reversing of arrows”: the reaction Za,A,» — Z BB, transforms into
Z pBi— Za,-A,» and vice versa. The equilibrium énsemble sHould be invariant to this
1 1
transformation. This immediately leads to the concept of detailed balance: each process is
balanced by its reverse process (see Section 6.1.5). A “time-reversible kinetic process” is
an irreversible process with underlying time-reversible microdynamics.
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6.1.5 Equilibrium and Principle of Detailed Balance

The principle of detailed balance can be formulated in a simple way as follows: at equilibrium
conditions the rate of every forward reaction should be balanced by the rate of the
corresponding reverse reaction. It has to be stressed that this is not about the total reaction rate
of every chemical component in the system. The principle of detailed balance is stronger
than the statement, “for every component under equilibrium conditions the rate of its
consumption must be balanced by the rate of its production.” This principle was introduced in
1931 by Onsager (1931a,b), but in fact was known long before Onsager’s results, as it was
introduced for the Boltzmann equation in 1872 (Boltzmann, 1964). In 1901, Wegscheider
(1901) was the first to touch upon the problem of detailed balance when analyzing a particular
cyclic mechanism (Aj2Aj; As2As; Ax+As2A; + Ay). Wegscheider also showed that
irreversible cycles of the type A} — A, — -+ — A, — A are impossible. He found explicit
relations between the kinetic coefficients that are generated by the principle of detailed balance.

For example, for the cyclic mechanism A; :T A, i; Az ]j A the following equations
are valid in accordance with this principle: | 2 3
kifea, =kycays kyca, =ky cays kyca, =k; ca, (6.14)
Multiplying these equations, one obtains
kikyky =kikyky or Keq1Keq2Keqs=1 (6.15)

Einstein used this principle for the linear kinetics of emission and absorption of radiation
(Einstein, 1916).

Onsager (1931a,b) formulated his famous reciprocal relations, for which he received the
Nobel Prize in chemistry in 1968, connecting them to the principle of detailed balance.

He made an explicit reference to Wegscheider’s analysis: “chemists apply a very interesting
approach.” The connection between the principle of detailed balance and Onsager’s
reciprocal relations has been clarified by van Kampen (1973). These relations were also
extended to various types of coordinate transformations, possibly including time derivatives
and integration in time (Stockel, 1983). Recently, Astumian (2008) derived reciprocal relations
for nonlinear coupled transport processes between pairs of reservoirs that are energetically
coupled at mesoscopic contact points. Now, an elegant geometric framework has been
elaborated for Onsager’s relations and their generalizations (Grmela, 2002).

Onsager’s relations are widely used for extracting kinetic information about reciprocal
processes from experiments and for the validation of this information, see, for example,
Ozer and Provaznik (2005); one can measure how process A affects process B and from this
extract the reciprocal information of how process B affects process A. These relations have
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been tested experimentally for many physical systems, but not for chemical ones. A remarkable
review by Miller (1960a,b) on the experimental verification of Onsager’s relations is still
often cited. An analysis of many phenomena (thermoelectricity, isothermal diffusion, etc.)
showed the validity of the corresponding reciprocal relations, but with respect to chemical
reactions, Miller’s point was, “The experimental studies of this phenomenon ... have been
inconclusive and the question is still open from an experimental point.”

Currently, the principle of detailed balance is explained as a macroscopic form of the principle
of microscopic reversibility. As mentioned in Section 6.1.4, the microscopic reversing of
time at the kinetic level turns into the reversing of arrows in the chemical reaction equation, that
is, elementary chemical processes transform into their reverse processes.

Tolman (1938) and Boyd (1974) have described a derivation of the principle of detailed
balance from the principle of microscopic reversibility. In the presence of an external
magnetic field, it is possible that the equilibrium is not a detailed balance. De Groot and Mazur
(1962) have formulated a modification of the principle of detailed balance for this case.

6.2 Chemical Equilibrium and Optimum
6.2.1 Introduction

The understanding of chemical equilibrium and optimum problems is extremely important
from an academic and practical point of view, particularly in reactor design and control.
However, the relationship between these two problems is not well understood. Historically,
equilibrium-optimum considerations have been proclaimed in the famous Le Chatelier’s
principle. In chemistry, this principle is used to influence reversible chemical reactions. For
example, the equilibrium conversion of an exothermic reaction, that is, a reaction liberating
heat, is more favorable at lower temperature, so cooling of the reaction mixture shifts the
equilibrium to the product side. Le Chatelier’s principle is part of the curriculum of university
students in chemistry and chemical engineering. Unfortunately, the relation between this
principle and the analysis of equilibria and optima often is not presented clearly. In particular,
there is no explicit explanation of how to apply Le Chatelier’s principle, which has been
formulated for closed systems at equilibrium (so at zero value of the net overall reaction rate), to
continuous-flow reactors, in which the reaction rate certainly is not zero. This section is based
on an article by Yablonsky and Ray (2008), which aims at bridging this gap between the
concepts of equilibrium and optimum.

6.2.2 Le Chatelier’s Principle

A closed system is at chemical equilibrium when the rates of the forward and reverse reactions
are equal, so that the concentrations of reactants and products do not change over time. The
system will remain in this equilibrium state, unless something is done to disturb it. Changes that
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may disturb the system are called stresses. Le Chatelier’s principle states that when a system at
equilibrium is subjected to a stress, then the equilibrium will shift in such a way as to relieve that
stress.

Using Le Chatelier’s principle, we are able to predict the result of applying a stress to a closed
system at equilibrium and thus to manipulate a reversible reaction. The four most common
ways to apply a stress are

* adding a reactant or subtracting a product.
* changing the volume of the system.

* changing the pressure of the system.

* changing the temperature of the system.

The first three stresses do not affect the value of the equilibrium coefficient, but changing the
temperature does. The equilibrium coefficient, K4, is constant at a given temperature,
independent of the original concentrations, reactor volume, or pressure. A very small K. means
that a reaction is not likely to happen, while a very large K., means that the reaction can occur
easily.

Responding to any of these four changes, the equilibrium of the system will shift. For example,
if for any reaction A + B 2 C+D an additional amount of reactant A or B is added, the rate
of the forward reaction increases and the equilibrium shifts to the product side, C and D. Then,
as the added reactant is being consumed, the rate of the forward reaction slows. When the rates
of the forward and reverse reactions are equal again, the system has returned to a different,
equilibrium state with different concentrations of reactants and products. This is why for some
reactions, an excess of one reactant, usually the cheapest one, is used to drive the reaction to the
product side.

Changing the temperature of a system at equilibrium causes the system to attempt to relieve this
stress by shifting to the side of the reactants or products. The direction of this shift depends on
whether the forward reaction is exothermic or endothermic. Although heat is not actually a
reactant or product of the chemical reaction, it is convenient to treat it as such in the
representation of a reaction. An endothermic reaction is a reaction that consumes heat and can
be represented as

A+B+heat2C+D (6.16)
The equilibrium coefficient for this reaction is defined as

ccCp ArGO
Koo =CP _ xn( = 6.17
T cACh ©Xp ( R,T ) ( )

where A,G° is the standard Gibbs free energy change for this reaction.




168 Chapter 6

Once heat is placed into the reaction equation, the direction of the equilibrium shift upon a
temperature change can be predicted. If the temperature of the system increases, the
equilibrium coefficient also increases. As a result, the system shifts to the product side, while
dissipating the heat, and the concentrations of C and D increase while those of A and B
decrease. For an exothermic reaction, by which heat is released,

A+B2C+D+heat (6.18)

the effect of a temperature increase is the opposite, that is, in this case the equilibrium shifts
to the side of the reactants upon increasing the temperature. Therefore, in practice,
conversion of such reactions is limited at high temperature because of the low equilibrium
coefficient, while at low temperature it is limited by the low reaction rate coefficient,

which presents a challenge in reactor design.

Table 6.1 summarizes a number of effects of changes on a chemical equilibrium.

Table 6.1 Le Chatelier’s principle and effects of changes on a gas-phase system at

equilibrium for a reaction as written

Change Equilibrium Shifts To
Any reaction:
Addition of reactant/product Product side/reactant side
Subtraction of reactant/product Reactant side/product side
Pressure/volume Different number of moles on both sides of the reaction
equation:
Increase/decrease Side of fewer moles
Decrease/increase Side of more moles
Equal number of moles on both sides of the reaction equation:
Increase or decrease No effect
Temperature Exothermic/endothermic reaction
Increase Reactant side/product side
Decrease Product side/reactant side

6.2.3 Relation Between Equilibrium and Optimum Regime

6.2.3.1 Equilibrium conversion

Consider the first-order reversible reaction A 2 B. In a batch reactor at equilibrium conditions
r=0=k"caeq—k CBeq=k"Cao (1 —xA,eq) — k™ CA0XAeq (6.19)

where xj o4 is the equilibrium conversion of A.

The kinetic coefficients k" and k~ are governed by the corresponding Arrhenius dependences:

+ + Ea+
k™=kyexp| — (6.20)
R,
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P
k™ =k exp <_R 3T> (6.21)
g

where k; and k; are the preexponential factors of the forward and reverse reactions. For an
exothermic reaction, E; < E; whereas for an endothermic reaction E; > E_ .

Rearrangement of Eq. (6.19) yields

X
1= Xaeq =77 Xacq = [‘;’eq (6.22)
eq
Eq. (6.20) can also be written as
Keq
= 6.23
XA, eq 1 +Keq ( )
or
1 1
—=1+— (6.24)
XA.eq Keq

The effect of a temperature increase on the equilibrium coefficient and the equilibrium
conversion are shown symbolically for an exothermic and an endothermic reaction
in Table 6.2 and Fig. 6.1, which is a geometric representation of Le Chatelier’s principle.

Table 6.2 Effect of temperature increase on equilibrium coefficient and conversion

Reaction Keq 1/Keq Xaeq
Exothermic 1 T !
Endothermic T l T

Exothermic reaction

k]
N
(0]
°
2]
g
ie
5o QN>
o P  Endothermic reaction
]
& T>
3
\%
R
Xa
Fig. 6.1

Geometric representation of Le Chatelier’s principle for exothermic and endothermic reactions at

equilibrium; I: left-hand side of Eq.[(6.24] II, lll, IV: right-hand side of Eq. [6-24].



170 Chapter 6

In Fig. 6.1, the two bold lines represent the left-hand side and right-hand side of Eq. (6.24). The
intersection of these two lines (point P) represents the equilibrium conversion of A. For an
exothermic reaction, the slope (1/K.,) increases with increasing temperature and thus shifts
upward, resulting in a lower value of the equilibrium conversion, denoted by point Q. Similarly,
for an endothermic reaction, the equilibrium conversion increases, as shown by point R.

The dependence of the equilibrium conversion on the temperature can be characterized by the
derivative of Eq. (6.21). As

AH
Keq = Keg,0€xp (— RrT> (6.25)
g

where K o is a preexponential factor and A/ is the enthalpy change of reaction with A H =
E}—E_, it follows that

AH
Keg| —— ) (1 +Keq) — K2 [ ——=
dacq _ eq <RgT2> ( eQ) eq <RgT2> Keq <ArH> (6.26)

dr (1+Ke)’ T (1K) \ReT?

d
Clearly, the derivative tAeq

dxA,eq
ar

reaction, A.H >0 and

has the same sign as A H. For an exothermic reaction, A.H < 0, so

< 0. Therefore, x4 ¢ decreases with increasing temperature. For an endothermic

dXA,eq

> 0, so the temperature-dependence of x4 4 is the opposite.

6.2.3.2 Optimum conversion in a continuous plug-flow reactor

Now let us analyze the same reaction, A 2 B, in a continuous plug-flow reactor at optimum
conditions, which are certainly not equilibrium conditions. The overall reaction rate is given by

V:k+CAO(1 —)CA)—kiconA?éO (627)
At the optimum point
dr E* N E-
T k*cao(1—xa,opt) (ﬁ) — k™ caoxa,opt (ﬁ) =0 (6.28)
so,
1
1 — XA,opt — aTeq A, opt (6.29)
or
ak,
XA opt =T (6.30)

1+ aKeq
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+

with a =2

a
Using simple algebraic manipulations, it can be shown that

P e B L (Ef —E;) =AAH (6.31)
= C — = .
dr? MNRTY [ T+aKg © * "

Coefficient A is obviously positive and, therefore, the sign of the second-order derivative only

depends on the sign of the enthalpy change of reaction. For an exothermic reaction A H < 0, so
2

. . . r .
the extremum is the maximum of the reaction rate (ﬁ < 0), whereas for an endothermic

2.
reaction A.H > 0 and the extremum is the minimum of the reaction rate (W > O).

So, the conclusions for exothermic and endothermic reactions are different and thus the
strategies have to be different. For an exothermic reaction, K., decreases with temperature. As
Ef <E_,a<1,s0 aK.<Kcq. As aresult, the optimum conversion will be less than the
equilibrium conversion (see Eq. 6.30). This is shown graphically in Fig. 6.2.

The decreasing bold line represents 1 —xa eq OF 1 — XA opt, the left-hand sides of Egs. (6.22),
(6.29), while the increasing bold line represents the right-hand side of Eq. (6.22). The
intersection of these two lines corresponds to the value of the equilibrium conversion. The solid
line represents the right-hand side of Eq. (6.29). For an exothermic reaction (a < 1), this

line has a steeper slope (1/K.y), resulting in a lower value of x4 o (point Q) than the equilibrium
value (point P).

Exothermic reaction, optimum

Exothermic reaction,
equilibrium

Left- and right-hand sides of
Eqgs. (6.24) and (6.29)
s}

XA
Fig. 6.2

Geometric representation of the equilibrium and optimum conversion for an exothermic reaction; I:
left-hand side of Egs. (6.24), (6.29) II: right-hand side of Eq. (6.24); lll: right-hand side of Eq. (6.29).
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For an endothermic reaction, the extremum is a minimum, which is not interesting from a
technological point of view. Therefore, in this case, the temperature policy is to use the highest
temperature possible taking into account typical limitations concerning material constraints,
catalyst stability, safety, and so on.

6.2.3.3 Relationships between equilibrium and optimum conversions

Combining Egs. (6.23), (6.30) leads to

Koy
e 1+K, 1+aK, K.
ey 14Ky _ 1+a q:l< ! >+ 9 632)
Xaopt _ OKeq  a(14Ke) a\l+Keq) 1+Keg
I+ aKeq
Using Eq. (6.23) again, Eq. (6.32) can be represented as
XA eq 1 1 1
——=—(1-X +Xpeq=—+|1—— )X 6.33
XA,opt a ( A, eq) A,eq a a A,eq ( )

Based on Egs. (6.32), (6.33), some important conclusions can be drawn:

* Since for an exothermic reaction a <1, xa ¢4 is always larger than xp op.

* The higher the conversion, the Closer xa op; 1S 10 Xz oqs TOT XA eq R 1, XA opt R XA eq- Al VETY

low equilibrium conversion, xa <1, Eq. (6.33) reduces to
Yaeq 1

(6.34)

XA,opt @

c IfEf=E_,s0o AdH=0and a=1, xa opt = XA cq-
* At a certain temperature, the one at which A,G=0 and K.q=1, Eq. (6.32) reduces to

1+
MAeq T (6.35)
XA, opt 200

All of these conclusions can help the chemical engineer with preliminary decisions on optimum
technological regimes. In the optimization of an actual industrial reactor, one has to take into
account many other factors, in particular, the exchange of matter and heat with the
surroundings.

The effect of temperature on the equilibrium and optimum conversions of an exothermic
reaction is shown qualitatively in Fig. 6.3.
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T
XA eq
_N
0 1 X
Fig. 6.3

Effect of temperature on the equilibrium and optimum conversions for an exothermic reaction.

6.2.3.4 Continuous stirred-tank reactor

The more complex case of the continuous stirred-tank reactor (CSTR) can be analyzed in a
similar way as that of the plug-flow reactor (Section 6.2.3.2). Again considering the reversible
exothermic reaction A 2 B, the mole balance equation for component A at steady-state
conditions is

qvocao — qvoca — VkTea+Vk™ (cao —ca) =0 (6.36)

where ¢y is the volumetric flow rate entering the reactor (which in this case is equal to that
leaving the reactor), V is the reaction volume and cg =cag —ca. Introducing cp s =

cao(1 —xass), With ca s and x4 g the steady-state concentration and conversion, and the
residence time, 7= V/qyq, Eq. (6.36) can be rewritten as

CAOXA,ss — k+TCA()(1 —XA,SS) + kifc‘onA,SS =0 (6.37)

from which it follows that

k*t
ss — 6.
. l+k*t+k 7 (6.38)
or
K.
XA,ss :7(]1 (6.39)
1+Keqg+-—
Tkt

If 7 — o0, the steady-state conversion reaches the equilibrium conversion (Eq. 6.23), which is
the maximum attainable conversion.

Using Eq. (6.38), with Egs. (6.20), (6.21), it is possible to determine the conversion that relates
to the optimum temperature policy:
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dxpe K'Eft(1+k*t+k"7) —k*t(k*Eft+k E 1)
dT R,T*(1+k*t+k=7)°

(6.40)
kYEft+k*k Ejc—ktkTE;T
RyT2(1+k*z+k~7)?
o)
Ef
. (6.41)
E; —Ef l1—a
with a=E}/E_ . Substitution of Eq. (6.41) into Eq. (6.39) yields
K ak,
XA, ss,opt — = 1—a - 1+ a(’;é (642)
1+ Keg+—— e
a

In fact, this is the same equation as that for the optimum conversion that was found using a
simplified analysis (Eq. 6.30). Comparison of the two values of conversion, x ss (Eq. 6.39) and
Xass.opt (EqQ. 6.42 or 6.30), may yield different results, depending on the process parameters.

In order to determine the optimum temperature policy at a given residence time 7z, we need
to use Eq. (6.41), (6.42) together. For known value of a, the value of £~ can be determined
from Eq. (6.41). Knowing the Arrhenius dependence of k£~ (Eq. 6.21), the corresponding
temperature can be calculated. K. at this temperature then follows from an equation like
Eq. (6.17). Finally, x g opt follows from Eq. (6.42). Eq. (6.42) can be used directly to determine
the optimum steady-state conversion if the temperature, and thus K, is known. The
residence time required for this conversion can then be calculated from Eq. (6.41).

6.2.4 Summary

The analysis presented here can be used for many reversible reactions, see Tables 6.3 and 6.4.

A number of industrial reactions of these types with corresponding equilibrium data can also be
found in Fogler (2005) and Schmidt (1998).

Table 6.3 Elementary reactions

Molecularity of Forward Reaction Elementary Step
Unimolecular A 2 Products
Bimolecular 2A 2 Products

A+ B=2Products
Termolecular 3A 2 Products

2A +B2Products
A+ B+ CaProducts
Autocatalytic A+B=22B
A+2B22B+D
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Table 6.4 Examples of processes with single overall reaction

Reaction type Example
A=B ¢-CaHg 2 t-CuHg
2A=B 2NO, 2 N,0O,4
3A2B 3C,H, 2 CeHe

A+B2C NO, + NO=2N,0;

A+B=2C+D CO+H,02C0O; +H,

2A+B=2C 2NO + O, 2N,0,4

6.3 Is It Possible to Overshoot an Equilibrium?
6.3.1 Introduction

This section is based on original results obtained by Gorban (1979, 1981, 2013), Gorban et al.
(2006), and Yablonskii et al. (1991). Gorban (1984) gave a detailed explanation of the theory of
thermodynamic constraints and the effect on overshooting an equilibrium. His first paper on
domains of attainability and thermodynamically admissible paths appeared in 1979 and a
physicochemical interpretation of this phenomenon was published in 1982 (Gorban, 2013).
Kaganovich et al. (2005, 2006, 2007, 2010) applied these ideas to the analysis of energy
problems. Shinnar (1988), Shinnar and Feng (1985), and Vuddagiri et al. (2000) also analyzed
the influence of thermodynamic constraints on the dynamic behavior of complex chemical
systems. Shinnar and Feng (1985) explained a theory on thermodynamic constraints using
simple examples and demonstrated how to apply this theory in the design of reactors (Shinnar,
1988). Vuddagiri et al. (2000) also attempted to apply thermodynamic constraints to simple
chemical systems.

6.3.2 Mass-Action Law and Overshooting an Equilibrium

This section presents basic knowledge for understanding the problem of overshooting an
equilibrium in a complex chemical system in which many reactions occur. An elementary
reaction step in such a system can be described by the general equation

+

2a; 'AiT—_lZﬂ,‘ -B; (6.43)

where A; and B; are reactants and products with a; and f; the absolute values of their
stoichiometric coefficients, which represent the number of molecules participating in the
reaction. In accordance with the mass-action law, the rates of the forward and reverse reactions
are expressed as

r* =kt (TS (6.44)

r~ =k (T)Ic}, (6.45)
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where c4; and cp; are the concentrations of reactants and products. The kinetic coefficients
k*(T) and k~(T) are governed by Arrhenius dependences. The maximum number of different
kinetic coefficients is 2V, where N is the number of elementary steps, that is, pairs of
elementary forward and corresponding reverse reactions. As described in Section 6.1.5, not
all kinetic coefficients are independent. The dependences are governed by the principle of
detailed balance: for any T there is a set of equilibrium concentrations c.q such that for any
elementary step

Feg(Canea: T) =g (¢Brea: T) (6.46)

Understanding the possibility of overshooting a chemical equilibrium is based on the properties
of the Gibbs free energy of a chemical system, which can be represented as

G=R TZC,(IH

) (6.47)

Ci,eq

with G expressed in J m >,

During the course of a reaction at constant volume and temperature, in line with the second law
of thermodynamics, the Gibbs free energy decreases monotonously.

According to the mass-action law, a complex chemical transformation can be described by a set
of ordinary differential equations,
dCi Ns
o > (Bi—a)rs(e,T) (6.48)
s=1
It has been shown that for such a mass-action-law system, the Gibbs free energy changes in time
as follows:

Z ri—r; SO (6.49)

The inequality is obvious: for any positive a and b, (a — b)( Ina — Inb) > 0 because the natural
logarithm is an increasing function. From Egs. (6.48), (6.49), it follows that the Gibbs free
energy is a Lyapunov-like function, see Gorban (1984) and Yablonskii et al. (1991).

6.3.3 Example of Equilibrium Overshoot: Isomerization

The analysis in Section 6.2 demonstrated that both the steady-state conversion and the optimum
conversion in open chemical reaction systems (continuous-flow reactors) are always lower than
the equilibrium conversion in closed chemical systems (batch reactors).
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Now the question arises whether it is possible to overshoot the equilibrium during a
nonsteady-state chemical reaction, and if so, then how far? Stated more generally, what is
prohibited in the course of a chemical process?

Consider a batch reactor initially containing only component A. Then, conversion of A to B
starts and the formed B is converted back to A. The temperature and volume of the reaction
mixture are assumed to be constant. Let us assume that A and B are isomers and that their
equilibrium concentrations are equal, that is, at equilibrium, there is 50% A and 50% B.
One may wonder whether it is possible for the amount of B to become larger than 50% of the
total on the way to this equilibrium. The obvious answer is, “No!” If concentrations of A and B
become equal, their values do not change any more. At this point, the rate of the forward
reaction is balanced by the rate of the reverse reaction and the concentrations will remain
constant in time. This is an example of a one-dimensional system with two components (A
and B) and one mass balance (c +cg = constant). One coordinate, say c,, completely describes
the state of the system at fixed temperature and volume. It is impossible to overshoot the
equilibrium for a one-dimensional system, in which the concentration trajectories are just lines.

A rigorous mathematical statement can be formulated as follows: If a reaction mixture consists
of only two isomers, A and A, the system moves toward the equilibrium, never overshooting
it. The concentrations ca, (f) and ca, () approach the equilibrium concentrations c, ¢q and
CA,,eq monotonically without ever exceeding these concentrations. The type of dynamic
trajectory is not arbitrary, but is governed by thermodynamic functions of the chemical
composition, such as the Gibbs free energy function G, which decrease monotonously in time.
Such a limitation on dynamic trajectories is eliminated if there are more than two chemical
components in the system.

Imagine that an additional component, C, takes part in the reaction. In this case, the answer
to the question of whether it is possible to overshoot the equilibrium is: “Yes!” However,
then another question arises: “How much can this equilibrium be overshot?” Let us assume that
A, B, and C are isomers again and that at equilibrium their amounts are equal (each ~33% of the
total amount). Also assume that all transformations are possible (so A can be converted to B and
to C, B to A and C, and C to A and B). For this system overshooting of the

equilibrium is possible, provided that there are no limitations on the detailed mechanism of
chemical transformations. Then, if the reactor initially contains 100% A, the concentration of B
may overshoot its equilibrium concentration, but may not exceed a certain boundary (~77% of
the total amount).

Let us assume that there are n isomers, Ay,..., A, in our system, which is closed and is
assumed to be ideal. At these conditions, G decreases in time (Eq. 6.47): G(c(#)) > G(c(t,)) for
1, > t,, where ¢(¢) is a vector of concentrations at time ¢. Obviously, for >0 G(c(ty)) > G(c(1)),
but this is not the only requirement on the possible values of the concentrations.
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In the one-dimensional case, there are two isomers and one mass-conservation law

(ca, +ca, = constant). The state space is divided into two parts by the equilibrium
concentration c¢q, and c;(fp) and c¢;(r) with > 7, are always on the same side of the equilibrium.
If ca, (f0) > Ca, eq» then ca, (fo) < Ca,,eq and the nonsteady-state concentrations meet the
following inequalities: ca, (f) > ca,eq and ca, (1) < Ca,,eq. While if ca, (f9) <A, eqs

€A (10) > Cag eqs €A (F) <Cayeqs and Ca, (f) > Ca, eq. If the number of different isomers in the
system is larger than two, we need to analyze the thermodynamically admissible paths of the
system in order to find the constraints. These paths are continuous curves cy, (#) with >0 for
which

* ca(t)>0forall 1>0.
N,

¢ the mass-conservation constraint is: ZCAI,(I) = ¢, = constant.
i=1
*  G(ca,(?)) is a monotonically decreasing function.

At the given conditions, a transition from point ¢ to point ¢’ is thermodynamically
admissible if there is a thermodynamically admissible reaction path for which ¢(zy) = ¢® and
c(t) = ¢! at some time 7> 0. Otherwise the transition is thermodynamically prohibited. For
studying the thermodynamically prohibited paths, it is useful to analyze the level sets of the
function G given by equations G(¢) =g =constant. At some critical value of g, gy, these level
sets become disconnected.

We will illustrate this graphically for a two-dimensional system with three isomers, simplifying
the problem as much as possible. Let us assume that all three equilibrium concentrations

are equal: €A, eq = CAy,eq = CAs,eq = Ceq- Clearly, ca, +ca, +Ca, = ¢y = 3ceq. At a given value
of the equilibrium concentration, the state of this system is described by a point located in an
equilateral triangle, see Fig. 6.4A, for which ca, +ca, +ca, =c¢¢ and cp, > 0.

The height of the triangle is c,. It is easy to show that the length of every side of the triangle

2 . . . .
equals —c,. Every vertex (A, A,, A3) represents a state in which only one isomer is present,

V3

A A,
G >
G ‘% o
X v G(c) < 9o
A A Ay Ag A A,
(A) (B) (©)

Fig. 6.4
Chemical system with three isomers: (A) coordinates in balance triangle (simplex); (B) levels of the
Gibbs free energy G; (C) domain of inaccessibility in the vicinity of Aq; point X, Y, and Z denote
two-component mixtures with equal concentrations (¢,/2) of both components;
X: CA; = CA;;5 Y: CA, =CAys Z: CA, =Cpy-
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while every side represents a two-component state. The concentration of an isomer A; is the
length of the line perpendicular to the side opposite its vertex A;, measured from a point inside
the triangle. Fig. 6.4B shows the level sets of the function G(¢)=g, Eq. (6.47). Conditional

minimums of G(¢), go, are achieved on the sides of the triangle. Since ca, eq = Ca,,eq = CAseq =
Ceq = C¢/3, these minimums are located on the centers of the sides and are equal for all sides:

gy =R.Tc [ In <%> — 1} (6.50)

If g is close to G(ceq), G(ceq) < g < go, the level set G(c)=g is connected. If g becomes larger
than the minimum of G(c) on the sides of the triangle, gy, but remains less than the maximum G(c),
Zmax» Which is reached at the vertices, the corresponding level set G(c) =g consists of three
connected parts (Fig. 6.4B). Arcs of the level sets of G(c) that connect the centers of the sides
generate impassable thermodynamic boundaries that cannot be crossed from the inside, that is,
a thermodynamically admissible path cannot go from values G(c¢) < g¢ to values G(¢) > go.
This impossibility of crossing the thermodynamic boundary in a two-dimensional system with
two independent chemical components is very similar to the impossibility of overshooting

the equilibrium of a one-dimensional system with one independent chemical component.

The balance triangle can be divided into four domains (Fig. 6.4C): three curvilinear triangles
A1XY, A,YZ, and A3XZ, and the domain G(c) < go. One side of every curvilinear triangle is
part of the curve G(c¢) = go. Any inner point of such a triangle cannot be connected with a similar
point of another curvilinear triangle by a thermodynamically permissible path. This is even
impossible in case G(c?) > G(c'"), because on the way from ¢ to ¢, the trajectory
inevitably intersects one of the arcs of the curve G(¢) =go. The permissibility of trajectories
inside the triangles and in the domain G(c) < g is determined by the inequality G(c ) >
G(c'"). Assuming that one of the following conditions is fulfilled:

+  both ¢ and ¢ are located in the same curvilinear triangle A; XY, A,YZ, or A3XZ,
« ¢ is located in one of the curvilinear triangles and ¢! belongs to the domain G(c) < 8o,
* G(e”)<go and G(e) < g,

a transition from ¢ to ¢! is thermodynamically permissible if and only if G(c”) > G(c™).
Transitions from one curvilinear triangle to another are prohibited. Thus, it can be concluded
that all permissible trajectories are covered by these three conditions.

As mentioned earlier, near every vertex, there is a domain, namely the adjacent curvilinear
triangle with G(¢) > go, that is inaccessible from the inside, where G(c¢) > go, see Fig. 6.4C. An
interesting question then arises: how closely can this vertex, say A, be approached if the initial
state is given and the initial concentrations are cg)l) s cg)z), and cg))? In order to solve this problem,
we have to find sup ¢'”, the upper value of all states ¢, where ¢V, with concentrations
cgf,cgz), cgz), is a state that can be accessed from ¢”. From the geometrical point of view
(Fig. 6.4B), it is clear that sup ¢'" has to be determined as follows:
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o If ¢ is located in the triangle A ;XY or in the domain G(c")< go, SUp cﬁjf 1S a maximum

ca, on the level set G(c) :G(C(O)).
e If ¢© is located in A,YZ or A;XZ, sup c&ll) is a maximum c4, on the level set G(¢) = go.
In order to determine sup c¢Vat a given value of ¢/, we have to find the indicated maximums and
apply analytical criteria to determine to which domain point ¢'” belongs. These criteria are that
« ¢ is located in the domain G(c) < g if and only if G(c(o) < go.

« ¢ is located in the triangle A;XY if and only if cfff > %,G(c(0)> > 0.
0) - . . . .. (0) _ Ct

« ¢ is located in the triangle A,YZ if and only if cgz) > E’G <c(0)> > £o-

o ¢ is located in the triangle A3XZ if and only if CE&) > %,G(c(0)> > g20-

Formally, the criterion for determining in which part of the triangle A;A,Aj3 a point is located,
is presented as follows: the curvilinear triangle A;XY includes points for which G(¢) > go.
From the point of symmetry, it is obvious that max ¢, on the level set of G(¢)=g, is
achieved on the line ca, = ca, = (¢t — ca, ) /2. Points of intersection of this line with the level
set G(c) =g are determined based on the equation

Ca Ct—CA 8
In{ — ) +(¢.— In L) —op === 6.51
(i) e n(t) g 6
The dependence A on LS based on Eq. (6.51) is presented in Fig. 6.5A.
Ceq  Ceq
(1) 4
ha sup% C
Ceq eq 7
Ct
2
14 1
1 g 1 | ' I (0) )
= G
(A) % (B) LB
Fig. 6.5

(A) Solutions of Eq. (6.51); (B) two branches of the dependence of sup c/(;) on G(c!?).

CS) G(c(o))
Using Eq. (6.51) it is possible to find the dependence of sup— on e + 3, see Fig. 6.5B.
Ceq

For G<c(o>> < go, this dependence is determined uniquely. If G<c(0)> > g, twWo scenarios are

possible:
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e If cg)]) < %, that is, ¢ is located in AsYZ or AsXZ, supcgl) is equal to the maximum of cx,

on the line G(¢) = go, see the lower branch of the dependence in Fig. 6.5B.
o If cﬁﬂ) > % the dependence of supcgl) on G(c°) is determined using Eq. (6.51), see the upper

branch of the dependence in Fig. 6.5B.

In a one-dimensional chemical system with two isomers and equilibrium concentrations
CA,,eq = CAy,eq (80 the equilibrium coefficient equals one), the impossibility of overshooting the

equilibrium can be formulated as follows: if cﬁff < % cfjf < % For the two-dimensional

chemical system with three isomers, which we analyzed in detail, a similar statement can be

made, although the numerical values are different: if cg)l) < %, CXI) <0.773c¢,. The value

0.773 ¢, is an approximate solution of Eq. (6.51) at g = go.

6.3.4 Requirements Related to the Mechanism of a Complex Chemical Reaction

Thermodynamic limitations on kinetic paths are determined only by the list of reactants and
products, the equilibrium composition, and the function G, see Eq. (6.47). These limitations are
valid even if the assumed reaction steps have no physicochemical meaning, for example, in the
reaction 11 A + 12A; 223 A3. Reducing the list of possible elementary steps to a rational one,
the number of possible paths may be dramatically reduced in comparison with the number of
thermodynamically admissible paths.

Let us start our analysis of a chemical system with three isomers by considering three possible
mechanisms (Fig. 6.6):

(1) A 2Ay Ay A; (Fig. 6.6A)
(2) A 2A, A 2A; (Fig. 6.6B)
(3) A2A, Ay2A;, Ase A, (Fig. 6.60)

Mechanism 3 is a combination of mechanisms 1 and 2. As before, we assume the equilibrium
concentrations to be equal: ¢z eq = Ca, eq = CAseq = Ceq = Ct /3. Each step is characterized by a
specific geometrical surface along which the forward reaction rate is balanced by the reverse
reaction rate. In our example, this surface is reduced to a line. Equilibrium lines divide the
triangle A;A,A; into sections in which the direction of each reaction—forward or reverse—is
determined uniquely (see Fig. 6.6). Step A| 2 A, shifts along the line A; = constant toward the
equilibrium line A; 2 A,. The other steps shift toward their own equilibria in a similar way. For
areaction mechanism consisting of only one step, the system would move along the equilibrium
line for that step. For multistep reactions, a possible direction of movement is a linear
combination with positive coefficients of leading vectors of the corresponding steps. A set of
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%
As o
(A)

R
A, A
(©)

Fig. 6.6
Compositions accessible from Az;. Boundaries of domains M are represented by fat lines and
equilibrium lines are represented by thin lines. The angles of possible directions are also shown.
Mechanisms of the reactions are (A) A; 2 A;, A, 2 A;; (B) Aj2A;, Aj2A;; (C) Aj2A,,
A2 As, As2Ag; (D) Aj2Ay, Aj2As, Ay +Ay22A;.

such combinations inside each section forms an angle of possible directions of movement, as
shown in Fig. 6.6 for different mechanisms of complex reactions.

A smooth curve c(¢) is a thermodynamically admissible path of the reaction if

* ca,(t) >0 for any >0, i=1,2,3,

o ca, () +ca,(t) +ca,(t) = ¢ = constant,
Cl’CA1 dCA2 dC‘A3
dt ° dt’ dt
corresponds to the point (ca,, ca,, Ca,)-

* atangent vector ( > belongs to the angle of possible directions that

The function G(c(¢)) decreases monotonically along these paths.

In the course of a reaction, the transition from composition ¢” to composition ¢'" is allowed if
and only if an admissible path exists for which ¢(#) =¢@ and c(?) =¢ for some 7> 0.
Generally, for a given initial state ¢©’ o

, a set of compositions ¢
the transition from ¢© to ¢'" is admissible.

can be constructed for which

Fig. 6.6 A—C shows sets of admissible states M starting from initial state cg)l) = cﬁfj =0, cf,?}) =
for different reaction mechanisms. For the two-step mechanisms A; 2 A,, A, 2 A3 and
A2 A, A; 2 Aj (Fig. 6.6A and B), the set M coincides with M, while for the three-step

mechanism A; 2 A,, A, 2 Az, As2 A, (Fig. 6.6C) the set M is considerably larger. For the
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two-step mechanism A; 2 A,, A, 2 Aj the value of cgl) does not exceed ceq = ¢ /3

(Fig. 6.6A). For mechanisms A 2 A,, A; 2 A3 (Fig. 6.6B)and A| 2 A,, Ay 2 A3, As2 A,
(Fig. 6.6C) the value of cgl) can become larger than c.q, but does not exceed ¢/2, which is a
situation similar to the one-dimensional case.

It can be demonstrated how it is possible to overshoot the equilibrium for the system with three
isomers by modifying the reaction mechanism so as to eliminate the prohibition of overshooting
the equilibrium. This can be done by adding the nonlinear step A; + A, 22Aj; to the two-step
mechanism A; 2 A,, A; 2 Aj. Then, the equilibrium curve is given by the equation

CAy,eqCAseq = ci_% eq" Because of the stoichiometry of the step A + A, 22A3, the composition
moves along a line parallel to the bisector of the angle A3, see Fig. 6.6D. The leading vector has

components (1, 1, —2). The maximum value of CSI) for the initial conditions cg)l) = cff) =0and

2
cg)]) = ¢, is determined by the admissible path that consists of two rectilinear parts:
(1) movement from ¢ to the point ca, =ca, =¢i/2, ca, =0 along the line cx, =0
(2) movement from the point ca, = ca, =¢(/2, ca, =0 along the line parallel to the bisector
of angle Aj to the equilibrium line of the step A + Ay 22A;

This path can be interpreted as follows: steps A; 2 Az and A| + A, 22A; become equilibrated.
11-+/13
12

equilibrium point, ceq = ¢;/3. Therefore, overshooting the equilibrium is possible for a
mechanism including a nonlinear step, in this case A; + Ay 22A3, in which interaction between
different components takes place.

At the final point, ca, = q( ) =0.616¢, and this value is larger than that at the

In conclusion, for every specific mechanism of a complex chemical reaction, the sets of
admissible paths and the sets of admissible states are smaller than the corresponding sets of
thermodynamically admissible paths and states. According to the second law of
thermodynamics, a perpetual motion machine is impossible. However, overshooting of the
chemical equilibrium during the course of a reaction may be possible for some reaction
mechanisms starting from certain initial conditions. The extent of this overshoot can be
estimated based on the Gibbs free energy levels and known values of mole balances and can be
used for distinguishing mechanisms. Kaganovich et al. (2006) have used this approach for
industrial applications in energetic processes. For more detailed information on the theory and
practice of overshooting an equilibrium, see Gorban (1984, 2013) and Gorban et al. (2006).

6.4 Equilibrium Relationships for Nonequilibrium Chemical Dependences
6.4.1 Introduction

In presenting the foundations of physical chemistry, the basic difference between equilibrium
chemical thermodynamics and chemical kinetics is always stressed. A typical problem in
equilibrium thermodynamics is calculating the composition of a chemical mixture reacting in a
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closed system for an infinitely long time. It does not consider time. In contrast, chemical
kinetics is the science of the evolution of a chemical mixture with time. Some results of
theoretical chemical kinetics are related to features of nonsteady-state kinetic behavior. These
results have been obtained from thermodynamic principles, especially from the principle of
detailed balance:

* uniqueness and stability of the equilibrium in any closed system, see Zel dovich (1938) and
the analysis by Yablonskii et al. (1991)

e absence of damped oscillations near the point of detailed balance (Wei and Prater, 1962;
Yablonskii et al., 1991)

* limitations on the kinetic relaxation from the initial conditions. For example, based on a
known set of equilibrium coefficients that determine the equilibrium composition, one can
find a forbidden domain of compositions that is impossible to reach from the initial
conditions (Gorban, 1984; Gorban et al., 1982, 2000).

The present dogma of physical chemistry holds that it is impossible to find an expression for
any nonsteady-state chemical system based on its description at equilibrium conditions, except
for some relations describing the behavior in the linear vicinity of equilibrium, see for example,
Boudart (1968). Recently, however, Yablonsky et al. (2011a,2011b) and Constales et al. (2011,
2012, 2015) have obtained new equilibrium-type relations for certain nonsteady-state chemical
systems. These results, which we will discuss in this and subsequent sections, have been
achieved for linear reaction systems, with a general proof, and for some nonlinear ones. Based
on these results, equilibrium thermodynamic relationships can be considered not only as a
description of the final point of the temporal evolution, but also as inherent characteristics of the
dynamic picture. In this section, we present an analysis of a number of linear examples, using
models of chemical kinetics based on the mass-action law. Processes described by these models
occur in closed nonsteady-state chemical systems with perfect mixing (ideal batch reactors) and
in open steady-state chemical systems without radial gradients (ideal plug-flow reactors
(PFRs)). The model description of the ideal PFR is identical to that of the batch reactor, but with
the astronomic time ¢ replaced by the residence time .

6.4.2 Dual Experiments

In this and subsequent sections, a type of thought experiment is described that leads to a new
type of chemical time invariance. For the single reversible reaction A 2 B, the value of this
invariance, B(#)/Ag(f), is the equilibrium coefficient. It is constructed based on data of
nonequilibrium experiments performed starting from different extreme initial conditions of the
reacting mixture, called “dual experiments.” In the case of the reaction A 2 B, this involves two
separate experiments, one taking place in a reactor primed with substance A only, and one in a
reactor primed with substance B only. In both cases, the concentrations of A and B are
monitored and particular attention is paid to the dependencies of “B produced from A” and “A
produced from B.” The following notation is used: A(#) for the temporal normalized
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concentration (ca/c,) dependence of A given the initial condition (A, B) = (1, 0), that is,
initially only A is present, with normalized concentration 1. Similarly, BA(?) is the
concentration of B for the same initial condition and Ag(¢#) and Bg(¢) are the normalized
concentrations of A and B for the initial condition (A, B) = (0, 1). Some relatively simple linear
examples are presented here.

Example 6.1

For a single first-order reversible reaction,
e

AZ——B, (6.52)
e
the kinetic model is given by
dCA dCB + _
A L ket k 6.53
dt dt caTie (6.53)
ch CB
atag=c&—+—=A+B=1 (6.54)
G G

Then for t >0, we can write:

kT +kTexp(—(kT+kT)t)

An(t) e (6.55)
Ba) =< (1= ex,ff:,ilf *)) (6.56)
As(t) _l- exlf+(+_£lf+ +i)) (6.57)
BB(t):k+ +k™ e)/((Fi(:/((f+ +k7)t) (6.58)
Comparing Ba(t) and Ag(t), it is clear that their ratio is constant:
28 :/Z—i:Keq (6.59)

Remarkably, this ratio holds at any moment in time t > 0 and not merely in the limit t — co0. Other
simple relationships for this reaction are

Aa(t) +Bg(t)=1+exp(—(k" +k7)t) (6.60)
and

Aa(t) —A
M: Keq (6.61)
BB(t) — Beq
where the normalized equilibrium concentrations of A and B are given by
k= 1

DTk 14Ky

A

(6.62)

and

(6.63)
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Example 6.2

In the case of two consecutive first-order reactions, the first being reversible and the second
irreversible,
ky ks
A—B—C (6.64)
ky
using the Laplace domain techniques, we can define the following analytical expressions for the
roots of the characteristic equation:

ki kg 0 (ke k) — 4k kg
p,m — 2

where subscripts p and m denote the roots with respectively the plus and minus sign, and verify
that (see Appendix) A, >k; >Amn >0 and 4, > ky > Am > 0. We then can write

Ao (k3 = Am) exp (—Amt) + Am (Ao — k3 ) exp (—Apt)

(6.65)

A(t) = K Uy — o) (6.66)
K (exp (—Amt) — exp (—4pt))
Ba(t) = p— P (6.67)
Calt) =1 _ﬂp(exp (—Amt) — Amexp (—Apt)) (6.68)
Ao — A
s () _k1 (exp (—Amt) — exp (—Apt)) (6.69)
Ao —Am
 Am(Ap— k3 ) exp (—Amt) + Ap (k3 — Am) exp (—Apt)
Ba(t) = U — ) (6.70)
oty =1- e =k) (exp(—im;) + /(1k2+ — ) e (~2pt)) (6.71)
p~ “m

The ratio Ba(t)/As(t) again equals the equilibrium coefficient, K.q, 1 = k; /k7 . Also, it is easy show
that
A(t) + Bg(t) = exp (—Apt) + exp (—Amt) (6.72)

Example 6.3

For the cycle of three reversible first-order reactions,

A——B——C——A, (6.73)

in the Laplace domain we can define the symbols
o1 =k{ +ky +ky +hky kg +kg (6.74)
2 =kiky +kyk; +hkyki +kiky +ky ks + ks ki + ki ks + ko ki + ks ky (6.75)
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and
A(s)=s(s* +o15+ 02) (6.76)

Then the transformed normalized concentrations Ax(t), Ba(t) and Ag(t) are given by

2+ (ki 4l vk + k) +s(krks + ks + ki kq)

L{AN}s) = A (6.77)
kis+ (kiky +kiky + ko k3 )

L{Ba}(s) = AG) (6.78)
kis+ (kiks +kiky +k3ks)

A - .
L{As}(s) A (6.79)
and the ratio of the latter two is

L{Ba}(s) kis+ (kiks +kik; +kyks)
L{As}(s) kys+ (kyky +kiky +kyks)

,ﬁ,1 : 7£7K (6.80)

Tk | Kk rkik vk kg sk | T k!

1+ k;

ks —ky ky ks

where the Onsager relationship, ki k; k; = k7 k5 k3, was used in the final step. Thus, for all s, the
ratio of L{Ba}(s) to L{Ag}(s) is fixed and equal to K.q 1. Since the inverse Laplace transform is
linear, the same ratio holds in the time domain:

Ba(t) ki

—5 g, 6.81
Ap(t) ky (6:81)
Similarly,
Co(t) Ky
=9 g 6.82
Be(t) ke’ (6:52)
and
Ac(t) _ kg
=3 =K, 6.83
Calt) kg o%? (6.83)
It is also possible to show that
An(t) +Bg(t) + Cc(t) =1+ exp (—Apt) + exp (—Amt) (6.84)

As an example, Fig. 6.7 shows the time dependence of the concentration ratios Ba(t)/Aa(t) and
Bg(t)/As(t) and the time-invariant ratio Ba(t)/Ag(t) for the isomerization of butenes analyzed
by Wei and Prater (1962), which can be represented by Eq. (6.73) where A=cis-2-butene,
B=1-butene, and C=trans-2-butene.
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Fig. 6.7

Time dependence of Bx/Aa and Bg/Ag and the time-invariant Ba/Ag for the isomerization
of butenes analyzed by Wei and Prater (1962, Eq. 129); A=cis-2-butene, B=1-butene;
the relative values of the rate coefficients are k; =4.623; k; =3.724; ky; =3.371; k7 =10.344;
ky; =1.000; k3 =5.616s". Reprinted from Yablonsky, G.S., Constales, D., Marin, G.B., 2011a.
Equilibrium relationships for nonequilibrium chemical dependences. Chem. Eng. Sci. 66, 111—114.
Copyright (2011), with permission from Elsevier.

This behavior is typical of all examples given here: if the initial normalized concentrations of the
system are (A, B, C) = (1,0, 0), the ratio Ba/A first increases from zero, eventually reaching the
equilibrium value. Note that for these parameters Ba/An slightly overshoots the limit value.
Similarly, when starting from (A, B, C) = (0, 1, 0), the corresponding ratio Bg/Ag decreases from
+00 and eventually reaches the same limit value, namely the equilibrium ratio. Surprisingly
though, the ratio Bo/Ag is equal to the equilibrium value for all times ¢t > 0.

Example 6.4
For the cycle of four reversible first-order reactions,
k: K K K
A== B——=C——D——A, (6.85)
ky k ks ky

the expressions become more complex, but verifying that in this case the fixed equilibrium ratios
also hold is straightforward given the Onsager relation, k{ky ks k, = k7 ks k3 k.

Again Eq. (6.81) holds and similar equations for Cg/Bc, Dc/Cp, and Ap/Da. Furthermore,

Calt) _kiks
Ac(t)  kiky

= eq,‘IKeq,Z (686)

and
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Dg(t)
BD(t)

In addition, similar to Eq. (6.83), we now have

= eq,2Keq,3 (687)

Aa(t) +Bg(t) + Cc(t) + Dp(t) =1+ exp (—Aq1t) + exp (—Aat) + exp (—A3t) (6.88)

6.5 Generalization. Symmetry Relations and Principle
of Detailed Balance

6.5.1 Introduction

The equilibrium relationships for nonequilibrium chemical dependencies described in
Section 6.4 are directly related to Onsager’s famous reciprocal relations. In fact, such relations
already had been introduced in the 19th century by Thomson (now Lord Kelvin) and
Helmbholtz, but Onsager (1931a,b) developed the background and generalizations to these
reciprocal relations. In his influential papers, Onsager also mentioned the close connection
between these relations and the detailed balancing of elementary processes: at equilibrium,
each elementary process should be balanced by its reverse process.

According to Onsager’s work, the fluxes near chemical equilibrium are linear functions of
potentials and the reciprocal relations state that the matrix of coefficients of these functions is
symmetric. It is impossible to measure these coefficients directly. In order to find them, the
inverse problem of chemical kinetics, which is often ill posed, needs to be solved. Sometimes it
is possible though to find them directly in what we call dual experiments.

Here we will demonstrate how general reciprocal relations between measurable quantities can
be formulated. These relations between kinetic curves use the symmetry of the so-called
propagator in the entropic scalar product. A dual experiment is defined for each ideal kinetic
experiment. For this dual experiment, the initial data and the observables are different

(their positions are exchanged), but the result of the measurement is essentially the same
function of time.

6.5.2 Symmetry Between Observables and Initial Data

In the original form of Onsager’s relations, the vector of thermodynamic fluxes J and the vector
of thermodynamic forces F are connected by a matrix L that is symmetric in the standard scalar
product:
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The vector F is the gradient of the corresponding thermodynamic potential:

0

F.—=——
' 8)(,'

(6.90)

where F; is the ith thermodynamic force and x; is any variable with respect to component i. For
isolated systems, @ is the entropy.

For finite-dimensional systems, such as in chemical kinetics, the dynamics satisfy linear kinetic
equations or kinetic equations linearized near the equilibrium:

de
—=k 6.91
7 ke (6.91)

where ¢ is a column vector containing the concentrations of N, reacting chemical components
and k is a matrix of kinetic coefficients with

0D
ki=Y Lie—
/ - lac,-c_,-

(6.92)

that is,
k=L(D’®)_ (6.93)

This matrix is not symmetric but the product (chb)c k= (D2¢) L(chb)c is symmetric

and thus k is symmetric in the entropic scalar producetq ™ b
(a|kb),=(ka|b),, (6.94)
where
o
(alb)y=—> ai5— b; (6.95)
= iCj

Generalizations to spatially distributed systems in which transport processes occur,
inhomogeneous equilibria and nonisotropic and non-Euclidian spaces can also be made (see
Yablonsky et al. 2011b).

Real functions of symmetric operators are also symmetric. In particular, the propagator exp (k¢)
is symmetric. Therefore, we can formulate reciprocal relations between kinetic curves as
symmetry relations between observables and initial data (the observables-initial data
symmetry). Because these relations do not include fluxes and time derivatives, they are more
robust.
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As a result of the function exp (kf) being symmetric, Onsager’s relations, Eq. (6.94), directly
imply that

(a|exp (kr)b) ,=(exp (kt)a|b), (6.96)
The expression
c(t) =exp (k)b (6.97)

is a solution to the kinetic equations (6.91) with initial conditions ¢(0) = b. The left-hand side of
Eq. (6.96) represents the result of an experiment in which we prepare an initial state ¢(0) =b,
start the process from this state, and measure (a|c()), the scalar product of vector a on a state c.
On the right-hand side of Eq. (6.96), the positions and roles of b and a have been exchanged: we
start from the initial condition ¢(0) = a and measure (b|c(¢)). The result is the same function of
time. This exchange of the initial state and the observed state transforms an ideal experiment
into another ideal experiment. The left- and the right-hand sides of Eq. (6.96) represent different
experimental situations with identical results.

We consider a general network of linear monomolecular first-order reversible reactions,
A;2A; withi=1, 2, ..., N.. This network is represented as a directed graph (Yablonskii
etal., 1991) with nodes corresponding to components A; (i=1, 2, ..., N.). The kinetic equations
have the standard form

N,
dCA[ <

Tdr > (kiviica,,, —kisicica,) (6.98)
=1

where c,, are the concentrations of components A; and k; ;. and k;_;., >0 are the reaction
rate coefficients for respectively the reactions A;— A;;; and A, — A,

The principle of detailed balance (time-reversibility, see Section 6.1.4) means that there exists a
positive vector of equilibrium concentrations, ¢4, eq > 0, such that for all i

ki 1—iCA; 1,0 = kiit 1CA;eq (6.99)

The following conditions are necessary and sufficient for the existence of such an equilibrium:

* Reversibility (in the sense that if transition A — B exists, then transition B — A also exists):
if k;_,;.1 >0 then k;_,;,; >0;

* For any cycle Aj2A,2--2Ay, 2A,, the product of the rate coefficients of the forward
reactions is equal to the product of the rate coefficients of the reverse reactions:

N N.
[[#hi-iei =]k (6.100)
i=1 i=1

where ky. +1—n, = ki—n,. This is the Wegscheider relation (Wegscheider, 1901).
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It is sufficient to consider a finite number of basic cycles in Eq. (6.100) (Yablonskii
et al., 1991).

The entropic scalar product for the free entropy is

(a|b)¢:ZaA’—bA’ (6.101)

i CAI ,eq

Let ¢*(¢) be a solution of Eq. (6.98) with initial condition ¢®(0) =a. Then the reciprocal
relations, Eq. (6.96), for linear systems with detailed balance take the form

4 b
3 bac, (1) _ oA 1) (6.102)

7 CAieq i CAi.eq

We now compare two experimental situations:

(1) A process starts with only A, and we measure the concentration of A,. The result is ¢} (1)
(How much A, is produced from the initial A,?).

(2) A process starts with only A, and we measure the concentration of A,,. The result is cgq (1)
(How much A, is produced from the initial A,?).

The results of this dual experiment are connected by the equality

i, () 4,0

CAeq  CA,eq

(6.103)

It is much more straightforward to experimentally check these relations between kinetic curves
than it is to check the original Onsager relations between kinetic coefficients. Specific examples
of such relations have been presented in the Section 6.4 and in Yablonsky et al. (2011a).

For many real chemical and biochemical processes some of the elementary reaction steps are
virtually irreversible. For these processes, the microreversibility conditions (see Section 6.1.4)
are not applicable directly. Nevertheless, such systems may be considered as limits of systems
with detailed balance with some of the kinetic coefficients tending to zero if and only if (1) the
reversible part of the system satisfies the principle of detailed balance and (2) the irreversible
reactions are not included in oriented cyclic pathways. This is a weak form of detailed balance
without the necessary existence of a positive equilibrium. See Yablonsky et al. (2011b) for
more detailed information.

6.5.3 Experimental Evidence

The validity of the reciprocal relations was shown by Yablonsky et al. (2011b) using the
technique of Temporal Analysis of Products (TAP) developed by Gleaves in 1988 (Gleaves
et al., 1988; see Chapter 5). The reactor used was a so-called thin-zone TAP reactor (TZTR), in
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which a thin catalyst zone is packed between two inert zones. The reaction studied is part of the
reversible water-gas shift reaction, H,O + CO 2 H; + CO,, taking place over an iron oxide
catalyst.

In a TZTR, diffusion in the inert zones on both sides of the thin catalyst zone must be accounted
for. The Knudsen regime in these zones guarantees linear behavior, so that the resulting outlet
fluxes can be expressed in terms of convolutions. Switching to the Laplace domain greatly
facilitates the analysis, and it can be proven that the following equality holds in terms of the exit
flux of B given a unit inlet pulse of A, Jg,, and the exit flux of A given a unit inlet pulse of B,
J Ag-

K (cosh,/5714) (/73,8 sinh \/5735.5) L{/p, } (6.104)
“ (cosh /571 8) (\/73.asinh /573, 4) L{J A, } ’

& ,le

where 7; g = with ¢; the void fraction of zone i, L; its length, and D.¢ g the effective

eff,G
diffusivity of gas G (A or B) with A denoting CO and B CO,. In the Fourier domain, the results

of Fig. 6.8 are obtained. The real and imaginary parts of the right-hand side of Eq. (6.104) are
plotted, with error bars corresponding to three times the standard deviation estimated from
resampling the exit flux measurements 10,000 times using their principal error components.
Ideally, all imaginary values should be zero and zero indeed is within all the confidence
intervals. Furthermore, the smallest error in the real parts occurs for the second frequency,

1.5 =
Real | ) i [ 1 1
1 I L | L
z
g 05
X
-Imag
0 2 -
-0.5
2 4 6 8 10
Frequency (Hz)
Fig. 6.8

Real and imaginary parts of Fourier domain result values for the “B from A to A from B” ratio
(Eq. 6.104), as a function of the frequency f in Hz (so that w =2xaf, s=iw). The error bars were
obtained from 10,000 resampled measurements. From Yablonsky, G.S., Gorban, A.N., Constales, D.,

Galvita, V.V., Marin, G.B., 2011b. Reciprocal relations between kinetic curves. Europhys. Lett. 93,
20004-20007. Copyright (2011), with permission.
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2.2 Hz. The confidence interval at this frequency lies well within the others, providing
confirmation that the same value for all frequencies is obtained (within experimental error).
Summarizing, this experimental result can be considered as one of few straightforward proofs
of the validity of Onsager’s reciprocal relations for chemical reactions.

6.5.4 Concluding Remarks

The operator, exp (kf), is symmetric in the entropic scalar product. This enables the formulation
of symmetry relations between observables and initial data, which can be validated without
differentiation of empirical curves and are, in that sense, more robust and closer to direct
measurements than the classical Onsager relations. In chemical kinetics, there is an elegant
form of symmetry between “A produced from B” and “B produced from A”: their ratio is equal
to the equilibrium coefficient of the reaction A 2 B and does not change in time. The symmetry
relations between observables and initial data have a rich variety of realizations, which makes
direct experimental verification possible. This symmetry also provides the possibility of
extracting additional experimental information about the detailed reaction mechanism through
dual experiments. The symmetry relations are applicable to all systems with microreversibility.

6.6 Predicting Kinetic Dependences Based on Symmetry and Balance
6.6.1 Introduction

In this section a strategy is described for predicting the temporal evolution of a complex
chemical reaction that is described by a linear model, based on known equilibrium coefficients
and selected known temporal concentration dependences. Such a model may relate to a linear
mechanism, for example, a set of monomolecular reactions.

Sections 6.4 and 6.5 were devoted to a new type of relations between kinetic dependences that
are obtained from the symmetrical initial conditions during the course of a so-called dual
experiment. This result is the consequence of Onsager’s reciprocity for linear (or linearized)
kinetics of the type dc/dt = ke (Eq. 6.91) with k symmetric in the entropic scalar product given
by (a|kb),=(ka|b), (Eq. 6.94) if isothermal and isobaric conditions are assumed.

This form of Onsager’s reciprocity implies that the time shift operator, exp(k?), which generates
reciprocal relations between kinetic curves, is also symmetric. Obviously, the next step is to
address the following questions (Constales et al., 2015):

¢ Isitpossible to find all transient dependences based on a known equilibrium composition or
on known equilibrium coefficients using this approach?

*  How many kinetic dependences do we have to determine for this purpose in addition to the
equilibrium coefficients?
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* How can the unknown kinetic dependences be determined based on the ones
already known?
* Is this procedure always successful?

In this section, some of these questions are answered.

6.6.2 Theoretical Model

We start from the linear kinetic model of Eq. (6.91):

dc
T ke (6.105)
which is related to a system of monomolecular reversible first-order reactions, A;2A; | with
i=1,2,---,N.. Every nondiagonal element of the kinetic matrix is the rate coefficient of

a reaction. For example, the element (1,2) represents the rate coefficient ki, of the reaction
A — A,. As aresult of mass conservation, each column of the matrix must sum to zero, so that
the diagonal element in each column contains minus the sum of all rate coefficients that are
not on the diagonal. For example, the element (2,2) contains the value — (ko1 +ka—3 + ---kon, ).

The two main properties of the kinetic model are the mass balance for the concentrations,

Ne N.
D ea=coor Y Ai=1 (6.106)
i=1 i=1

and the symmetry of the kinetic operator k,

N, N N
Hki—>i+1 = Hki+1—>i or HKeq,i—>i+l =1 (6.107)
i=1 i=1 i=1

The mass balance can be used to verify that all participating components had been identified
and accounted for in the model.

6.6.3 Matrix of Experimental Curves

Mathematically, the fact that the symmetry of the kinetic operator k determines symmetry
relationships between observed experimental dependences is based on the fact that entire
functions of symmetric operators are also symmetric, which means that the characteristic
exp(k?), the propagator, is also symmetric. The propagator coincides with the matrix of
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observed experimental curves. For example, for a system consisting of three components
(N.=3), A, B, and C, with reactions A 2B 2 C 2 A, this matrix is the 3 X 3 matrix

AxD
BAD) Ba() (6.108)

Cal) Cg(t) Cc(®)

with the same initial components in the columns and the same products in the rows. For
example, A(?) denotes the dependence of the normalized concentration of component A,
starting from pure species A, BA(¢) that of B starting from A, and so on. In the general case of N,
components, the propagator matrix is an N, X N, matrix of similar form. The symmetry of this
matrix for the entropic scalar product (.|.) means that, for example,

B

Ba(1) = Ap(1) = = Ap(1)Keq ac2n (6.109)
eq
Together with the balance requirement
A(t)+B(t) +C(t) =Acq+Beg +Ceq =1 (6.110)

this can be directly applied to the problem of predicting the transient regime from arbitrary
initial conditions based on the known equilibrium composition and a limited amount of
transient information. If, for example, in this case Ag(f), Ac(f), and Bc(f) (shown framed in
Eq. 6.108) are known, we can first use symmetry to determine their counterparts, B (7),Ca(?),
and Cg(?) using Eq. (6.109) and equivalents thereof, and then the remaining three concentration
dependences can be found from the balance equations

Ax()=1=Ba(t) = Ca(t) (6.111)
Bs(f)=1—Ag(t) — Cs (1) (6.112)
cc(t)=1—Ac(t) = Be() (6.113)

To illustrate this approach for the prediction of kinetic dependences, we will use the mechanism
of the isomerization of butenes over a pure alumina catalyst analyzed by Wei and Prater
(1962, p. 257) , see Example 6.3 in Section 6.4. Let us assume that the three equilibrium
coefficients are known, together with the three dependences Ag(#), Ac(?), and B¢(f) (framed in
Eq. 6.108). Fig. 6.9 shows how symmetry is used to determine B (f) from Ag(¢). Similarly,
CA(?) can be obtained from Ac(¢) using symmetry. Then A(¢) follows from Ba(#) and C ()
using the balance equation (6.111).
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Fig. 6.9

Dependences Ag(t) assumed known and Ba(t) = Ag(t)Keq, o= obtained from symmetry;
Keq,AeB = 0.4469. Reprinted from Constales, D., Yablonsky, G.S., Marin, G.B., 2015. Predlicting kinetic
dependences and closing the balance: Wei and Prater revisited. Chem. Eng, Sci. 123, 328—333. Copyright (2015),

with permission from Elsevier.

A similar procedure is used to determine the two remaining dependences, Bg(#) and C(?).
All dependences have been plotted in Fig. 6.10. The concentration dependences A (7), Ag(?), and
Ac(?), all tend to A4 and similar statements can be made for the concentrations of B and C.
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Fig. 6.10

Dependences Ag(t), Ac (t), and B¢ (t) that are assumed known; their counterparts Ba(t), Ca(t),
and Cg(t) that are obtained by symmetry; and the diagonal element dependences Ax(t), Bg(t) ,and Cc
(t) that are obtained from the balance equation. Reprinted from Constales, D., Yablonsky, G.S., Marin, G.
B., 2015. Predicting kinetic dependences and closing the balance: Wei and Prater revisited. Chem. Eng. Sci. 123,

328-333. Copyright (2015), with permission from Elsevier.
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6.6.4 General Considerations

Now we are ready to answer the questions posed in the beginning of this section. In general,
when N, components are involved, the upper triangle of concentration dependences in the
matrix of experimental curves contains all A, (¢) with 1 <i <N, which means there are
N¢(N. —1)/2 elements in this upper triangle. For instance, for N, = 3, there are three elements
in the upper triangle: Aja,,A;a,, and Asa, (or Ap, Ac, and B in our example). From these
elements, their counterparts (B 5, Ca, and Cg) in the lower triangle of the matrix can be uniquely
determined using symmetries. Then in each column, all elements except the diagonal ones (A4,
Bg, and C¢) are known. These can now be determined using balance. Consequently, the
concentration dependences in the upper triangle are a basis for all matrix elements.

For other sets of N.(N. — 1)/2 elements, we need to investigate whether these too can be used
as a basis. Clearly, two symmetric elements cannot occur in such a set simultaneously, nor
can all elements in one column or in one row be part of the same basis. For N, = 3, the following
sets of three elements with none in the lower triangle, fail to be a basis:

0 og [ ]
0 ]

]

For the second selection, this is due to the fact that the (3,2) entry is determined from the (2,3)
element through symmetry and also independently by the balance of the second column.
Therefore, the selected elements are not independent and thus do not form a basis. The other
nonlower-triangle sets are bases, and in most cases this is easy to prove by applying
symmetry and balance; such cases are trivial. However, the set of diagonal elements is also
a basis, but a nontrivial one. If we use this basis to express, for example, the elements Ag(#) and
BA(t), we obtain

2Beq (A(1) = Acq) = 2Aeq (Ba(f) — Beg)
= Ceq(Cc(r) = Ceq) — Acq(AB(t) — Acq) — Beq(Ba(f) — Beq) 6.114)

Constales et al. (2015) have analyzed each case for N, = 3 using Maple to solve the system of
linear equations expressing symmetry and balance. Finding a solution means that the chosen set

is a basis. Among the 20 = (2) possible choices, there are three nonbases (listed previously)
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and thus 17 bases. A similar exhaustive search for N, =4 involves 210 = (1

60 > candidates.

Table 6.5 summarizes results for a system containing from two to six components.

Table 6.5 Bases for concentration dependences in systems containing N. components
(Constales et al., 2015)

N, Candidates Bases Nontrivial
2 3 3 0

3 20 17 1

4 210 141 16

5 3003 1548 252

6 54,264 21,169 4362

6.6.5 Checking Model Completeness

6.6.5.1 Closing the mass balance

In many cases, closing the mass balance of a multicomponent chemical system is a challenge
for the experimental chemist. This is caused by the difficulty that the measured
concentrations of some reaction components, typically those present in small amounts, are
rather inaccurate and often irreproducible being overloaded with experimental errors. The
results of the present analysis provide an interesting method of closing the mass balance, based
on measurements of only one or a few reaction components in several experiments. We
illustrate this procedure for a mixture of three components (N, = 3) using the data of Wei and
Prater (1962) as previously, and adding a 2% normally distributed experimental error to the
calculated concentration dependences, sampled at 0.01 conventional time intervals. The goal
then is to obtain a linear equation,

AA+aAB+[}AC:y (6115)

where a and f are weights of experimental dependences and y is the total normalized
concentration (a balance constant) to be determined. The true values of these parameters are
a=Acq/Beq =Keqa2B, f=Acq/Ceq=Keqazc, and y = 1. These parameters can easily be
calculated from the values of A(7), Ag(f), and Ac(¢) at three or more different moments in time,
applying a least-squares method to a system of linear equations. For the example plotted in
Fig. 6.11, the results obtained are a=0.4135, f=1.703, and y =0.9980. Comparing these
values with the true values: a=0.4469, =1.666, and y =1.000, the usefulness of the
procedure is clearly established, proving that the mass balance can be closed effectively based
on the measurement of the concentration of a single component during a small number of
experiments.
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Fig. 6.11
Example of closing the balance: simulated data of observed values of Ax(t), Ag(t) ,and Ac(t)
with normally distributed errors. Reprinted from Constales, D., Yablonsky, G.S., Marin, G.B., 2015.
Predicting kinetic dependences and closing the balance: Wei and Prater revisited. Chem. Eng. Sci. 123, 328333,
Copyright (2015), with permission from Elsevier.

6.6.5.2 Completeness test

Closing of mass balances is one way of checking the completeness of a model. However, the
following independent test can also be used for linear models. It is based on the fact that
the trace of an entire function of a matrix is equal to the sum of its eigenvalues, f (4;) + ---f (An, ).
In our case, the trace tr(¢) of the matrix exp(k?) is then necessarily equal to the sum of all
exponential decays corresponding to the eigenvalues of k with coefficients 1, that is,

N
tr() =) _ exp(At) (6.116)
i=1
For example, for N, =3,
tr(f) = ca, (1) + ¢, () + cco (1) = 1 + M + o™ (6.117)

T
Ty 2

We try and fit y (1 + Ml et ) to experimental data obtained for the sum ¢, (1) + cp, (£) + cc.. (1)
through the parameters y, 4;, and 1,. A successful fit for the example from Wei and Prater
(1962) with N. = 3 is shown in Fig. 6.12. If the normalized concentrations do not add up to the
balance value of one (see Eq. 6.106), this means that one or more components have not been
accounted for.

We can thus distinguish two tests involving the trace. The preliminary test, 77, is used to
confirm that the ratio tr(0)/tr( +o0) equals N, so that there is no visible deficit. The stronger
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Fig. 6.12
Successful completeness test for N.= 3. Reprinted from Constales, D., Yablonsky, G.S., Marin, G.B., 2015.
Predicting kinetic dependences and closing the balance: Wei and Prater revisited. Chem. Eng. Sci. 123,
328-333, Copyright (2015), with permission from Elsevier.

test, T, is then used to determine whether the trace can be fitted sufficiently well by a sum of
exponentials with real rate coefficients. The following can be stated about these tests:

» If the system is complete, there can be no balance deficit that can be attributed to
unobserved components, hence 7| must be fulfilled, whether the system is linear or not.

» Ifthe system is linear and there is detailed balance, T, must be fulfilled since the principle of
detailed balance implies that all eigenvalues are real.

» If the system is linear, but there is no detailed balance, some eigenvalues may be nonreal
complex and then T, fails, but this is not necessarily the case.

» If the system is linear and incomplete, 7, will certainly fail, as will the stronger test 7.

* Ifthe system is nonlinear and complete, T will hold, but it is uncertain whether T, will hold.

» If the system is nonlinear and incomplete, the validity of both T and T, is questionable.

Table 6.6 summarizes the interpretation of tests T and T5.

Table 6.6 Summary of the validity of the tests T; and T,

T, T,

Nc

tr(0) -N tr(t) = Z exp (4it), 4 <0

System tr(+o0) ¢ i=1

Linear, complete, detailed balance + +
Linear, complete, no detailed balance +

Linear, incomplete — —
Nonlinear, complete + ?
Nonlinear, incomplete ? ?

Note: +, pass; —, fail; ?, pass or fail.
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6.6.6 Concluding Remarks

The strategy for predicting the temporal evolution of a complex chemical reaction described in
this section is based on the application of mass balances and symmetry relations between
concentration dependences, starting from extreme initial values of the concentrations. The
results obtained may be very useful for advanced analysis of complex chemical reactions and
can be applied to the analysis of linear models of reversible reactions in plug-flow reactors
and in the linear vicinity of nonlinear complex reversible reactions both in batch reactors
(closed systems) and in plug-flow reactors. They can also be applied to the analysis of
pseudomonomolecular models of the Langmuir-Hinshelwood-Hougen-Watson type for
reversible reactions.

6.7 Symmetry Relations for Nonlinear Reactions
6.7.1 Introduction

The previous sections were devoted to linear reaction models. In this section, we present an
analysis of nonlinear reactions that was performed by Constales et al. (2012).

For the general single reversible reaction
> A=) BB (6.118)
where A; are reactants, B; are products, and a; and f; are the absolute values of their

stoichiometric coefficients, the following well-known stoichiometric relationship holds:

1 chI N 1 Cl’CA2 N N 1 dCBI i 1 dCB2
ap dt  adt  pydt B, dt

_ (6.119)

There are only six possible single reaction types with first- or second-order kinetics and these
are listed below together with their so-called kinetic balances, which readily follow from
Eq. (6.119):

*  First-first order:
A2B A+B=1
*  Second-first order:

2A—B A+2B=1
A+B—C A+B+2C=1 B—A=A
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* Second-second order:

2A—2B A+B=1
A+B=—2C A+B+C=1 —A
A

B A
A+B—C+D A+B+C+D=1 B—

— Aleft D—C= Aright

In this list, reactions that can be obtained by renaming the components participating in the
reactions or by reversing the reactions are omitted from the list. For example, there is no
reaction A=2B + C in the list because this is a variation of A+ B=2C. A, B, C, and D represent
the normalized concentrations of components A, B, C, and D. The symbol A denotes the
constant difference between two normalized concentrations.

6.7.2 Single Reversible Reactions

6.7.2.1 First-first order: A= B

This type of reaction, a simple example of which is the isomerization reaction
cis-C4Hg 2 trans-C4Hg, was analyzed in Section 6.4.2, Example 6.1, Egs. (6.55)—(6.63).

Using Ay =1 —Bx and Acq = 1 —Beg, Eq. (6.61) can be rewritten as

BA(f) = Beq = —Keq (Bg(t) — Beq) (6.120)
with
k* B
Keq:k—_:A:E;; (6.121)

Thus, plotting B (#) versus Bg(t) yields a straight line with slope —K.q from (Bg, Ba) = (1,0) to
(Bg,Ba) = (Beq, Beq). In particular, at all times the lower deviation, (Beq —B A(t)) is Keq
times the upper deviation, (BB(t) —Beq) (see Fig. 6.13). This and subsequent plots can be
interpreted as special phase trajectories for dual experiments.

6.7.2.2 Second-first order: 2A < B

Examples of this type of reaction are the dimerization reaction 2CH;z 2 C,Hg and association
reactions 2H 2 H,, 20 2 O, and 20H 2 H,0,. The kinetic balance for this type of reaction
is A(7) +2B(t) = 1. In order to reach the equilibrium concentrations, both dual experiments
must start from the same absolute amount of matter. Hence, the first experiment starts from
reactant A: (A,B)=(1,0) and the second from the product B: (A,B)=(0,1/2). The concentration
of the product will be diluted. However, the total mass will be the same because the
molecular mass of B is twice that of A. In both cases, the kinetic balance is fulfilled.
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Trajectories Ba versus Bg for the reaction A2 B for different values of K.q. Reprinted from Constales,
D., Yablonsky, G.S., Marin, G.B., 2012. Thermodynamic time invariants for dual kinetic
experiments: nonlinear single reactions and more. Chem. Eng. Sci. 73, 20—29, Copyright (2012), with permission
from Elsevier.

The nonlinear differential equation for component A in normalized form is

‘2—?: —2k*A* (1) + k(1 —A(2)) (6.122)

which can be solved by quadratures (see Constales et al., 2012). The solutions for the
normalized concentrations as a function of time then are

+
\/8Keq + 1+ tanh (%\/8K6q+ 1>

k*t
\/8Keq + 1+ (4Keq + 1) tanh (7‘ /8Keq + 1>
k*t
2Keq tanh 7 \/ 8Keq +1
k*t
/8Keq+ 1+ (4Keq+ 1) tanh (7. /8Keq + 1>
k*t
2tanh 5 /8Keq+1
k*t
\/8Keq + 1+ tanh 7\/8Keq+ 1

AA(I) =

(6.123)

BA(f) = (6.124)

Ag(f) = (6.125)
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The equilibrium coefficient can then be expressed as

Ba(1)
Keygy=——"—"— 6.126
" An () An() (6120
Furthermore,
1/8Keq+1—1
=-v_ 9 (6.127)

2 B+ 141

and if we plot B(7) versus Bg(f) = (1 —Ag())/2 the curves lie on a branch of a rectangular
1
hyperbola with axes parallel to the coordinate axes, the horizontal one being B = 3 with the

1 1
—’Beq S —
\/8Keqg+1—1 8Keq+1+1
(BegsBeg)- In particular, for large ¢ the lower deviation (Beq —Ba (t)) is 2B, times the upper
deviation, (Bg — Beq) (see Fig. 6.14).
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Trajectories Ba versus Bg for the reaction 2A 2 B for different values of K.q. Reprinted from Constales,
D., Yablonsky, G.S., Marin, G.B., 2012. Thermodynamic time invariants for dual kinetic
experiments: nonlinear single reactions and more. Chem. Eng. Sci. 73, 20-29, Copyright (2012), with permission
from Elsevier.
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6.7.2.3 Second-second order: 2A = 2B

Examples of this type of reaction are second-order isomerization reactions. The kinetic balance
is A(t) + B(t) = 1, which is the same balance as for the first-order reaction A 2 B and offers
no difficulties regarding the initial values: (1,0) and (0,1). The differential equation for
component A in normalized form,

62—?: 2kt A2 (1) + 2k (1 — A(0))° (6.128)

can be reduced in quadratures, so that

1
Ax(r) = 6.129
A0 1+ /Kegtanh (20v/k k") (€129
Ba(r) = /Keqtanh (260v/k k) (6.130)
T 1+ /Kogtanh 20Kk '
[1
K—tanh (2t\/ k+k_)
Ag(r) = eql (6.131)
1+, /——tanh (2t\/k+k*)
\/ Keq
1
By(1) = 1 (6.132)
1+, /——tanh (2t\/k+k—)
\/ Keq
Consequently,
BA(t)BB t
Keg = 6.133
= Aa(0As (1) (€139
With
K.
Beg= 1 (6.134)
1+ /Keq

and plotting B A (¢) versus Bg(t), these curves lie on a branch of a rectangular hyperbola with axes
Keq Keq
Keg— 1" Keq—1)’

_ Keq _ Keq Ky
o) o)

parallel to the coordinate axes and center at (Bg, BA) = <
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from (Bg, Ba) = (1, 0) to (Beg, Beg). In particular, for large 1, the lower deviation (Beq —Ba(t))
equals the upper deviation (Bg(f) —Beq) (see Fig. 6.15).

1 T T T T
Keq
0.125
0.25
08I o5 \ i
1.0 o
20— e
06l &0 \\ -
o 2 \ "
< ’ \\
Q ¥ \.
\ 1
04} N
. \ v
\ : N
02} S h H
A N
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1
Bg
Fig. 6.15

Trajectories B versus Bg for the reaction 2A 2 2B for different values of K.q. Reprinted from Constales,
D., Yablonsky, G.S., Marin, G.B., 2012. Thermodynamic time invariants for dual kinetic
experiments: nonlinear single reactions and more. Chem. Eng. Sci. 73, 20—29, Copyright (2012), with permission
from Elsevier.

6.7.2.4 Second-first order: A+B=C

An example of this type of reaction is O + HeOH. In this case, two balances must be satisfied:
the kinetic balance, A(f) + B(t) + 2C(r) = 1, as before, but also the balance expressing the
difference B(t) —A(t), which is constant during the reaction. Without loss of generality, we
assume that A <B (A is the reactant with the smallest concentration) and we can write
B(t)=A(r)+A.

The essential difference of this reaction compared to the ones described earlier, is that now
the forward reaction involves two different components, resulting in a specific feature of
the dual experiments, namely that the same reactant has to be chosen as the one with the
smallest concentration in both experiments. To determine the trajectories of the experimental
curves
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* both experiments must involve the same total amount of A, B, and C;

* each of the dual experiments must start from the maximum possible value of A in case of the
trajectory starting from A (and B), and the maximum possible value of C when starting
from C;

* the A values of both experiments must be the same.

These requirements together are essential for tuning the dual experiments to obtain an elegant
result.

Thus, for the trajectory starting from A, the maximum initial concentration of A that satisfies
B — A = Ais chosen. Together with the kinetic balance, this concentration can be determined to
be (1 —A)/2. The maximum initial concentration of C that satisfies both balances is also

(1 —A)/2. Thus the initial compositions are,

* starting from A: (Ax(0),BA(0),CA(0))=((1—A)/2,(1+A)/2,0)
+ starting from C: (Ac(0),Bc(0),Cc(0)) =(0,A,(1 —A)/2)

In both experiments the value of A is the same, Bo —Ax = B¢ —Ac = A. Furthermore, in both
experiments the total concentration is the same, A + B+ 2C = 1, so that there is full consistency
between the dual experiments. In the special case that A is zero, the reactant composition is
stoichiometric, A = B, which leads to an elegant time invariance in the form

_ Ca(y)
= m (6.136)

6.7.2.5 Second-second order: A+Ba2C

An example of this type of reaction is H+ HO, @20H. In this case again, two balances must be
satisfied: the kinetic balance, A(7) + B(¢) + C(t) = 1 and B(¢) — A(¢) = A. Again we assume that
A is the reactant with the smallest concentration, resulting in the following extreme initial
conditions for the dual experiments:

 starting from A: (A5(0),BA(0),CA(0))=((1—A)/2,(1+A)/2,0)
 starting from C: (Ac(0),Bc(0),Cc(0)) =(0, A, (1 —A))

Reduction to quadratures leads to the time invariance

_ Ca()Cc(1)

o = oaWEcll) 6.137
q Ac(Z)BA(Z) ( )

6.7.2.6 Second-second order: A+B=2C+D

An example of this type of reaction is O3 + OH2HO; + O,. Besides the kinetic balance,
A(t) +B(1) + C(t) + D(t) = 1, there are now two supplementary balances, in the form of constant
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concentration differences, one on the left side of the reaction equation and one on the right side.
Without loss of generality, A and C are assumed to be the reactants with the smallest
concentration on the left and the right, so A <B and C <D. Then, with A" and A"&" the
constant concentration differences, B(r) = A(r) + A" and D(t) = C(r) + A", with the special
stoichiometric case for A = ATt — (). In this case, the extreme initial conditions are

. (AA(O),BA(O),CA(O),DA(O)) —_ ((1 _ Aleft _ Aright)/z’ (1 + Aleft _ Aright) /2’0’Aright),
starting without C present.

. (Ac(O),Bc(O),Cc(O),Dc<0)) — (07 Aleft’ (1 _ Aleft _ Aright)/z’ (1 _ Aleft +Aright) /2)’
starting without A present.

The time invariance obtained by reduction to quadratures is

Ca(t)Dc (1)

Keq - Ac(I)BA(I)

(6.138)

Fig. 6.16 illustrates the validity of this result showing plots of all concentration curves present
in Eq. (6.152). All these trajectories change with time, but Eq. (6.138) is invariant. Comparing
Dc(1)

as a correction factor.
Ba(t)

this equation with Eq. (6.121), we can interpret

0.6 | |

CA

DC =

05}
S \ R
a By
8 (CADC)(AcBA) —
C
1
pe)
(0]
N
g 02
S
z
01}
O 2 i e .7 ..... I | |
0 0.1 0.2 0.3 - J
Time (s)
Fig. 6.16

Trajectories Ca, D¢, Ac, and By versus time and the invariance (CaDc)/(AcBa) for the reaction
A+B2C+D; k*=2s""; k- =10s""; At =0.3; Arsht = 0.2. Reprinted from Constales, D., Yablonsky,
G.S., Marin, G.B., 2012. Thermodynamic time invariants for dual kinetic experiments: nonlinear single reactions

and more. Chem. Eng. Sci. 73, 20—29, Copyright (2012), with permission from Elsevier.
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6.7.3 Two-Step Reaction Mechanisms

6.7.3.1 Catalytic reaction mechanism

The simplest catalytic reaction mechanism is the Temkin-Boudart mechanism, which is a
single-route mechanism consisting of two reversible steps

k+
A+Z——AZ (6.139)
K
5
AZ——B+Z (6.140)
ky

and can be used to represent the overall reaction A 2 B (eg, an isomerization reaction). Here A
and B are the gaseous reactant and product of the reaction, and Z and AZ are catalytic surface
intermediates. Z represents a free active site and AZ represents adsorbed A. This mechanism is
linear, that is, in any reaction only one surface intermediate participates. For the concentration
of the surface intermediates, the site balance holds: I'y+ 1oz =1.

Under the assumption of quasi steady state (see Chapter 4), the rate of generation of every
surface intermediate is approximately equal to its rate of consumption, and the concentrations
of the intermediates can be eliminated from the kinetic equations describing the temporal
evolution of this reaction system, which can then be written in normalized form as (see
Section 3.6)

dA _dB  kikiA(r)— ki ky B(1)

——=—= 6.141
dt dt  kitA(t)+ki +k; +k; B(t) ( )
e ki k3 k7
with kinetic balance A(1) +B(t) =1, —=Keq,1, 7= = Keq,2, Keq,1Keq,2 = Keq and L™ =—.
ki ks ks
The following invariant equation can be obtained (see Constales et al., 2012):
1— Ba(?)
1 n Bey | _ (14+Keq) (Keqi L™ —1) 6.142)
AB(I)+BA(t) 1— B(t) (Keq,Z +L—) (1 +Keq,1 +Keq)
Acq
K
where Aeq =——— and Beg = A
1 +Keq 1+Keq

Fig. 6.17 illustrates this result. The function on the left-hand side of Eq. (6.142) is constant in
time even though the concentrations vary. As a special case, when K.y (L™ =1, that is, when
k{ =k5, the right-hand side vanishes and the linear case is recovered. Using Eq. (6.142), the
dependence BA(f) can be calculated knowing the dependence Ag(#).
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1.2 T
Ag
BA -
11 |
< |n((1-BA/Beq)/(’I-AB/Aeq))/(AB/BA) ——
g o8} o
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8 06}
e
(0]
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g 04}
[e]
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Flg 6. 17 k+ k+
Trajectories Ag and B, for the reaction mechanism A+ Z<:>AZ AZ—> B +Z along with the

ky K
left-hand side of Eq. (6.142); k; =8s™'; ky =4s™'; ky =4s™'; k, =1s"". Reprinted from Constales,
D., Yablonsky, G.S., Marin, G.B., 2012. Thermodynamic time invariants for dual kinetic
experiments: nonlinear single reactions and more. Chem. Eng. Sci. 73, 20—29, Copyright (2012), with permission
from Elsevier.

6.7.3.2 Two-step mechanism, triple experiment
K K
For the two-step mechanism A + B———’C———’D Constales et al. (2012) considered a triple
Ky ky
experiment consisting of three trajectories, defined using the principle of maximum initial
concentration:

+ the A trajectory: (Aa(0),Ba(0),Ca(0),DA(0))=((1—-A)/2,(1+A)/2,0,0)
* the C trajectory: (Ac(0),Bc(0),Cc(0),Dc(0)) = (0,A,(1—A)/2,0)
* the D trajectory: (Ap(0),Bp(0),Cp(0),Dp(0)) =(0,A,0,(1—A)/2)

The kinetic equations in normalized form are

62—?: —k[A(2)B(t) + k; C(¢) (6.143)
‘;_If — kT A(DB() +kC(1) (6.144)

ac R _
E:klA(t)B(t) — (ky +&5)C (1) +k;, D(1) (6.145)
D _rc(r) -k D) (6.146)

dt
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ki
Considering the first reaction, A+ B——C, separately, the thermodynamic time variance is
ky
Cal)
—————=Keq.1 (6.147)
Ac()Ba(t) ™
Equation (6.147) is also valid for this same reaction as part of the two-step complex reaction in
the domain of large time values, near the equilibrium of the complex reaction, as a result
of the principle of detailed balance. Intuitively, this same relationship has to be valid in the
domain of small time values in which the influence of the second reaction is insignificant.
This can be checked using power series solutions to the kinetic equations, by successive
derivation and substitution of initial values. Retaining the first two nonzero terms in the power
series, Constales et al. (2012) found that

K-8 k(A (k)

Ca(?) 2 g 1+ e (6.148)
ki (1—A) ki (1—=A)(kfA+k; +k5
AC([): 1(2 )t— 1( )( 18 1 2)t2+"' (6149)
1+A kf(1—A%
Ba(f)=—2 0 (=29 ... (6.150)
2 4
and thus
2
Ac(I)BA(l‘) kf 12/(17 ’
k+
which clearly tends to k_I* =Keq,1 as t— 0, confirming the initial assumption.
1

The expression for K., ; can be improved by correcting for the second term in Eq. (6.151).
Constales et al. (2012) also developed power series expansions for D (#), Ap(¢), Cp(f) and D (%),
which they used, together with the power series of Eqs. (6.148), (6.149), to deduce a power
series expansion of the Onsager-like quotient:

Da(#)Cp(t)Ac(r) 1+ kif(1—A)
Ap(t)Dc(f)Ca(t) 6

[t e (6.152)

For small ¢, the quotient in Eq. (6.152) is close to one. For large ¢, both the numerator and
the denominator tend to Dqq(1)Ceq(1)Acq(?) SO the quotient also tends to one. Now Eq. (6.152)
can be used to correct the second term in Eq. (6.151), relying on the additional power series
expansion
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(1-A) kf(1-4%)
2 4

An(t) = £ e (6.153)

to obtain

3_Del)_(DaCo0A) (V' _ (k) KHU-8)o,
2Ac(t)A(?) <AD(Z‘)DC(Z‘)CA(I) 1> - 12k; I+ (6.154)

Combination of Eq. (6.154) with Eq. (6.151) then yields the following expression:

Keq,l -

Cal(t) 3 Dc(1) <DA(t)CD(t)AC(t)_1>2 (6.155)

Ac()BA() T 2Ac(0)An (1) \Ap()De(1)CA (1)

The domain of validity of these approximations has yet to be determined. Constales et al. (2012)
hypothesized that such results hold for general reaction systems. Fig. 6.18 shows plots of
the trajectories Ca(f),Ac(t), and B A(#) and the right-hand side of Eq. (6.155) with only the first
term and with two terms.
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Fig. 6.18

Trajectories Ca, Ac, and Ba versus time and estimate of the ratio Ca/(AcBaKeq,1), first term in
Eq. (6.155) and its first-order correction (first two terms in Eq. 6.155) for the reaction sequence
A+B2C2D; ky =1s"; k; =0.2s7"; k; =0.55""; k; =0.2s"" and A=0.1). Reprinted from
Constales, D., Yablonsky, G.S., Marin, G.B., 2012. Thermodynamic time invariants for dual kinetic
experiments: nonlinear single reactions and more. Chem. Eng. Sci. 73, 20-29, Copyright (2012), with permission
from Elsevier.
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6.7.4 Physicochemical Meaning of New Invariances and Their Novelty

Table 6.7 summarizes the results of all reactions discussed in this section.

Table 6.7 Time invariances for the reactions considered

Reaction Invariance
K k*  Ba(t)
A—B Koy =—=
k= e k= AB(t)
K k* Ba(t)
2A—B K==’
k 9 k- AA(t)AB(t)
k* k*  Ba(t)Bs(t
2A—2B Kg=—=—7""17
k= 9 k- AA(t)AB(t)
ki ks
A——B:2A——2B _Eiz(KquA(f)AB(t)—BA(t)Bs(t))
ky ky k; KquB(t) —BA(t)
K k* Ca(t)
A+B—C(B—-A=A>0 K== "\7
= ( 20) Uk Ac(t)Bal(t)
K k* CA(t)Cc(t)
A+B——2C(B—A=A>0 K. —< _talt)tclt)
T ( B ) 9k Ac(t)BA(t)
K i k*  Ca(t)Dc(t
A+B:C+D(B*AZA'E&;D7C=AnghtZO) Keq:_:M
k= k= Ac(t)BA(t)
K ks _
PO . S (1+Keq) (Keg1L™ = 1)
k; k; (Keq,Z + Li) (1 + Keq,‘l + Keq)
. . Ba(t)
with quasi-steady state assumed for AZ. -
1 | Beq
= n
Ap(t)Ba(t) 1 _As(t)
Aeq

6.7.4.1 Constraints on dual experiments

There are two important requirements for performing dual experiments. First, the initial
conditions have to meet the fundamental requirement that for both experiments the values of the
equilibrium concentrations are the same. Therefore, both dual experiments must start with
the same amounts of atoms of each type, and thus with the same total mass.

Second, the initial conditions must have extreme values within the given balances. For
reversible reactions with one type of reactant and one type of product, for example, A 2 B and
2A 2 B, one of the dual experiments is performed starting from pure A and the other
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starting from pure B. For nonlinear reversible reactions with two types of reactants and one or
two types of products (A+B=2C, A+B22C, A+B=2C+D), the initial difference between
the reactant concentrations must be the same. For example, if we start one dual experiment for
the reaction A + B2C from a mixture of A and B with B in excess, A =B — A, with B> A,
then in the dual experiment starting from C, this same concentration difference A has to be
maintained. Therefore, the initial conditions of this second experiment must be A=0, B=A, so
C=1—A. Other initial concentration differences are given in Table 6.7.

6.7.4.2 Kinetic fingerprints

Based on the theoretical results presented in this section, Constales et al. (2012) have derived
kinetic fingerprints for distinguishing between the types of reversible reactions. This could be
done because every reaction is characterized by a specific time invariance, which has the
appearance of an equilibrium coefficient (see Table 6.7).

Special phase trajectories can also be used for distinguishing between reaction types. For the
reaction A 2 B, a linear dependence is found between the trajectories Ba(f) and Bg(¢) (see
Fig. 6.13). For the reactions 2A 2 B and 2A 2 2B (see Figs. 6.14 and 6.15), the dependence is
no longer linear, but in each case the curves form a family of conic sections, so that the
coincidence of data points with one of them is a fingerprint of the corresponding reaction. The
two families are highly distinct. For example, inspection of their tangent near equilibrium
provides a downward angle of 45 degrees as a fingerprint for the reaction 2A 2 2B.

Using phase trajectories for distinguishing between reactions is more visual in nature, while the
tests of the equilibrium coefficients are more numerical, but they are essentially equivalent.

6.7.5 Concluding Remarks

The construction of thermodynamic time invariances may offer an interesting tool in
distinguishing between different reaction types by comparing relationships between observed
temporal concentration dependences with the equations summarized in Table 6.7.

The example of temporal behavior of a single-route catalytic reaction shows promising results.
Apparently, many results obtained for single-route two-step catalytic reactions can be
transferred into results for single-route reactions with a linear mechanism under the assumption
of a quasi-steady-state kinetic regime regarding the surface intermediates.

The results obtained for an example of a multistep reaction with a nonlinear step,
A+B=2C=2D, show that we are still at the beginning of revealing the time invariances for
nonlinear mechanisms. What is known now is that the combination of temporal concentration
dependences obtained during a pair of dual experiments can be approximated in terms of a
power series expansion with the first term being the equilibrium coefficient. However, the
domain of validity of these approximations is yet to be determined.
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Appendix
o . . . I
The kinetic model for the mechanism of Example 6.2 in Section 6.4.2, A—B——C, can be
ky
written as d
CA _
Iz_erA’*'kl CB (A61)
d
%: k*ca—kyep —kien (A6.2)
cc=1—cp—cp (A6.3)
Using the Laplace transform we can write
ﬁ(CA) —CAQ0 = —krE(CA> +k1_£(CB) (A64)
ﬁ(CB)—CBOZIC;-,C(CA)—/CI_E(CB) —k;ﬁ(CB) (A65)
1
L(cc) —CA():;—ﬁ(cA) —L(cp) (A6.6)
Then,
ky +k+ +S)CAO + k7 cpo
L(ca) = (ki +43 ! A6.7
(CA) D(s) ( )
ki cao+ (k1+ + s)cBo
= A6.8
£les) D(s) (£6.8)
where D(s) is the characteristic polynomial,
D(s) =8+ (ki +ky +k))s+kiks = (s+2p) (s+Am) (A6.9)
with characteristic roots
ki +ky +k3) £/ (ki +hp +kg)” — dkoh;
ip,lmz(l 1 2) (1 1 2) 152 (A6.10)

2
The term (kj +ky +k5 )2 —4kTks = (ki +ky — k5 )2 +4k, k; is always positive so both 4, and
Am are real.

Fig. A6.1 shows the dependence of the characteristic polynomial, D(s), on the Laplace
variable s.
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4 D(S)

AN s

Fig. A6.1
Dependence of characteristic polynomial D(s) on s.

If s =—k;, the characteristic polynomial becomes

D(s)= (=k})* + (ki + k7 +k7) (=k3) + ki ki = —k & <0 (A6.11)
Hence, Am < kj <4p. Also, A, =k;" +ky + (ky —Am) > k;" and Apdm = k[ ks . Hence,
krky o Kk
Am = ,but since A, > &, this implies that A, < =k

A ki

Obviously, 4, > k) > Ay and A, > k;" > Ay, Therefore, we have justified our statements related
to Example 6.2 in Section 6.4.2.

Nomenclature

A coefficient in Eq. (6.31)

Aa, Ag  normalized concentration of A starting from resp. A, B
a; activity of component i

c column vector of concentrations (mol m_3)

Ci concentration of component i (mol m_3)

Cy total heat capacity of mixture at constant volume (J K_l)
Cy,; molar heat capacity of component i at constant volume (J mol ' K1)
Dqi  effective diffusivity of gas (G m’ s h

E, activation energy (J mol ')

F; ith thermodynamic force

G Gibbs free energy (J or J m )

AG Gibbs free energy change of reaction (J mol™")

AH enthalpy change of reaction (J mol™")

thermodynamic flux (mol m 2 s_l)

equilibrium coefficient (depends)

k column vector of kinetic coefficients (first order) (s_l)
k kinetic coefficient (first order) (s~ ')

L, length of zone i (m)
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N, number of components

Ny number of elementary steps

n total number of moles in a system (mol)

n; number of moles of component i (mol)

p pressure (total) (Pa)

Di partial pressure of component i (Pa)

qv volumetric flow rate (m>s™")

R, universal gas constant (J mol ' K™

r reaction rate for a homogeneous reaction (mol m s
T temperature (K)

t time (s)

U internal energy (J)

u; energy of the normal state of component i (J mol ™)
% volume (m?)

v normal vector

(x,y,z) homogeneous coordinates

X; conversion of component i

X, X any variable with respect to component i, j (depends)
Greek Symbols

a E;E,

a; absolute value of stoichiometric coefficient of reactant A;
Pi stoichiometric coefficient of product B;

Vi activity coefficient

A difference between normalized concentrations

0; arbitrary constant

& void fraction of zone i

A eigenvalue

U; chemical potential of component i (J mol_l)

T residence time (s)

T; residence time for zone i (s)

o) thermodynamic potential

Subscripts

0 initial

eq equilibrium

opt optimum

S step

SS steady state

total
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Superscripts

+ of forward reaction
- of reverse reaction
0 standard conditions
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Stability of Chemical Reaction Systems

7.1 Stability—General concept
7.1.1 Introduction

The concept of stability is extremely important for a wide variety of dynamical systems,
ranging from purely mathematical to natural and social systems. Physical and engineering
systems, such as chemical reaction systems, are usually designed to operate at an equilibrium
state (closed systems) or steady state (open systems), which must be stable for successful
operation. This stability depends on whether a small perturbation is damped, leading to a
stable state, or amplified, which results in an unstable state. Typically, the simple mechanical
analogy of the ball on top of a hill or at the bottom of a valley is used to clarify the stability
concept (Fig. 7.1). The system in Fig. 7.1A is considered to be unstable because after only

a very small perturbation, the ball lying on top of the hill will continue to move away from
its original position. If the ball is initially at the bottom of a valley and the hills surrounding
the valley are infinitely high (Fig. 7.1B), upon any perturbation the ball will oscillate
around its original position eventually coming to a halt at the bottom of the valley. This
corresponds to “global” stability. In the case of a finite height of the hills (Fig. 7.1C and D),
the ball will return to its original position upon a small perturbation, but if the perturbation
reaches a certain threshold value, the ball will slip over the hill to the next valley. This is “local”
stability.

(C) (D)
Fig. 7.1
Instability and stability. The system is (A) unstable; (B) globally stable; (C) locally stable with small
perturbation; (D) locally stable with perturbation beyond the threshold value.
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7.1.2 Non-Steady-State Models

The dynamic behavior of chemical reaction systems is described in terms of non-steady-state
models, which in their simplest form are sets of ordinary differential equations of the type

dc

=feK (7.1)

in which c is a vector of concentrations and K is a vector of kinetic parameters. The space of
vectors c¢ is the phase space of Eq. (7.1), the space in which all possible states of the
reaction system are represented with every possible state corresponding to one unique point.
The points are specified by the state variables cy,c2,...,cy,, where N, is the number of
components present in the chemical reaction mixture. In the case of a nonisothermal system,
this set of equations has to be supplemented with an equation of the type

dT

—=f(c,k,h 7.2

o =fle k) (72)
where h are heat parameters of the model, that is, heat capacities, heat-transfer coefficients, and
heats of reaction.

Eq. (7.1) has only one solution, ¢(t, k, ¢g), for any nonnegative initial condition ¢(0, K, ¢g) = ¢y,
which is natural for chemical kinetics. The changing state of the system with time traces a
path c(z, K, ¢g) at fixed k and ¢y and ¢ € [0, co] through the phase space and is called a phase
trajectory. A phase trajectory represents the set of chemical compositions of the reaction
mixture that can be reached from a particular initial condition.

From a physicochemical point of view, we are only interested in positive trajectories, which in
mathematics are called “semitrajectories.” However, in some cases, values of c(z, Kk, ¢y) on
negative trajectories with ¢ € [—oo, 0] and whole trajectories with ¢ € [—00,00] are informative
regarding the behavior in the physicochemically relevant (positive) concentration domain.

As Eq. (7.1) for each initial condition has only one, unique solution, every point in the phase
space is passed by one and only one of the phase trajectories, which neither cross one another
nor merge.

A family of phase trajectories starting from different initial states is called a phase diagram or
phase portrait. A phase portrait graphically shows how the system moves from the initial
states and reveals important aspects of the dynamics of the system. Certain phase portraits
display one or more attractors, which are long-term stable sets of states toward which a system
tends to evolve (is attracted) dynamically, from a wide variety of initial conditions,

the basin of attraction. The simplest type of attractor is a so-called rest point. This is a
point for which the derivatives of all the state variables are zero:

dc
E:f(c,k)zo (7.3)
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In mathematics this is also called a fixed point, an equilibrium point, a stationary point, or a
singular point. If the system is placed in such a point, it will remain there if not disturbed:

c(t, Kk, cp)=cy (7.4)

For a closed chemical system, that is, a system without exchange of matter with the
environment, the rest point is termed the equilibrium point, the equilibrium state, or just
equilibrium, with concentration vector ¢.q. For an open chemical system, in which there is
exchange of matter, the rest point is termed the steady state, with corresponding concentration
vector ¢g. Since a closed system is a particular case of an open system, equilibrium is a
particular case of steady state.

A special mathematical problem is that of determining the number of rest points. Rest points
can be classified as internal with all variables nonzero or as boundary with at least one
variable equal to zero. In a closed chemical system, the internal rest point is unique. Zel’dovich
(1938) provided the first version of the proof of this uniqueness. Gorban (1980) analyzed
the boundary equilibrium points in a closed chemical system. For an open chemical system,
isothermal or nonisothermal, multiple internal steady states may exist.

Besides the rest points, there are trajectories that reflect the movement of a chemical system to
the rest point or around it. Some of these trajectories, called limit cycles, are closed and represent a
mathematical image of oscillations, to or from which all trajectories nearby will converge or
diverge. In the case of convergence, the limit cycle is a periodic attractor. The term “limit cycle”
refers to the cyclical behavior. In a nonlinear system, limit cycles describe the amplitudes and
periods of self-oscillations, which have been observed experimentally in many chemical systems.

In the mathematical theory of dynamical systems, the more general concept of w-limit sets has
been developed. These w-limit sets help in gaining an overall understanding of how a
dynamical system behaves, particularly in the long term, by providing an asymptotic
description of the dynamics. An w-limit set combines a set of rest points with a set of specific
phase trajectories, particularly trajectories around the rest points. In the simplest case, the
w-limit set w(k, ¢gy) consists of just a rest point.

The obvious advantage of a qualitative analysis of differential equations is that it can be used for
sketching phase portraits without actually solving the equations. It is very useful in the analysis
of many nonlinear models if no analytical solution can be obtained and the capabilities of
computational methods are limited.

An important problem in the qualitative analysis of nonlinear systems is elucidating the
structure of the w-limit sets. Unfortunately, no general method exists yet for solving this
problem. Until the 1960s, only two cases had been studied extensively:

* systems with many linear variables and/or a few nonlinear variables, but near the rest point
* nonlinear systems with only two variables
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In 1963, Lorenz (Lorenz, 1963), driven by the wish to understand the foundations of weather
forecasting, presented the following seemingly simple set of ordinary differential equations

d

gza(y—x)

d

j);:px—xz—y (7.5)
dz

a xy —fz

where x, y, and z are variables and o, p, and § are parameters.

This model with only three variables, whose only nonlinearities are xy and xz, exhibited
dynamic behavior of unexpected complexity (Fig. 7.2). It was especially surprising that
this deterministic model was able to generate chaotic oscillations. The corresponding limit
set was called the “Lorenz attractor” and limit sets of similar type are called “strange
attractors.” Trajectories within a strange attractor appear to hop around randomly but,

in fact, are organized by a very complex type of stable order, which keeps the system
within certain ranges.

Although the Lorenz model is not a model of chemical kinetics, there is some similarity; in both
model types the right-hand side is of the polynomial type with first- and second-order terms. In
this chapter, we will present results of the analysis of a nonlinear model—also with three
variables—the “catalytic oscillator” model.

7.1.3 Local Stability—Rigorous Definition

Let c(z, Kk, ¢¢) be a solution of Egs. (7.3) and (7.4). This solution is called Lyapunov stable if for
any infinitesimal perturbation & >0, values of 6 > 0 exist such that the inequality

|co —¢Co| <6 (7.6)
results in
le(t, Kk, ¢o) —c(t,k, )| < e (7.7)

Here, ¢y and ¢ are sets of initial concentrations (¢ =0) in, respectively, the unperturbed and the
perturbed case. The solution ¢(z, K, ¢p) is called asymptotically stable if it is Lyapunov stable and
a value of § exists such that the inequality of Eq. (7.7) results in

lim |e(2, K, ¢o) — ¢(1, K, €)| — 0 (7.8)
[—00

so all systems starting out near ¢, converge to ¢y.
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Vs

(B) (C)
Fig. 7.2
Examples of w-limit sets; (A) rest point, (B) limit cycle, (C) Lorenz attractor (projection on the (x, y)
plane; 6 = 10, p = 30, = 8/3). Reprinted from Yablonskii, G.S., Bykov, V.I., Gorban, A.N., Elokhin, V..,
1991. Kinetic models of catalytic reactions. In: Compton, R.G. (Ed.), Comprehensive Chemical Kinetics,
vol. 32. Elsevier, Amsterdam, Copyright (1991), with permission from Elsevier.

This definition is related to a phase trajectory and as a rest point is a particular type of phase
trajectory, this definition also applies to rest points. A rest point is Lyapunov stable if for
any e.>0 a value of § > 0 exists such that after a deviation from this point within §, the system
remains close to it, within the value of ., for a long period of time. A rest point is
asymptotically stable if it is Lyapunov stable and values of 6 > 0 exist such that after a deviation
from this point within &, the system approaches the rest point at t — oo.

7.1.4 Analysis of Local Stability

7.1.4.1 Procedure

For the analysis of local Lyapunov stability of rest points, a traditional and very reliable ritual
exists, which in fact is an extension of the approach demonstrated in Section 3.6.2.
This ritual is a combination of a number of steps:

1. Linearization of the system
a. Introducing new variables &= c — ¢ that are equal to the deviation of the current
concentration from the rest point
b. Expressing Eq. (7.1) as a function of &
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c. Expanding the right-hand side of Eq. (7.1) into a series over the powers of £ and
discarding the nonlinear terms
The linearized system obtained can be represented as

g
dr
where J is the matrix of partial derivatives, the so-called Jacobian:

JE (7.9)

of (¢, k)

= 7.10
= | (7.10)

2. Derivation of the characteristic equation
det(J—AI)=0 (7.11)

where I is the unit matrix and A are the characteristic roots.
3. Analysis of the roots of the characteristic equation

The stability of the rest points of Eq. (7.1) depends on the roots of the characteristic
equation, Eq. (7.11). The rest point is asymptotically stable if the real parts of all of the roots of
Eq. (7.11) are negative, and unstable if the real part of at least one of the roots is positive.
If some roots are purely imaginary and the others have a negative real part, the rest point of
Eq. (7.1) is Lyapunov stable but not asymptotically stable.

7.1.4.2 Analysis of local stability in a system with two variables

We will illustrate the procedure described above with an example of a model with two
variables:

dc X
d—;zfl(cl,cz)
(7.12)
9 hen,c2)
ar 2(C1,C2

This set of equations can be linearized by introducing the variables &, =c¢; —¢; and &, = ¢ — ¢35,
resulting in

dé,

—=ay§ +apné,

d (7.13)
@ =ayé, +ané,

dt

where the matrix of the coefficients is

J= [a“ “12} (7.14)

azy dx
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with
e — ofi(cr,c2)| g afi(cr, c2)
11 acl . 5 12 662 .
(7.15)
_Ofa(c1,02) _ Ofa(c1,2)
D=——F |  Aan=—"{FZ —"
86‘1 : 602 ;
The solution of Eq. (7.13) is of the form
& =Ae
{52 _Bott (7.16)
Substitution of Eq. (7.16) into Eq. (7.13) and division by M yields
M2011A+0123 (717)
ﬂB:a21A+azzB (718)
Rearranging Eq. (7.18) we can express coefficient B in terms of A:
A—
B=A""" (7.19)
an
and after substitution of Eq. (7.19) into Eq. (7.17) and rearrangement, we obtain
2 (a1 +ax)A+ (anan —anay) =0 (7.20)
This is the characteristic equation which in the form of Eq. (7.11) can be written as
an—424 an
=0 7.21
[6121 an — /J (721
Solving Eq. (7.20) yields
+ + 2
/11’2 = au ) o + \/(dll 3 a22) +aparx —aja» (722)

It is important to stress that the characteristic roots can be estimated based on the matrix of
coefficients of the linearized system, Eq. (7.14). The sum of the characteristic roots is equal to
the sum of the diagonal elements of this matrix, the trace,

M+h=an +an=Tr(J) (7.23)
and their product is equal to its determinant:
My =ayaxn —apay = det(J) (7.24)

which is the free term in the characteristic equation, Eq. (7.20). These summation and
multiplication rules always hold for linear systems.
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According to the theory of linear differential equations, the complete solution of Eq. (7.13) can
be found to be

& =breM +bppe™! >
{ & = Dby +bye™ (7.2

with coefficients b;; determined by the initial conditions.

&
!
51 % -
(A) (B) (©)
(D) } (E) (F)
(G) (H)

)

A
2

—
~

Fig. 7.3
Types of rest points on the plane. (A), (B), (C) stable nodes; (D), (E), (F) unstable nodes; (G)
b b
saddle point; (H) stable focus; (I) unstable focus; (J) center; line u: é:l, line v: 5—1:£.
& ba S by
Adapted from Yablonskii, G.S., Bykov, V.I., Gorban, A.N., Elokhin, V.I., 1991. Kinetic models of catalytic
reactions. In: Compton, R.G. (Ed.), Comprehensive Chemical Kinetics, vol. 32. Elsevier, Amsterdam, Copyright

(1991), with permission from Elsevier.
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The characteristic roots determine not only the local stability of the rest point but also the nature
of the dynamics near this point. Fig. 7.3 (Yablonskii et al., 1991) shows different types of
rest points.

Let us now analyze the linearized equation, Eq. (7.13). For this purpose we will consider
two cases: (i) the roots of the characteristic equation are real and (ii) these roots are imaginary.

Real roots

In the case of real roots, there are a number of possible situations:

1.

If A4, 1, <0 and A; # 15, &; and &, both are sums of exponents decreasing with time.
Therefore, the rest point is a stable node. The nature of the trajectories near a stable node
is illustrated in Fig. 7.3A for 4; < 4,. The straight lines u and v are specified, respectively,
by the equations

& bn
—=— (7.26)
& by

and
& b
—=— (7.27)
& by

In the case that 1, =4, =21<0, there are two possibilities. The first is that the matrix of
coefficients can be reduced to the form

o ai dpp . 11
1= [021 azz} N [0 /1] (7.28)
by linear transformation of variables. In that case

& =bueM +bpte
2
{ & = by + byyte” (7:29)

and the nature of the trajectories is as shown in Fig. 7.3B, where v is again specified by
Eq. (7.27).
The second possibility is that the matrix of coefficients of the system represented by

Eq. (7.13) is a diagonal one:
_lan an) 20
J= [am azz} = [0 /1] (7.30)

Then the solution is of the form of Eq. (7.16) and the trajectories behave as shown in
Fig. 7.3C. In both cases, the rest point is a stable node.

If 41, 4,>0 and 4; > 1,, the phase trajectories extend far from the rest point. This is an
unstable node (Fig. 7.3D).

If 1,=4,=1>0, the direction of motion is reversed compared with case 2.

The phase trajectories extend far from the rest points, which are unstable nodes

(Fig. 7.3E and F).
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5. [If the roots are of different signs, for example, A; >0 and 4, <0, &; and &, both are sums of
exponents with different signs. The rest point is unstable, since with time the term with the
positive exponent becomes predominant. Such a rest point is shown in Fig. 7.3G and is
called a saddle point. A saddle point can be reached, but via two trajectories only.
Therefore, rigorously speaking it should be treated as semistable.

Imaginary roots

For analyzing the case where there are imaginary roots, we must transform Eq. (7.13) into a
second-order equation. Differentiating the first equation and eliminating &, yields
d*¢ dé,

— +2¢W+m§§1 =0, (7.31)

where 2¢p=a;; +a», and w% = a,1a2 —azas;. Eq. (7.22) can now be written as follows:

Ma=—@p+\/¢*— o} (7.32)

As these roots have imaginary parts, 0§ — ¢* = * >0 and
Mor=—¢Liw (7.33)
It can be shown readily that the solution of Eq. (7.31) is of the form
& =e ¥ (b coswt + by sinwi) (7.34)

Now there are three possible situations:

1. Ifp>0,the solution of Eq. (7.34) is an image of damped oscillations. The phase trajectories
are converging spirals and the rest point is called a stable focus (Fig. 7.3H).

2. If ¢ <0, the phase trajectories are diverging spirals and the rest point is called an unstable
focus (Fig. 7.3D).

3. If ¢ =0, the solution is related to undamped oscillations with a frequency w. The phase
trajectories are concentric circles (Fig. 7.3J) and the rest point is called a center. This is a
very sensitive rest point; even in the case of very small variations of the parameters, the
phase portrait changes. In contrast, for nonsensitive rest points, the phase portrait is not
affected by small parameter variations.

7.1.5 Global Dynamics

Now let us define the global stability of rest points. The rest point ¢ is called a global
asymptotically stable rest point within the phase space D if it is Lyapunov stable and for any
condition dy € D the solution ¢(t,k, dgy) approaches ¢q at #— oco. An analysis of the problem of
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global stability is much more difficult than that of local stability. In most cases, global stability
can be proved by using a properly selected function called the Lyapunov function.

If a mathematical model has a Lyapunov function, this means that the rest point is stable. Let us
consider the function V(cy, ¢, ...) having first-order partial derivatives 0V/Jc;, which can
be treated as derivatives of the solution of Eq. (7.1):

dV(c(t)) IV dc; Z
(9(,

dt dc; dt (7.35)

Intuitively, the physical meaning of the Lyapunov function V(c) in dissipative systems is that of
an energy, for example the Gibbs free energy, negative entropy, or mechanical energy.

In practice, various different stabilities are applied, but we will discuss only one version of a
method based on the Lyapunov function. Let dV(¢)/dt <0 and only at the rest point under
consideration dV (¢)/dt =0. Then, the minimum, V(¢) = V(¢) i, Occurs at the rest point ¢ and
for some € > V(¢),in the set specified by the inequality V(cgy) <&, with ¢g a set of initial
conditions, is finite. Thus, for any set of initial conditions, the solution of Eq. (7.1) is

lim ¢(, k, ¢o) =¢ (7.36)
1—00

In a closed physicochemical system, the Lyapunov function is the Gibbs free energy. The rest
point of such a system, that is, equilibrium or steady state, is unique and stable.

7.2 Thermodynamic Lyapunov Functions
7.2.1 Introduction

Special attention has to be paid to thermodynamic Lyapunov functions (Gorban, 1984). Basic
variables describing a chemical state are amounts of components i, which can be expressed as
amount of substance, n;, or concentration, ¢;. If the chemical system is homogeneous, the
conditions are fixed and the equation of state is known, all system characteristics can be
expressed using the vector of amounts of substance, n, and some constant parameters, for
example

* isothermal isochoric conditions: n, T, V'

* isothermal isobaric conditions: n, T, p

* thermally isolated systems at isochoric conditions: n, U, V
* thermally isolated systems at isobaric conditions: n, p, H

The enthalpy H is given by H=U+pV, with U the internal energy, p the total pressure, and V
the total volume.
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As discussed previously, every elementary step s is characterized by its rate:
r(e,T)=r(e¢,T)—r; (c,T) (7.37)

where r (¢, T) and r; (¢, T) are the rates of, respectively, the forward and the reverse reaction:

e T)=kH (D) ][ (7.38)
r (e, T) =k ()] [ (7.39)

with ay; and f; the partial reaction orders. Eqgs. (7.38) and (7.39) are traditional mass-action-law
equations. The rate coefficients are given by the Arrhenius equation:

ki (T)=kgT" exp (—R:’T) (7.40)
_ — E,
ki (T)=kgT" exp <—R:} > (7.41)

where E and E_ _ are the activation energies of the forward and the reverse reaction, kj, and
k, are the preexponential factors, and T and T" are factors describing the temperature
dependences of the preexponential factors.

Every component i is characterized by its chemical potential y;, which is an intensive
characteristic, that is, it is independent on the volume of the system. The function u;(c,T)
is defined within the domain 7> 0, ¢; >0, ¢; >0, j#i and has derivatives in the

same domain. At points where ¢; =0, this function typically has a logarithmic peculiarity,
for ¢; — 0, p; — —oo (similar to In ¢;). For any positive T and c;, the following condition
holds:

rs(e, )Y yui(e. T) <0 (7.42)

where y,; = f,; — a; is the stoichiometric coefficient of component i in step s. The rate of step s
only equals zero at such positive values of T and c; for which

Z vmi(e, T)=0 (7.43)
Equations of chemical kinetics can be written as
My yeT) (7.44)
= T R .
dt - Vsl

The fact that chemical potentials meet requirements (7.43) and (7.44) has many consequences.
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The first is a version of the principle of detailed balance. Assuming that at some condition
€ =Ceq, I'="Tq, the following equality is fulfilled:
r (ceq’ Teq) =n (ceq, T, ) == "K(Ceqa T, ) =0.

If the stoichiometric vector 7y, ; is a linear combination of y, ...,¥,, then r (ceq, Teq) =0. The
point (Ceq, Teq) at which the rates of all steps equal zero is a point of the detailed balance.

If for a given reaction mechanism, the vectors y, are linearly independent, the rest point of
Eq. (7.43) is a point of the detailed balance. Adding a new step with a stoichiometric vector
that is a linear combination of the stoichiometric vectors of the original mechanism does
not change the point of the detailed balance. This is a very important property of a closed
chemical system.

If all of the chemical potentials are multiplied with the same positive function f(¢,T), the
conditions of Egs. (7.42) and (7.43) will still be valid. In this case, a pseudopotential y;’ arises
instead of the potential.

Based on Egs. (7.42) and (7.43), a generalized kinetic law can be constructed:

re(e, T) =1r%(c, T) [exp (Za,-ﬁ,.> —exp (Zﬁ,ﬁi)] (7.45)

where r°(c,T) is an arbitrary positive kinetic function and j; = RM—IT is the dimensionless
g
potential or pseudopotential. Eq. (7.45) is commonly known as the Marcelin-de Donder

equation and the characteristic a; = exp (j;) is termed the activity. For ideal systems, this
activity is equal to the concentration. In that case, the Marcelin-de Donder expression is
transformed to the mass-action law.

7.2.2 Dissipativity of Thermodynamic Lyapunov Functions

In an isolated system (U, V =constant), the entropy S(n, U, V) increases in the course of any
chemical step:

rs(c, T)Zm% >0 (7.46)

For the regimes defined in Section 7.2.1, a thermodynamic Lyapunov function, L., can be
constructed, for example

OL(m)  _mlel) .
< al’l,’ )Constants_ RgT _'ui(c’T) (747)

We will use the basic thermodynamic equation

dU +pdV —TdS = " pdn; =0 (7.48)
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and rewrite it as

1 1
N dudni=—dU+ -L_av ——ds (7.49)
,- R TR,V TR,

The corresponding thermodynamic Lyapunov function L,(n,U,T) at constant V and T can be
found from

1 1
dLy 7= (—dU+ Py ——dS) (7.50)
TR TR TR,

The function
U-TS A

VTTURT T R,T (7.51)

meets the condition of Eq. (7.50). Here A= U — T is the Helmholtz free energy.

For studying systems at constant pressure, Eq. (7.49) has to be rewritten using the enthalpy
H=U+pV. Then

dH =dU +pdV +Vdp (7.52)
and substitution of Eq. (7.52) in Eq. (7.49) yields

; H+——dp—— .
Zﬂldl’l = +RTd RgdS (7.53)

For an isobaric thermally isolated system L, ;;(n,p,H)

1 v
dL, ;= ai+ - Ly 54
P H (RT RTP R, S>pH (7:54)

The function meeting this condition is

S
Lyy=—— 7.55
p,H Rg ( )
This is the same state function as Ly y.
Eq. (7.54) for constant p and T leads to
H-TS G
L,r= =— 7.56
PTT R, R,T (7.56)

Here G =H — T8 is the Gibbs free energy function.
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For any classical conditions, the derivative of the thermodynamic Lyapunov function will be
presented as follows:

+

=y ) In’ (757)

S

It has been proposed to apply this characteristic to the analysis of complex chemical reactions
(Bykov et al., 1977; Dimitrov et al., 1977). Using Eq. (7.57), it is possible to calculate the
contribution of a step s to the whole rate of change of the thermodynamic Lyapunov function,
for instance the Gibbs free energy rate of change. This characteristic together with the
calculated contribution of step s to the complete rates of change of the components have been
used for the simplification of complex reaction mechanisms (Bykov et al., 1977), in particular
the mechanism for the homogeneous oxidation of hydrogen (Dimitrov et al., 1977; Dimitrov,
1982). Gorban (1984) has analyzed the thermodynamic Lyapunov functions in detail.

In addition to considering Lyapunov functions, it is also useful to investigate so-called
w-invariant sets. A set S in the phase space is called w-invariant if for any solution of Eq. (7.3)
c(fp) lies within S, that is, ¢(#p) € S. It then follows that ¢(#y) € S for any ¢ > t,. This w-invariant
set is a kind of ‘bag’; once entered, the solution will not leave this bag.

7.2.3 Chemical Oscillations

Isothermal chemical oscillations discovered by Belousov and Zhabotinsky became a sensation
in chemistry in the 1950-1970s. At that time, oscillations were well known in physics, in
mechanical pendula, and in electronic circuits, but not in chemistry. In the field of chemical
engineering too a big interest was expressed in new ideas of non-steady-state technology.

How can oscillations, in particular chemical oscillations, be explained within the mathematical
dynamic theory? Unfortunately, there is still no rigorous theory for distinguishing
multidimensional models of self-sustained oscillations. A typical strategy is first finding the
models and parametric domains in which these oscillations do not exist. For instance, according
to the so-called Poincaré-Bendixson criterion (which is only valid for systems with two
variables), if the sum

8f1 (Cl, Cz) + afz(cl,cz)
8C1 86‘2

aj t+axy = (758)
for Eq. (7.12) does not change sign in a certain region of the phase plane, this region does not
contain closed phase trajectories, which are the phase trajectories related to oscillations.
Furthermore, the closed phase trajectories around center-type rest points (Fig. 7.3J) do not
represent self-sustained oscillations, since these trajectories are highly sensitive to the system
parameters and initial conditions.
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A typical mathematical model for self-sustained oscillations is the stable limit cycle, which can
be defined as an isolated closed phase trajectory with its inner and outer sides approximated by
spiral-shaped trajectories. One can say that a stable limit cycle is a mathematical image of a
self-sustained oscillation. Just as there is no general mathematical theory of oscillations, a
general theory of limit cycles does not exist, although many efficient approaches or, rather,
recipes have been proposed for finding them. The most popular is determining the cases in
which the rest point is unique and unstable. For physicochemical reasons, a phase trajectory
reflecting a change of chemical composition cannot go to infinity because of the law of
mass conservation. At the same time, this phase trajectory cannot reach the rest point because it
is unstable. This is a typical scenario by which self-sustained oscillations (stable limit
cycles) arise.

The generation of self-sustained oscillations is a particular case of bifurcation. The term
“bifurcation” is often used in connection with the mathematical study of dynamical systems.
It denotes a sudden qualitative change in the behavior of a system upon the smooth
variation of a parameter, the so-called bifurcation parameter, and is applied to the point of
the fundamental reconstruction of the phase portrait where the bifurcation parameter attains
its critical value. The simplest examples of bifurcation are the appearance of a new rest point
in the phase space, the loss of the rest-point stability, and the appearance of a new limit
cycle. Bifurcation relates to physicochemical phenomena such as “ignition” and “extinction,”
that is, a jump-like transition from one steady state to another one, the appearance of
oscillations, or a chaotic regime, and so on.

It is important to stress that an ideal model of such nonlinear (or critical) phenomena must
reflect the main presented facts and, at the same time, must not be too complex. Such a model
can be selected from the large collection of models that can be found in literature.

7.3 Multiplicity of Steady States in Nonisothermal Systems
7.3.1 Introduction

Experimental evidence of the existence of multiple steady states was found in the 1930s by
Semenov and Zel’dovich and by Frank-Kamenetskii (1969), who described these results in
detail in his classical monograph. Multiple steady states were first observed in combustion
processes. The simplest model for describing multiple steady states was developed for a
nonisothermal continuous stirred-tank reactor (CSTR), taking into account chemical, thermal,
and transport processes occurring simultaneously. The basic explanation for this phenomenon
is that the rate of heat generation (Qy,) increases exponentially with increasing temperature,
whereas the rate of heat removal (Qy,,) shows a linear dependence (see Fig. 7.4). Therefore, both
rates may be equal at more than one temperature, resulting in multiple steady states.
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A Qhr1 c‘?hrz Qhr3
thv Qhr Tw1 Tw2 Tw3
C th
B
A
T >
Fig. 7.4

Dependence of the rate of heat generation Qg and the rate of heat removal Q,, on the reaction
temperature in a CSTR at three different wall temperatures with T, <T,, <T,3. Certain Oy,
lines can intersect the O}, curve in as much as three different points (A, B and C).

The Oy, line represents the situation in which only a small amount of heat is generated by the
reaction so that the temperature of the reaction mixture, and thus the steady-state conversion, is
low. In contrast, if the rate of heat generation by the reaction is so large that the Q,, curve
crosses the Oy,3 line, the reaction temperature is so high that the steady-state conversion will be
complete. In the intermediate situation, represented by the Oy, line, there are three possible
steady states, points A, B, and C. However, point B is an unstable steady state; if the
temperature only drops slightly below the steady-state temperature, the rate of heat generation
by the reaction is smaller than the rate of heat removal, resulting in a further temperature
decrease until the steady state represented by point A is reached. Similarly, in the case of a small
temperature rise, the temperature will continue to increase until point C is reached.

7.3.2 Mathematical Model of the Nonisothermal CSTR

A model of a nonisothermal CSTR in which an irreversible first-order reaction, A — B, takes
place can be formulated as follows (Frank-Kamenetskii, 1969; Bykov and Tsybenova, 2011):

dc
VIT;* = —Vik(T)ea+qv(cao—ca) (7.59)
dT
ppVi—= (—AH)Vk(T)ca+copqy (To—T) + hA(Ty —T) (7.60)

dt

where cy4 is the reactant concentration, T and T, are the temperatures of the reaction mixture
and the reactor wall, k(T) = kgexp (—Ea /RgT) is the reaction rate coefficient, V, is the
reaction volume, gy is the volumetric flow rate, p and c,, are the density and specific heat
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capacity at constant pressure of the reaction mixture, (—A.H) is the heat of reaction, A, is the
reactor surface area available for heat exchange, and 4 is the heat-transfer coefficient.

This set of two equations contains many kinetic, geometric, and thermal parameters. The phase
variables of this system are the reactant concentration and the temperature. We can
introduce the following dimensionless parameters (Frank-Kamenetskii, 1969):

1 o hAr + CpPqv

T*=—+—(hA Ty +c Tw); o .61
WAL+ Copay ( 0+ CppqvTy); a A (7.61)
Vi
Da=—"k(T,) (7.62)
qv
_AH)p E, E,
se—ZAdDp Sko exp <— ) (7.63)
a*(Ar/ Vi) Ry(T*) R, T
—AH E,
p= ( )CAO; Y= (7.64)
CppT() RgT()
CA0 —CA E,
= Ty = T-T* 7.65
CA0 Y RgTz( ) ( )
E,
t* = kot exp <_RgT*> (7.66)

where x is the conversion, Da is the (first) Damkohler number, and Se is the Semenov number.
We assume that the inlet conditions are the same as the initial conditions:
ca(0) =cao; cppqv(To—T(0)) =hA(T(0) —Ty) (7.67)

Using the dimensionless parameters, for an exothermic first-order reaction, this model can
be written as

dx y X
—(1— - = 7.68
i~ x)eXp<l+ﬂy> Da /1Y) (7.68)
P (1-x)exp (== )~ 2-=f(x.y) (7.69)
dr* 1+p8y/) Se
The steady-state values can be found by putting dx/dt* and dy/dt* equal to zero:
y X
1— - = .
(I —x)exp < s ﬁy) Da 0 (7.70)

(1—x)exp< J >—l:0 (7.71)
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from which it follows that

D
X=—y—uy (7.72)
Se
Substituting Eq. (7.72) into Eq. (7.71) yields the following nonlinear equation in y:
(1—wy)exp Y (7.73)
1+py Se

Equality (7.73) is an equation of steady states in which the left-hand side represents heat
removal,

0nl) = (1 -m)exp (125 ) =1 2)el) (1.74)
and the right-hand side represents heat generation.
Y
One(Y) = (1.75)

Solutions of Eq. (7.73) can be studied using a Semenov diagram, which reflects the
dependences of the rate of heat generation and the rate of heat removal on the temperature.
This diagram is similar to the dependence shown in Fig. 7.4, but with dimensionless
coordinates. The points of intersection of Qy(y) and Qpe(y) in Eq. (7.73) determine the
temperature of the steady state; knowing this temperature, the corresponding steady-state
conversion can be calculated using Eq. (7.72).

The condition

i _ thg(y) > thr(y)
Se dy dy

(7.76)

is necessary and sufficient for uniqueness of the steady state. This condition means that the rate
of heat removal must be higher than that of heat generation.

7.3.3 Types of Stability of the Steady State

The type of stability of a steady state can be determined from the roots of the characteristic
polynomial:

12 — (a]] +6122)/1+611 122 — 12021 = /12 —ocl+A=0 (777)
where the elements of the Jacobian matrix J are given by

o 1

=T —ey) - (7.78)

ar
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_Of _ (1=x)e(y)

_oh_ 7.79
o T (epy) e
o e(y)
=L ) (7.80)
_0h_(1=x)e(y) 1 (7.81)

axy =
Oy (1+py)*  rSe
with f and f, given by, respectively, Eqs. (7.68) and (7.69).

The roots of the characteristic polynomial, Eq. (7.77), are expressed through its coefficients:
2

c c
Ma==F\/——A 7.82
12=7 1 (7.82)
The parametric dependences of the steady states are solutions of the equation
F(y) = One(y) = Ong(y) =0 (7.83)
which can be written as
F(y,Da,Se, ) =0 (7.84)
Then the expressions for the parameters as a function of y can be found:
1 1
p= —= (7.85)
In[y/(Se —Day)] 'y
1
Se = (Da+ — )y (7.86)
e(y)
S 1
Da=>C_ (7.87)
y e)
and
Da 1 1
"= (7.88)

vV=—=——
Se y e(y)Se
Subsequently, the dimensionless temperature y is determined as a function of the parameter v.

The boundary between the domain with one steady state and the domain with three steady states
is called the line of multiplicity, L (A = 0) For finding this dependence in the plane (Da, Se), we
need to solve the set of equations

fi(x,y,Da,Se) =0 (7.89)
f2(x,y,Da, Se) =0 (7.90)
A(y,Da,Se)=0 (7.91)

where A is determined using elements of the Jacobian matrix.
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Combining Eq. (7.84) and Egs. (7.89)—(7.91), we obtain the equation for the multiplicity line in
the plane (Da,Se),

—(1+py)
Da(y) =2~ U2
La(Da, Se) : (L+By)e(y) (7.92)
1
Se(y, Da) = (Da + @>y

Lines of multiplicity for other parameter planes can be found in a similar way. For the plane
(Se, v),

Se(y) =25 —
La(Se,v): (1:/"” i(y) (7.93)
YOS =y se

Lines of neutrality, L,(6 =0), determine the type of stability of a steady state. In order to find
L, the following equations need to be solved:

F(y,Da,Se) =0 (7.94)
o(y, Da, Se) =0 (7.95)

Simultaneously solving Egs. (7.94), (7.95), and (7.85)—(7.88) will explicitly yield different
lines L.

Da(y— (1 +ﬂy)2)

Se(y) =
L,(Se,v) o y(1+py)*(Dae(y)+1) (7.96)
1 1
T
a(y)x£+/a*(y)—1 1 1
Da = s a -
L,(Da, Se): v e() 1 ) 2y(1+py)* 2ry (1.97)
Se(y,Da) = <Da+ @>y
Dac(y)(y—(1+4)’)
7(y, Da) = 2 2
L,(y, Da): y(1+py)"(Dae(y) +1) (7.98)
Da(y) =2~

y ey
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(e(v)Se—y) (y— (1 +ﬁy)2>

,Se) =
L,(y,Se): 705 (e(v)Se(1+py))? (7.99)
Se(y,Da) = <Da+ %)y
o) Dac(y)(y—(1+4)’)
Lo(y.p): s ~ y(1+py)*(Dae(y) +1)° (7.100)
1 1
PO =Ty (se—Day)] y
ve(y)(y=(1+4y))
r(y,v)= 2 2
Lo(y,v): y(1+py)”"(Dae(y) +1) (7.101)
1 1
0250 =3 " Seey)

The line of multiplicity and the line of neutrality together form a parametric portrait. In

this portrait, parametric domains with a different number of steady states that differ by their
stability as well can be distinguished. In the current model, the complete parametric portrait
consists of six domains. Furthermore, six types of phase portraits can be distinguished,
corresponding to six parametric portrait domains. The first domain (I) is characterized by a
unique stable steady state. This behavior is observed at low and high temperatures. The second
domain (II) relates to a unique unstable steady state. This is a domain of oscillations. The
domains III, IV, and V all have three steady states. Domain III has one unstable steady state
at low temperature and two stable steady states at high temperature. Domains IV and V
both have one stable and one unstable steady state. Finally, domain VI has three steady
states, one of which is stable and two are unstable. In this domain, oscillations are also
observed.

7.4 Multiplicity of Steady States in Isothermal Heterogeneous Catalytic
Systems

7.4.1 Historical Background

Multiplicity of steady states not only occurs in nonisothermal systems. In the 1950s and 1960s,
this phenomenon was found in many isothermal heterogeneous catalytic oxidation systems
such as the platinum-catalyzed oxidation of hydrogen and carbon monoxide.
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Currently, a vast amount of information on the occurrence of multiple steady states in
heterogeneous catalysis has been accumulated. Different values of the reaction rate can
correspond to the same composition of the reaction mixture or to the same temperature.

Typically, multiplicity of steady states is accompanied by hysteresis, a term derived from the
Greek word meaning “lagging behind.” A characteristic mark of hysteresis is that the output—
here the reaction rate—forms a loop, which can be oriented clockwise or counterclockwise.
Hysteresis causes the reaction rate to jump up or fall down, signifying, respectively, ignition
and extinction of the reaction. Fig. 7.5 shows some examples of kinetic dependences involving
hysteresis.

Liljenroth (1918) was the first to describe a nonlinear phenomenon in heterogeneous catalysis.
He studied the platinum-catalyzed oxidation of ammonia and analyzed the stability of the
steady state of this process. Apparently, Davies (1934) was the first to systematically
observe nonlinear phenomena and to point out the chemical nature of the rate hysteresis. In
the 1950s, Boreskov and colleagues (Boreskov et al., 1953; Kharkovskaya et al., 1959) studied
the oxidation of hydrogen over metal catalysts and found that in a certain range of reaction
parameters, very different values of the steady-state reaction rate corresponded with the
same gas composition. These data were obtained at isothermal conditions. For more historical
information on multiplicity of steady states, see Yablonskii et al. (1991) and Marin and
Yablonsky (2011).

(M) T
(C) P1 i (D) P2
Fig. 7.5

Examples of kinetic dependences with a multiplicity of steady states. Solid lines correspond to
stable branches of the reaction rate, dashed lines to unstable branches; (A), (B) r versus T;
(C) rversus pq at constant p,; (D) r versus p, at constant pq. (A) and (C) are examples of clockwise
hysteresis, (B) and (D) of counterclockwise hysteresis.



244  Chapter 7

7.4.2 The Simplest Catalytic Trigger

The simplest mechanism for a catalytic reaction permitting three steady states is the
following adsorption mechanism (also called Langmuir-Hinshelwood mechanism)
involving two types of intermediates:

(1) Ay+2Z = 2AZ
(2) B+Z = BZ (7.102)
(3) AZ+BZ — AB+2Z

The well-known adsorption mechanism for the oxidation of carbon monoxide over
platinum at constant partial pressures of oxygen and carbon monoxide,

(1) 0,+2Pt =2 2PtO
(2) CO+Pt =2 PiCO (7.103)
(3) PtO+PICO — CO,+2Pt

is an example of this type of mechanism.

Let us start our analysis by assuming all steps in the mechanism represented by Eq. (7.102)
are irreversible (Bykov et al., 1981; Bykov and Yablonskii, 1987), (1) Ay +Z — 2AZ;
(2) B+Z—BZ; (3) AZ+BZ — AB +2Z. Then, the steady-state model is given by

dBaz

dr :2k1+pA2<1 —HAz—ng)z—k;QAzeBZ:O (7104)
dfsz _ . . B
5 = k2 pe(1=0az = 0Op7) — k3 Orz0p2 =0 (7.105)

where 0,7 and 6y are the normalized surface concentrations of A and B and 67 =1 — 0,7 —
Opz is the normalized surface concentration of free active sites Z. pa, and pg are the

partial pressures of A, and B and k", k", and k5 are the rate coefficients of (forward) reactions
1, 2, and 3.

In our model, two boundary steady states exist: (1) 9oz =1 and gz =6, =0, which corresponds
to complete surface coverage by component A, (eg, oxygen) and (2) @oz=67z=0and gz =1,
which corresponds to complete surface coverage by component B (eg, CO). In both cases,
the steady-state reaction rate is zero:

r:2kl+pA2(1 _QAZ —932)2 :k;pB(l _QAZ —932) :k;QAZHBZ :0 (7106)

In addition to these boundary steady states, two internal steady states exist with nonzero
values of the reaction rate. These are found as follows. Subtraction of Eq. (7.105) from
Eq. (7.104) yields

2k1+pA2(1 — QAZ — 832)2 — k2+p]3<1 — GAZ — 932) =0 (7107)
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from which it follows that

szr PB

1 =0az —0Opz=07,= 2 pa,

Substitution of Eq. (7.108) in Eq. (7.106) for the steady-state reaction rate yields

2
and thus
Oaz0pz = 7(16;17]3) :
2k k3 pas
Then from Eq. (7.108) it follows that
k3 pB

Opz=1—0p7—
BZ AZ 2K+ i,

so that Eq. (7.110) can be transformed into

2
0 (1 g *aps ) _ (k3 ps)
Az Az 2kl+pA2 2kl-*‘ k3+pA2

This quadratic equation can be written as

03, —60rz+A=0

2
k3 ps and A = 7(16‘”]3)

2k1+pA2 2k1+k3+pA2 '

witho=1—

Then,

02

(03
Opny =241/ ———A
) 4

and with Eq. (7.111) we find the same result for 0g.

Eq. (7.114) has two solutions in the domain of values having a physical meaning

(0< 047z <1) under the condition that

(1 _ k3ps >2 >2(/<2+p3)2

2lirpAz N k1+k3+pA2

(7.108)

(7.109)

(7.110)

(7.111)

(7.112)

(7.113)

(7.114)

(7.115)

Thus, this model has four steady states, two boundary ones and two internal ones. The two
boundary steady states (I and IV) are symmetrical and so are the two internal steady states
(IT and IIT). Mathematically, this property is the result of the symmetry of Eqs. (7.104)
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Table 7.1 Steady-state characteristics for the reaction mechanism represented by Eq. (7.102)

Steady State Normalized Concentrations Reaction Rate r Comments
| Oaz, =1 0 Unstable steady state; catalyst
0z, =0 surface completely covered
02,=0 by component A,
(intermediate AZ)
Il o +Vo? —4A (k3 PB)Z Stable steady state;
Onz 1 =5 2k pa catalyst surface contains
c—Vo?—4A 1 intermediates AZ and BZ
Osz,1 = 2 and free active sites Z
92,” =1-0
1 c—Vo? —4A (k{ PB)2 Unstable steady state; catalyst
Onz,m = ) 2k p surface contains
c+Vo2 —4A 1P intermediates AZ and BZ
sz, S and free active sites Z
92,||| =1-0
v Oaz,=0 0 Stable steady state; catalyst surface
Osz,1 =1 completely covered by component
0z,=0 B (intermediate BZ)

and (7.105) with respect to the variables 8,7 and 0. Table 7.1 shows the characteristics
of the four steady states. It has been shown that steady states II and III are stable whereas
steady states I and IV are unstable. The steady-state reaction rates for steady states II and III
follow from the first equality of Eq. (7.109). A detailed analysis of the stability of the
steady states for this model can be found in the monographs by Yablonskii et al. (1991)

and Marin and Yablonsky (2011).

Every stable steady state is characterized by a basin of attraction, which is a set of initial
conditions—or compositions—starting from which the mixture reaches this steady state.
Clearly, unstable steady states do not have such a basin.

7.4.3 Influence of Reaction Reversibility on Hysteresis

Reversibility of one or more reaction steps of the adsorption mechanism represented by

Eq. (7.102) may significantly influence the reaction kinetics, particularly the steady-state
kinetic behavior. As a result of reversibility, the steady states corresponding to complete
coverage of the catalyst surface with surface intermediate AZ or BZ—the boundary steady
states—disappear. At certain conditions, only three internal steady states, two stable and one
unstable, exist. Fig. 7.6 shows a typical dependence of the steady-state reaction rate on the
partial pressure of component B for the adsorption mechanism with the first and second steps
being reversible and the third step irreversible. At low temperature, the reaction rate is
characterized by a multiplicity of steady-state rates; three steady-state reaction rates are
observed, two stable and one unstable (see Fig. 7.6A, curve (1), and Fig. 7.6B, curves (1)
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Fig. 7.6
Dependence of the steady-state reaction rate on pg for the adsorption mechanism represented
by Eq. (7.101) at constant values of ps, and k{ =k, for (A) constant ki and k; increasing from
(1) to (4) and (B) constant k; and k7 increasing from (1) to (3). Reprinted from Yablonskii, G.S., Bykov,
V.1, Gorban, A.N., Elokhin, V.I., 1991. Kinetic models of catalytic reactions. In: Compton, R.G. (Ed.),
Comprehensive Chemical Kinetics, vol. 32. Elsevier, Amsterdam, Copyright (1991), with permission from Elsevier.

and (2)). Component A dominates on the upper branch and B dominates on the lower branch.
In this case, the transition from one branch to another one occurs in a dramatic way: via
extinction (from the upper branch to the lower one) or via ignition (from the lower branch to the
upper one). Finally, the multiplicity of steady states is exhibited as a counterclockwise
hysteresis for the kinetic dependence r(pg) (Fig. 7.6A, curve (1) and Fig. 7.6B, curves (1) and
(2)) and clockwise for r(pa,) (not shown). A temperature rise increases the desorption
coefficient and kills the multiplicity of steady states. The kinetic dependence is gradually
transformed into a dependence with a maximum rate (Fig. 7.6A, curve (3) and Fig. 7.6B, curve
(3)). Finally, the temperature rise causes the maximum of the reaction rate to vanish
completely (Fig. 7.6A, curve (4)).

Fig. 7.7A shows the steady-state reaction rate in the three-dimensional space. This rate is
characterized by a special point called a cusp point, a term taken from catastrophe theory
meaning a singular point of the geometric curve. Fig. 7.7B shows two curves that are loci
of turning points. The curve on the left is the locus of extinction points and can be defined
as the locus of turning points from the upper to the lower branch. The curve on the right is
the locus of ignition points and can be defined as the locus of turning points from the
lower to the upper branch.

7.4.4 Transient Characteristics and “Critical Slowing Down”

The transient characteristics, 57(f) and Og(¢), of the adsorption model (Eq. (7.102)) show
different relaxation times, which can differ by orders of magnitude. The trajectories are
often characterized by fast initial motion and slow motion in the vicinity of a slow trajectory.
This slow trajectory is a simple case of the slow manifolds known in the literature

(Gorban and Karlin, 2003) and is located in the region between the two null clines dfaz/dt =0
and dfgz /dt = 0. Both null clines are second-order curves with an axis of symmetry 6,7 =0pz
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extinction points ignition points
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Fig. 7.7

Surface of the steady-state reaction rate at constant temperature for the adsorption
mechanism represented by Eq. (7.101); (A) reaction rate in the three-dimensional space;
(B) loci of turning points. Adapted from Yablonskii, G.S., Bykov, V.I., Gorban, A.N., Elokhin, V.I., 1991.
Kinetic models of catalytic reactions. In: Compton, R.G. (Ed.), Comprehensive Chemical Kinetics, vol. 32. Elsevier,
Amsterdam, Copyright (1991), with permission from Elsevier.

on which an unstable steady state is located. In the case that a phase portrait has multiple
steady states, a trajectory may rapidly approach an unstable steady state and then slowly relax
toward one of the stable steady states (Fig. 7.8).

0Onz, 07
1.0 ¢
0.8 | te
0.6 06z | |
0.4\ %2 :
0.2 I | €
0 20 40 60 80 I

t(s)
Fig. 7.8
Example of critical slowing down for the adsorption mechanism represented by Eq. (7.102);
relaxation from the initial state 8a7(0) = 0.5;0g7(0) = 0; ¢ is the vicinity of the final state and 7 is the
time required to reach this vicinity. Reprinted from Yablonskii, G.S., Bykov, V.I., Gorban, A.N., Elokhin, V.I.,
1991. Kinetic models of catalytic reactions. In: Compton, R.G. (Ed.), Comprehensive Chemical Kinetics,
vol. 32. Elsevier, Amsterdam, Copyright (1991), with permission from Elsevier.
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If such critical slowing down occurs, the observed relaxation time is unexpectedly long and
considerably longer than the relaxation time corresponding to the lowest rate coefficient.
The main nontrivial explanation of this phenomenon is the following. In the region of critical
effects, one of the parameters achieves its bifurcation value while one of the characteristic roots
changes from a negative to a positive value. Experimentally, the phenomenon of very slow
relaxation toward a stable steady state has been observed in many heterogeneous catalytic
oxidation reactions (Yablonskii et al., 1991; Marin and Yablonsky, 2011). Gorban and
colleagues (Gorban and Cheresiz, 1981; Gorban and Karlin, 2003) have developed a
comprehensive mathematical theory of slow relaxation using concepts from the theory of
dynamical systems, such as and w-limit sets.

7.4.5 General Model of the Adsorption Mechanism

In the adsorption mechanism, two gaseous reactants are adsorbed through two independent
reactions. Then the two surface intermediates interact and a gaseous product is released.
The general form of this mechanism can be represented as

(1) Ap+mZ =2 mAZ
(2) B,+nZ 2 nBZ (7.116)
(3) pPAZ+¢BZ =2 A,B,+(p+q)Z
The kinetic model corresponding to this mechanism is given by the following set of
nonlinear differential equations:

dOaz

= mk{ O — mk; 0, — pk3 04,8 + gk 0" (7.117)
do _ B
d}:z = nk, 0 — nk; O, — qky 0,04, +qk; 05+ (7.118)

with apparent parameters k; =k; pa, .k, =ki pp, and ky =k; pa,s, and constant partial
pressures of A,,, B, and A, B,,.

The nonlinearity of the model is caused by both the adsorption steps and the interaction between

DOnz_ 5 g 932 _
dt

determines the number of steady states and the corresponding values of the normalized surface
concentrations. A necessary condition for the nonuniqueness of steady states is the presence

of a step in which different surface intermediates react. This result was obtained in a physically
meaningful domain of normalized surface concentrations (67, Oz, Opz >0; 87+ 6057 +0pz=1).

surface intermediates. The corresponding set of algebraic equations

The sufficient condition for the uniqueness of an internal steady state is the relationship
m=n>>p,q. (7.119)

If the condition of Eq. (7.119) is not satisfied, multiplicity of steady states is possible.
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For the adsorption mechanism, the presence of an interaction step between different
intermediates is only one necessary condition for the occurrence of multiple steady states;
another requirement is that the reaction orders of the two adsorption steps must be different.
Consequently, competition between surface intermediates is the main factor leading to
multiplicity of steady states.

The reversibility of the adsorption steps affects the number of steady states. Analysis shows that
boundary steady states are absent if both adsorption steps are reversible. If one of the adsorption
steps is irreversible, there is one boundary steady state with the irreversibly adsorbed
intermediate occupying all active catalyst sites. If both adsorption steps are irreversible,

two boundary steady states exist, one with complete coverage of the catalyst surface by AZ
and one with complete coverage by BZ. If the reaction orders of these irreversible adsorption
steps are equal, there is a line of internal steady states connecting the two boundary steady
states. In this case, the steady state is very sensitive to the initial conditions and experimental
data may be irreproducible.

From a physicochemical point of view, elementary reactions with an overall kinetic order
of more than three can be disregarded because such reactions are impossible. Table 7.2 shows
the results of a comprehensive analysis by Yablonskii et al. (1991) of realistic adsorption
mechanisms, assuming that the interaction step between the surface intermediates is
irreversible (k3 = 0) and that the stoichiometric coefficients equal either one or two and the

Table 7.2 Characteristics of “realistic” adsorption mechanisms: necessary conditions for

steady states (ss) and their number

Partial Reaction

Reversibility of Adsorption Steps

Orders ki =0;k; =0 llaky =0;k; #0 | b ky #0;k; =0 | Wl k7 #0; k; #0

(1) m=1;n=1; Two ss; Line of ss | One bss® and one | One bss and one iss| No bss and one iss
p=1;9=1 for k, =k, iss” at k; >k, atk, >k,

(2y m=2; n =2 Same as .1 Same as lla.1 Same as IIb.2 Same as IlI.1
p:1 =1

(3) m=2;n=2; |Same as |.1 but withl Same as lla.1 but | Same as Ilb.2 but Same as I11.1
p=2;9=1 ki =2k, with k; > 2k, with 2k, >k,

(4) m=1;n=1; Same as |.3 One bss and two | One bss and one iss| No bss and one
p=2;9=1 iss at k; > 2k, or three iss

(5) m=2;n=1; | Two bss and two iss| One bss and two | One bss and one or Same as 1.4
p=1;9=1 at 2k; >k, iss at 2k, >k, | three iss at 2k; >k,

(6) m=2;n=1; | 1.5 but with k; >k, lla.5 but with l1b.5 but with Same as 1.4
p=2;9=1 ky >k, ky >k,

(7)y m=2; n =1, 1.5 but with Ila.5 but with IIb.5 but with Same as 1.4
p=1;q=2 4k, >k, ak; >k, ak; >k,

*bss=boundary steady state.
Piss=internal steady state.
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Table 7.3 Adsorption mechanisms that can explain the multiplicity of steady states

A (1) A+Z=2AZ
(2) B +ZaBZ
(3) 2AZ+BZ— A,B+ 3Z

B (1) Ay +2Z=222AZ
(2) B+Z=BZ
(3) AZ+ BZ— AB +2Z

C (1) Ay +2Z=22AZ
(2) B +Z=2BZ
(3) 2AZ+BZ — A,B+ 3Z

D (1) Ay +2Z=22AZ

(2) B+Z=BZ
(3) AZ+ 2BZ — AB, +3Z

sum p+¢ < 3. These results are based on the algebraic analysis of the number of positive roots
in the interval [0,1] using Descartes’s rule of signs and Sturm’s theorem.

The main result is that real multiplicity of steady states—the existence of two internal stable
steady states and one internal unstable steady state—can be explained using one of the four
mechanisms shown in Table 7.3. If the experimentally observed steady-state reaction rate is
characterized by two different branches, and multiplicity of steady states is observed, one of
these four mechanisms can be used to interpret the data. We prefer to use mechanism B because
its steps are characterized by overall reaction orders that are not larger than two. In fact, this
mechanism is identical to the mechanism represented by Eq. (7.102), an example of which is
the adsorption mechanism for the oxidation of carbon monoxide (Eq. (7.103)). We will return
to this mechanism in Chapter 11, in which the problem of critical simplification is discussed.

7.5 Chemical Oscillations in Isothermal Systems
7.5.1 Historical Background

The discovery of isothermal chemical oscillations was one of the big scientific sensations of the
20th century. Belousov and Zhabotinsky found self-sustained oscillations in the cerium-ion
catalyzed oxidation of citric acid by bromate, now known as the Belousov-Zhabotinsky
reaction. This reaction became one of the starting points for Prigogine and his coworkers in
Brussels for studying complicated dynamic behavior of chemical mixtures that are far from
equilibrium (Prigogine and Lefever, 1968; Glansdorff and Prigogine, 1971; Nicolis and
Prigogine, 1977). They used a model with a specific type of mechanism involving autocatalytic
reactions, later named the Brusselator, for the quantitative interpretation of chemical
oscillations in isothermal systems. An autocatalytic reaction is a reaction in which at least one
of the reactants is also a product, for example, A+B — 2 A. Prigogine received the 1977 Nobel
Prize in Chemistry for this work. In the early 1970s, the research by Prigogine’s group inspired
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Field et al. (1972) at the University of Oregon to perform a systematic and detailed
thermodynamic and kinetic analysis of the Belousov-Zhabotinsky reaction. They suggested a
detailed reaction mechanism that could explain the oscillations. Field and Noyes (1974) later
simplified this mechanism and named it the Oregonator, after Prigogine’s Brusselator.

The group of Wicke (Beusch et al., 1972a; Beusch et al., 1972b) was the first to observe
kinetic self-sustained oscillations in solid-catalyzed reactions, when studying the oxidation
of carbon monoxide over platinum-based catalysts. At certain conditions, oscillations were
observed in the production rate of carbon dioxide. Based on these experimental data,
Beusch et al. (1972b) assumed that the only factor responsible for the rate oscillations was
the complex surface-reaction mechanism and that neither external nor internal mass- or
heat-transfer limitations played a role. Slin’ko and Slin’ko (1978, 1982) performed
comprehensive experimental and theoretical investigations of kinetic self-sustained
oscillations, in particular in the oxidation of hydrogen over nickel and platinum catalysts
(see also Slin’ko and Jaeger, 1994).

Self-sustained rate oscillations have been observed in many heterogeneous catalytic reactions.
The largest amount of information on kinetic self-sustained oscillations was obtained for
the oxidation of carbon monoxide over noble metals, particularly by the group of Ertl, who
in 2007 received a Nobel Prize in Chemistry for his work regarding this phenomenon.
Other examples are the oxidation of cyclohexane (Berman and Elinek, 1979), propylene
(Sheintuch and Luss, 1981), and ethylene (Vayenas et al., 1981); the cooxidation of carbon
monoxide and 1-butene (Mukesh et al., 1982, 1983, 1984); and reactions of nitric oxide
with ammonia (Nowobilski and Takoudis, 1985), carbon monoxide (Bolten et al., 1985),
and carbon monoxide and oxygen (Regalbuto and Wolf, 1986).

7.5.2 Model of Catalytic Chemical Oscillations

Now the question is how to construct the simplest model of a chemical oscillator, in particular,
a catalytic oscillator. It is quite easy to include an autocatalytic reaction in the adsorption
mechanism, for example A+B— 2 A. The presence of an autocatalytic reaction is a typical
feature of the known Brusselator and Oregonator models that have been studied since the
1970s. Autocatalytic processes can be compared with biological processes, in which species
are able to give birth to similar species. Autocatalytic models resemble the famous
Lotka-Volterra equations (Berryman, 1992; Valentinuzzi and Kohen, 2013), also known

as the predator-prey or parasite-host equations.

Let us again consider a model with two variables, Eq. (7.12):

d>
%Zfl(chcz)

dCz

EZfz(Cl,Cz)

(7.12)
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In the presence of autocatalytic steps, the derivatives 9fi(c1, ¢2)/0cy and dfa(c1, ¢2)/0c2

can be positive in some parametric domain, whereas in the absence of autocatalytic steps
these derivatives are always negative. This results in more complicated behavior of autocatalytic
processes compared to traditional chemical processes. Thus, the mass-action-law model with
two variables and without autocatalytic steps obeys the Poincaré-Bendixson criterion:

3f1 (Cl, 62) + afz(Cl, Cz)
86’1 8c2

Based on this criterion, it can be concluded that two-dimensional models that do not

<0 (7.120)

include autocatalytic reactions are not able to reproduce the experimentally observed
isothermal kinetic oscillations.

Seemingly, the description of catalytic oscillations at least requires a two-variable model
with autocatalytic reactions or a three-variable model without autocatalytic reactions.
Eigenberger (1978a,b) made a step toward the construction of a three-variable model by
adding a so-called buffer step (4 in the following list) to an adsorption mechanism:

(1) 2A+2Z =2 2AZ
(2) B+2Z =2 BZ,
(3) 2AZ+BZ, — 2C+4Z
(4) B+Z 2 (BZ)*

(7.121)

for the overall reaction 2A +B — 2C. In the buffer step, (BZ)* is produced, a nonreactive form
that does not participate in the main catalytic cycle.

This is a realistic model because gaseous reactants can be adsorbed in a number of forms,
some of which are nonreactive. An example is the oxidation of carbon monoxide over
platinum, which in the above mechanism translates to A=CO, B=0,, and C=CO,. Although
oxygen typically adsorbs irreversibly on platinum, Eigenberger assumed step (4) to be
reversible. Based on this assumption, which was not substantiated, Eigenberger transformed
the initial model to a model similar to that for a mechanism with autocatalytic reactions, which
was studied by Prigogine and colleagues (Prigogine and Lefever, 1968; Glansdorff and
Prigogine, 1971; Nicolis and Prigogine, 1977) and found oscillations using computer
calculations.

Bykov et al. (1978) have presented a detailed analysis of the following adsorption mechanism
with buffer step (also see Yablonskii et al., 1991; Marin and Yablonsky, 2011):

(1) Ay+2Z = 2AZ
(2) B+Z =2 BZ

(3) AZ+BZ — AB+2Z (7.122)
(4) B+Z 2 (BZ)*
The corresponding model for this mechanism is
dgAZ i+ 2 —n2 +
=2k, 0, =2k 0y, — k3 Oaz0z =fi (QAZ, Oz, 9(132)*) (7.123)

dt
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by )
dI;‘Z =ky 07— ky Oz — k3 0az087 =1 (0az. Onz. O(52)°) (7.124)

dOgzx -
EZZ) = k: HZ - kél_H(BZ)* :f3 (QAZ’ GBZ’ H(BZ)*) (7.125)

with k| =k; pa,,ky =k pg and k, =k; ps.
The steady states for this model can be determined from the set of algebraic equations

f1(0az. 082, Omz)) =12 (07, OBz, O(82)*) =15 (Oaz, OBz, O 7)) =0 (7.126)
By expressing f; =f, =0 in implicit form, we obtain 8,7, Oz, and 6 as functions of 0z

From Eq. (7.126), it follows that
=
92 (H(BZ)*) = ]€_4+9(BZ)* = aG(BZ)* (7127)
4
The steady states correspond to the points of intersection of this straight line with the curve 7 =
07 (H(BZ)*) in the plane (62,0z)+). This curve is plotted in accordance with the solutions of
f1(0az. 082, Omz)*) =12 (07, OBz, O(Bz)*) =0 With respect to 07 and O, which are the
steady states of the model representing the three-step adsorption mechanism (steps (1)—(3) of
Eq. (7.122)). For this three-step submechanism, a parametric domain can be distinguished
in which three different steady states exist. In this domain, the curve 6, =0z (Q(BZ)*) has a
typical S-shaped form, see Fig. 7.9.

0.5

62,55 ———————

Omzy

Fig. 7.9
Normalized steady-state concentration of free active sites Z as a function of the normalized steady-

state concentration of the “l:itiﬁ’er” intermediate (BZ)*, curve 8; =67 (H(BZ)*). The straight lines
represent Eq. (7.127); a=k; /k, with a® >a>a" . Intersections of the dependences represents the
(unstable) steady states 8z . Reprinted from Yablonskii, G.S., Bykov, V.I., Gorban, A.N., Elokhin, V.I., 1991.
Kinetic models of catalytic reactions. In: Compton, R.G. (Ed.), Comprehensive Chemical Kinetics, vol. 32. Elsevier,
Amsterdam, Copyright (1991), with permission from Elsevier.
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The reduced set of equations for the time derivatives of 8,7 and 0gz, Egs. (7.123) and (7.124),
with not three but two variables, in which 6z« is regarded as a parameter, is a catalytic
trigger. For this system, a unique steady state is stable. If there are three steady states, the two
outer steady states are stable and the middle steady state is unstable.

The complete set of equations with three variables, Eqs. (7.123)—(7.125), including the
buffer step, may have a unique unstable solution. In view of the Poincaré-Bendixson theorem,
this is a necessary and sufficient condition for the occurrence of oscillations. For this set of
equations, the solution is considered to be in the so-called reaction simplex S:

S(0az, 08z, Opz)+) : Oaz >0, 057 >0, Oz« >0, Oaz +0pz +O(pz) < 1 (7.128)

Let (QAz,ss, OBz7.ss» Q(BZ)*’SS) = (fs) be the steady-state solution of the set of equations,
Egs. (7.123)—(7.125). For this system, the characteristic equation is

B+ol2+61+A=0 (7.129)

where 6 =—Tr(J), 6=a; +ax +az3=Tr(adj)), and A=—det J. J=[a;] (i, j=1, 2, 3) is

the matrix of the corresponding linearized set of equations at the steady state; a;, a»,, and as; are
the principal minors of matrix J; and adjJ is the adjoint of J. The values of the nonpositive
roots 4; and 4, of matrix J are determined by the relationship between o, §, and A, with ¢ <0.
It can be shown (Yablonskii et al., 1991) that a necessary and sufficient condition for the
instability of the steady state is that § is negative. For § =0, the parameters are at their critical
values, that is, the value for which the real parts of the characteristic roots 4; and 4, change sign.

When the parameters for reaction steps (1)—(3) are properly chosen, a parametric domain
for step (4) can be found that results in a unique unstable steady state, resulting in oscillation
(see Fig. 7.10). Comparison with Fig. 7.9 shows that the oscillations are observed in the
domain close to the hysteresis in the curve 6,(0gz)+). The shape of the limit cycles in Fig. 7.10
very much depends on the values of k, and k; . The lower these values, the closer the shape of

0.3 0.7 —
0.2 0.5 -
6, - Oz
0.1 0.3
0 1 T 1
0.3 0.5 0.7 0.3 0.5
(A) OBz (B) OBz
Fig. 7.10

Examples of limit cycles on (A) (6(z)x, 0z) and (B) (0(sz)*, Oaz) phase-space projections. Reprinted from

Yablonskii, G.S., Bykov, V.1., Gorban, A.N., Elokhin, V.I., 1991. Kinetic models of catalytic reactions. In: Compton,

R.G. (Ed.), Comprehensive Chemical Kinetics, vol. 32. Elsevier, Amsterdam, Copyright (1991), with permission
from Elsevier.
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Fig. 7.11
Self-sustained oscillations of the reaction rate; the dashed line marks the value of the reaction rate at
the unstable steady state. Reprinted from Yablonskii, G.S., Bykov, V.1., Gorban, A.N., Elokhin, V.I., 1991.
Kinetic models of catalytic reactions. In: Compton, R.G. (Ed.), Comprehensive Chemical Kinetics, vol. 32. Elsevier,
Amsterdam, Copyright (1991), with permission from Elsevier.

the limit cycle to the hysteresis in the curve 6,(0gz)+). The corresponding self-sustained
oscillations of the reaction rate are shown in Fig. 7.11.

On increasing l€4+ to the limit value (154+ )*, the frequency of the oscillations increases, while
the amplitude remains nearly constant. At la > (154+ )*, the oscillations vanish jump-like and
the system enters the stable steady state. Thus, the four-step mechanism with a buffer step,
Eq. (7.122), described by Egs. (7.123)—(7.125) can be termed the simplest catalytic oscillator
based on mass-action-law assumptions.

A computational and qualitative analysis of a number of modifications of the four-step
mechanism and the corresponding model shows that three factors are of importance with
respect to the occurrence of self-sustained oscillations:

(1) The presence of a nonlinear step such as AZ+BZ — AB +27Z, that is, the interaction
between different surface intermediates. This step is responsible for nonlinear phenomena
such as multiplicity of steady states, rate oscillations, and discontinuities in kinetic
dependences (see Yablonskii et al., 1991; Marin and Yablonsky, 2011).

(2) The presence of a buffer step, which is responsible for slow motion.

(3) Reversibility of at least one step, eg, A+Z 2 AZ.

One of the basic types of self-sustained oscillations in chemical kinetics is relaxation oscillation.
This term usually means the occurrence of self-sustained oscillations whose period can be
divided into several parts corresponding to slow and fast changes of the process characteristics.
The simplest model for describing relaxation oscillation was proposed by Gol’dshtein et al.
(1986). This model is based on the combination of a two-step mechanism and a buffer step:

(1) A+Z =2 AZ
(2) AZ+2Z — A+3Z (7.130)
(3) z =2 (2)F

where the second step is autocatalytic and (Z)* is a nonreactive surface substance formed in
the buffer step.
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The model corresponding to this mechanism is

do -
d—tZ: —ky 07+ (ky +k5 03) (1= Oz« — 07) — ki 07+ k3 02 =£1(02,0(z)+)  (7.131)
dO 7+ _
— K02k O =1 (02.0(2)) (7.132)

The buffer step (3) is assumed to be slow, so k5 ,k; <<k ,k; k) . The ratio ki /k{ is a
small parameter in this model. The fast variable is 8, while 0 7)« is the slow one.

All three factors mentioned above are present in this simple autocatalytic model.

7.6 General Procedure for Parametric Analysis

We are going to describe a general procedure for the parametric analysis of a typical chemical
dynamical system based on the examples presented in this chapter. This procedure has also
been laid out in detail by Bykov and Tsybenova (2011) and Bykov et al. (2015). The studied
process occurs at external conditions that are characterized by a number of parameters.
These parameters relate to the system of ordinary differential equations

dx;
7tl=fi(x1,"'Xi,"'xn,Pl,"'P/,"'Pm) (7.133)

where x; are phase variables (concentrations and temperature) and P; are parameters, such
as reactor volume and inlet and initial concentrations and temperature.

The first step of the parametric analysis of Eq. (7.133) is the determination of its steady states,
which are solutions of the algebraic set of equations

ﬁ(x1,"'xi,"'Xn,P1,"'P/,"'Pm) =0 (7.134)
In some situations, the solution of Eq. (7.134) can be obtained explicitly,
Xi=@;(P1,+Pj,-+Ppy) (7.135)

but generally this is impossible and the parametric dependences have to be found by using some
kind of computational procedure.
There are cases in which the set of steady-state equations can be transformed to one equation:

f(x,Py+Pj,-+Py) =0 (7.136)

in which x is one of the phase variables. This nonlinear equation may have several steady states
and, in this domain, a hysteresis of the steady-state dependences on the parameters may be
observed.



258 Chapter 7

The second step in this procedure is a study of the stability of the steady state(s). To this
end, the Jacobian matrix J has to be formulated with elements

i

8_xj (xss) (7.137)

al-j =

where x is the steady-state variable. The stability of a steady state is determined by the
properties of the eigen roots 4;(i =1,...,n) of the Jacobian matrix. If all 4; have nonzero
real parts, the steady state is “robust.” Its stability depends on the sign of Re(4)).

The most important part of this analysis is determining the parametric dependences
®; (Pl P, ---Pm). In some cases, based on Eq. (7.135) the following explicit dependence
can be written:

Pi=ni(x); j=1,--,m (7.138)
where x is the same variable as in Eq. (7.136).
As a result, a function
x=¢(P)) (7.139)
can be found, which is the reversal of the unknown parametric dependence.

Varying one of the parameters, for example, P, one can find its bifurcational value at
which the number of steady states and their stability change. Varying a second parameter,
for example, P,, bifurcation curves as functions of P; and P, can be plotted. For the
two-dimensional case, there are two main bifurcational dependences (also see Section 7.3.3):

* the line of multiplicity of steady states, Lx;
* the line of neutrality, L.

The stability of a steady state is determined by the eigen roots of the second-order
characteristic equation:

2—6l+A=0 (7.140)

where 0 = a1 +a» and A =aj1ax»n —apas;.

Let us now choose two parameters, P; and P,, and determine L, and L, in the plane of
these parameters. The boundaries of the domain of multiplicity are defined as solutions
of the set of equations

f(x,Pl,Pz) :O
{A(x,Pl,Pz):O (7.141)
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In many cases, taking into account Eq. (7.138), Eq. (7.141) can be formulated as

Py=4(x)
{Pl = ff(x,éz(x)) (7.142)

It is possible to determine the parametric portrait of the system by analyzing the mutual
rearrangement of the lines L, and L, on the plane (P, P,). The number of steady states
and their stability can be estimated using this parametric portrait.

The phase portraits of the model represented by Eq. (7.133) provide us with useful information
on the dynamic behavior of this model. These phase portraits are calculated by numerical
integration for a given set of parameters at different initial conditions. Every parametric
domain, which is determined by the mutual rearrangement of the lines L, and L,, relates

to a special type of phase portrait. For a model with two variables, it is possible to

present all types of phase portraits. However, for many models with three variables, the number
of phase portraits is enormous and the corresponding classification of phase trajectories is
quite difficult.

Typically, temporal dependences x; = x; (t,Pl, P, ---Pm) are computed for the set of
ordinary differential equations, Eq. (7.133) with a given set of parameters. Technical
difficulties are usually related to the “stiffness” of the system.

Let us analyze the set of nonlinear equations
F(x,P)=0 (7.143)

where F is a vector-function, X is a vector of variables, and P is a parameter. Eq. (7.143)
determines the implicit dependence

and the main goal of a parametric analysis is to determine this dependence.

Nonlinear sets of equations are usually solved using iterative methods based on parameter
continuation. For a particular parameter value P, a mapping is repeatedly applied to an initial
guess Xq. If the method converges, and is consistent, then in the limit the iteration approaches
a solution of F(x, Py) =0. A general scheme of the method of parameter continuation is the
following: substitution of Eq. (7.143) into Eq. (7.144) and taking the derivative yields

dx OF
il Wl .14
JdP * oP 0 (7.145)
where J is the Jacobian matrix,
F(x, P
J= m (7.146)

ox
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Using Eq. (7.144) taken as a set of linear equations with respect to dx/dP, one can write
equations of change along the parameter:

dx OF

— =) = .14

dapP 1 oP (7.147)
The parametric dependence x(P) is a solution of the set of ordinary differential equations,
Eq. (7.147) at a given set of initial conditions x(Pg) =X.

At the bifurcation points of the system, Eq. (7.142), the Jacobian matrix becomes singular.
Hence, for numerical integration of Eq. (7.147), a parameterization procedure along the curve
X(P) can be used in the corresponding space of dimension dim(x+ 1). This integration requires
the use of special methods, in particular, methods based on the calculation of the Jacobian

ox

additional problems. The set of equations, Eq. (7.147), is written on the basis of the solution,

. . . . . 0 oF .
matrix. In this case, we have to find the partial derivatives 7 J'=—), which creates
X

d
Eq. (7.145), for example using the Gauss method regarding d—; When solving Eq. (7.147), the

accuracy of the initial conditions is very important. Generally, the computer realization of the
parameter-continuation method is quite complicated. The degree of this complexity depends on
the number of variables in Eq. (7.143). Because these numerical calculations are typically
carried out with fixed, limited precision, additional considerations relating to floating-point
accuracy arise, and the difficulties are exacerbated precisely at the most interesting points of the
calculations.

Let us analyze the particular case in which the set of equations, Eq. (7.145), can be formulated
as just one equation,

f(x,P)=0 (7.148)

where fis not a vector function but a scalar function and x is the only variable. Differentiation of
the identity f(x(P),P) =0 leads to

dx of Ox

P PO (7.149)
or

ap  ofopr

The parametric dependence P(x) is the reversal of x(P). They can be found by numerical
integration of Eq. (7.149) or (7.150).

0 10
At the turning points, —f =0or —f =0, so the condition
Ox OP
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’6f8x <1 (7.151)

oPof

has to be fulfilled to make a choice to move along either P or x.

For numerical integration, Eq. (7.149) or (7.150) is chosen depending on the condition of
Eq. (7.151). The advantages of this modified method of parameter continuation for the scalar
equation, Eq. (7.148) are obvious. In this case, it is not necessary to calculate the matrix, which
is the inverse of the Jacobian matrix.

The transformation of the original set of equations to just one equation is not always
possible. Let us analyze another case, in which the original set is transformed into a set of
two equations:

filx,y,P)=0
{fz(X, y,P)=0 (7.152)

where x and y are variables and f| and f, are nonlinear scalar functions. Eq. (7.152) implicitly
determines the following dependences:

{;‘jycg; (7.153)

One of the goals of the parametric analysis of Eq. (7.152) is to determine the functions
represented by Eq. (7.153). Substitution of Eq. (7.153) into Eq. (7.152) and differentiation of
the resulting identities yields

Ohdx  Ohdy Oh_
OxdP 0OydP OP

(7.154)
%ﬂ+%ﬂ+%:0
OxdP 0OydP OP
Defining
oh o _%h oh oh O
ox 0 OP 0 ox OP
Ao x Oy A= y Ay Oox OP ’
o o R o o
Ox 0Oy oP 0Oy Ox OP
Eq. (7.155) can be written as
de A
ap A (7.155)
D _ A

dP A
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The initial conditions are x(Py) = xo and y(Py) =y,. At the turning points of the curve described
by Eq. (7.152), one of the determinants A, A, and A, equals zero. Hence, in addition to
Eq. (7.155), two sets of differential equations can be analyzed:

dP A
dx A
dy A (7.156)
dX_Al
and
dX_Al
dy A,
P A (7.157)
dy A,

Therefore, movement along the line of the parametric dependence Eq. (7.153) can be realized
by the integration of one of three sets of equations: Eq. (7.154), Eq. (7.156), or Eq. (7.157).
Three different situations can be distinguished. If |A;| < |A| and |A;| < |A|, P is chosen as

a parameter and Eq. (7.155) is integrated; if |A| < |A| and |A;| <|A;|, the parameter is x
and Eq. (7.156) is integrated; finally, if |A| < |A,| and |A;| <|A;|, the parameter is y and
Eq. (7.157) is integrated. We always choose the path of the largest denominator. These criteria
can be applied when all variables and all parameters have commensurate variations.

The method described is one possible modification of the parameter-continuation method.

Nomenclature

A, reactor surface available for heat exchange (m?)

c vector of concentrations (mol m™>)

Ci concentration of component i (mol m73)

Cp specific heat capacity at constant pressure (J mol ' K1)
D phase space (mol m™>)

Da  (first) Damkohler number (—)

element of phase space (mol m )
activation energy (J mol ")

H enthalpy (J)

AH enthalpy change of reaction (J mol™ ')

k reaction rate coefficient ((m> mol™!)"s™)

T X
©

ko preexponential factor (same as k)
n amount of substance (mol)
P; parameter i (varies)

p pressure (Pa)
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p partial pressure of component i (Pa)
Oy, rate of heat generation (J s

O, rate of heat removal (J sh

qv volumetric flow rate (m3 s_l)
universal gas constant (J mol ' K1)
r reaction rate (s~ ')

Se Semenov number (—)

T temperature (K)

t time (s)

¥ new time scale = (¢/I';)¢ (mol ™' m,” s)
U internal energy (J)

v volume (m3)

V(x) Lyapunov function (varies)

V. volume of reaction mixture (m>)
X conversion (—)

x,y,z variables (varies)

Greek symbols

p dimensionless number (-)

0 value of concentration upon perturbation (mol m ™)

£ concentration perturbation (mol m )

£, boundary on deviation in concentration (mol m_3)

0, normalized concentration of surface intermediate j (-)

A characteristic root (s~ ')

Ui chemical potential of component i (J mol ™)

v ratio Da/Se (-)

& deviation of the concentration ¢ from the rest point (mol m~°)

P fluid density (mol m73)
Tgs relaxation time (s)

Subscripts

0 initial

eq  equilibrium

i component i

j surface intermediate j

min  minimum
s step
SS steady state
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Superscripts

+ forward reaction

— reverse reaction

ay  partial order of forward reaction of step s in reactant ;
Psi  partial order of reverse reaction of step s in product ;

YBsi  Psi— i
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Optimization of Multizone Configurations

In this chapter, the problem of optimization of multizone configurations will be dealt with.
When talking about a zone, we consider a thin active zone in which perfect mixing is assumed.
Typically, thin catalyst zones are used in temporal analysis of products (TAP) studies, but other
types of experiments involving thin active zones are also conceivable.

Thin active zones are separated by inactive transport zones. Here we consider transport to be
purely diffusional, and the inactive zone to be purely diffusive. We also assume that the
diffusion coefficient does not depend on the gas composition.

8.1 Reactor Model

For gas-solid systems studied under high-vacuum conditions, we assume Knudsen flow,
and the diffusion coefficient depends only on the temperature and the molar mass of the gas.

In our model, we assume that every active zone is kinetically identical under the assumption of
first-order kinetics. Every active zone has the same adsorption rate coefficient k, and the same
thickness AL,, so

k,AL, =k = constant (8.1)
We also assume that for every inactive diffusion zone, the effective diffusion coefficient D is
the same. We apply the general model of the TAP reactor as a system of partial differential
equations (see Chapter 5). In the Laplace domain, each zone is represented by a zone transfer
matrix (Constales et al., 2006). The thin zone of activity « corresponds to the matrix:

A= [1 0] (8.2)

k1

and the inactive diffusion zone of length L, corresponds to the matrix:
. EpS
sinh | L;, [—
£ > < l Deff>
ff V €bSDe (8.3)
v/ €pSDetr Sinh (Li ;bs> cosh (Ll» ;bs>

eff eff

cosh <L,»

where ¢y, is the bed voidage, that is, the fraction of the bed volume that is occupied by the voids.
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The goal of our analysis is to calculate and then optimize the conversion of a chemical
transformation. For this, only the zeroth moment of the outlet flux is required, which can be
obtained by setting s =0 in the Laplace transform. Consequently, we only need Eq. (8.3)
with s =0:

=
B,—o= Degt (8.4)
0 1

To combine the active zone with the subsequent inactive diffusion zone, we multiply matrix
A with B;_:
L:
1 1

ABy= | e 8.5)
kK 1+—
eff

For representing the entire reactor, we have to multiply all matrices from left to right for
i=1,...,N,, with N, the total number of active zones. Then the expression for the zeroth
moment M,
1 1

—_ = 8.6

My 1-X (8.6)
with X the reactant conversion, is determined by the (2,2) element of the resulting matrix.
For N,=1,

1 K
—=1+—1L (8.7)
M off
For N, =2,
1 K K 2
— =1+ Li+20,)+ LiL 8.8
My Deff( : 2) (Deff> 2 (8:5)
For N, =3,
1 K k2 >
—=1+ (L] +2L, + 3L3> + < ) (L1L2 +2L1L3 + 2L2L3) + ( > L1L2L3 (89)
M Dy eff Dy

In general form, for N, zones,

1 N, (K >i i
Y Lj\Ljys-s Ly 1] ] G (8.10)
My 12:1: Desr . Z J1=)2 i Jlkl:Iz(/k Jk 1)

<1< <Ji<N,

(=)

K
where the term “1” represents < > .
Degt
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In these equations, L; is the distance between active zone i and active zone i+ 1, or the distance
between active zone i and the reactor exit, if i is the last zone or if there is only a single
active zone, that is, the active zone with zone number N,

8.2 Maximizing the Conversion

Now, what are the conditions for a maximum conversion? First, note that maximizing the
conversion is equivalent to maximizing 1/M, (see Eq. 8.6), since this is a strictly increasing
function over the interval 0 < X < 1. In general, we must therefore maximize Eq. (8.10) for all
choices L; >0,L, >0,...,Ly, >0 such that L; + L, + --- + Ly, =L, is the total length of the
reactor. This analysis can be performed in two extreme cases: (1)  is very small (but positive)
and (2) k is very large (but finite).

(1) In the case of very small k, all terms involving x°, k>, and so on may be neglected, so the
expression for 1/M, simplifies to
1 K

—=1+
M Dy

(L]+2L2+"'+NZLNZ) (8.11)

Since L; + L, + -+ Ly, =L, the largest value of 1/M,, is achieved by setting
Ly=Ly=-+=Ly,_1=0and Ly, =L. Thus, we combine all active zones into one active
zone and place this at the very entrance of the reactor.

(2) For very large «, all terms except the one involving ¥ may be neglected, and the
expression for 1/M, simplifies to

1 k \M
—= LiLy,...,L 8.12
Mo (Deﬁ) 1Ly N, (8.12)
. . . L .
and the largest value of 1/M, is achieved by setting L; =L, =--- =Ly, =N This is a

property of arithmetic and geometric means of Ly, ...,Ly,. These means are équal only if
Li=L,=--=Ly,.

In all these equations, the thickness of the active catalyst zone, AL,, is considered to be
negligible compared with the length of the reactor: this value is implemented into the value of
the adsorption rate coefficient, k =k, AL,.

Both optimal configurations are shown in Fig. 8.1.

For the physicochemical interpretation of Eq. (8.10), representing a cascade of thin active
catalyst zones, it makes sense to compare this equation with the equation for a cascade of
imaginary continuous stirred-tank reactors (CSTRs). Each imaginary CSTR in this cascade is
assumed to have the same conversion as a unitary reactor consisting of one active zone and a
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) —~

(A

L

)

| Il 11 v V
B) L L, L, L, Ls
Fig. 8.1

Optimum configuration of active catalyst zones for (A) a low-activity catalyst (small k)
and (B) a high-activity catalyst (large k); L1 =L, =Lz =Ly =Ls=L/S5.

corresponding inactive diffusion zone. The zeroth moment of the first (or one) imaginary CSTR
then is given by Eq. (8.7).

For N, =2,
LI S ) *\LL 8.13
My +Deff( i 2)+<Deff> e 615
For N, =3,
K \? k\°
—=1+ (Ll +1, +L3)+( > (L]Lg + L1 +2L2L3)+ < ) Lil,l5 (814)
My Degt eff Dest

and for the entire cascade

1 N. K N, K i
E:H<1+@Li>zz<l)> > LiL.... L, (8.15)

i=1 i=1 eft/ 1<j<<ji<N,

1
which is the same as Eq. (8.10) but without the factor j 11_[ (jk — jk—1)- In fact, this factor is the
k=2
main distinguishing feature of thin-zone configurations, which, in contrast with the cascade of
CSTRs, include diffusion zones. This factor can therefore be attributed to the backmixing
phenomenon, which is specific for diffusion zones and absent in a cascade of CSTRs.

Based on Eq. (8.15), it is easy to show that the optimal configuration of a cascade of imaginary
CSTRs is one with equal distances between these CSTRs, independent of whether « is small or
large. This is very different from the case analyzed previously, in which a unitary reactor
consists of an active zone and a diffusion zone.

8.3 Optimal Positions of Thin Active Zones

In the case of one active thin zone, its optimal position is at the very entrance of the reactor, and
the conversion will be governed by Eq. (8.7), with L; =L as the total length of the reactor.
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If there are two active thin zones, we have to maximize Eq. (8.8) to determine the optimal
position of the zones subject to the constraints L; >0, L, >0, and L, + L, = L. If we disregard
conditions L; >0 and L, > 0, the maximum conversion is obtained for

1 Degr L 1
L1§<L— p ) or L1§<l—a> (8.16)

and

1/ Der L. 1
Li=-(L Li==(1+— 8.17
22<+K>0r22<+Da> @17

L
where Da = K , the second Damkohler number (actually Dayp), which is the ratio of the

eff
reaction rate to the diffusion rate. Obviously, both L, and L, tend to reach L/2 for sufficiently

large Da. The physical meaning of Eqgs. (8.16), (8.17) is that Da must be larger than one.
Otherwise, the maximum conversion is reached for L; =0 and L, = L, that is, all of the catalyst
is placed at the very entrance of the reactor.

For the situation that there are three active thin zones, we need to maximize Eq. (8.9) with
constraints L; >0, L, >0, L3 >0and L, + L, + L3 = L. If the catalyst activity is low so k is small,
all zones have to be attached and placed at the very entrance of the reactor

(L1 =0, L, =0, Ly =L). By setting L; =0 in Eq. (8.9), we obtain conditions for the detachment
of the second zone and from these we can determine the optimal position of the second zone:

1 Dy L 1

and

1/ D L 1
L3—2<L+ 2K> or L3—2<1+2Da) (819)

I . oo
So, the detachment of the second zone occurs when Da =—. Finally, maximizing Eq. (8.9)
without considerations about the inequalities L; > 0 for the zone lengths, we obtain the solution

L 7
L 4
Ly==2+—— 21
) 3( e a) (821)
L 1
L3—L—L1—L2—g(l—a+a> (822)
1 1
with a = 1+—0+ 3

Da Da?
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8.4 Numerical Experiments in Computing Optimal Active Zone
Configurations

. kL
For convenience, let us assume that L =1 and D.i; =1, so Da=
eff
numerically computed optimal configurations for numbers of active zones ranging from N, =2
to N, =7. The horizontal axis represents the Damkohler number Da (= k) and the vertical axis
represents the ratio L,/L for i=1,...,N,, the dimensionless distance between the successive
active zones or between the last zone and the reactor outlet.

=k. Fig. 8.2 shows

For N, =2 and N, =3, Fig. 8.2A and B, we recover the results from the previous rigorous
analysis: for small values of Da, all L; equal zero, except Ly, which equals one. This means that
for small values of Da, the optimal configuration of zones is one in which all zones are as close
as possible to the reactor inlet.

For N, =2, L, stops being zero and detaches when Da becomes equal to one. For Da > 1, the
optimal configuration, therefore, consists of the first active zone always at the reactor inlet
and the second zone at some distance L; from the reactor inlet (with L; > 0). As the value
of Da tends to co, L tends from O to L/2 and L, tends from L to L/2, which is the limit value of
the optimal configuration. At all values of Da, L; <L,.

For N, =3, the theoretical analysis is also confirmed. In this case, the configuration with

all zones as close as possible to the reactor inlet is optimal for Da < 1/2. At Da=1/2, L,
detaches and up to Da =3/2 the optimal configuration has two active zones as close as possible
to the reactor inlet and the third at a distance L, from the inlet. When Da=3/2, L; detaches
and for all values Da>3/2 the optimal configuration consists of three separate active zones:
the first zone at the reactor inlet, the second at a distance L, and the third at a distance L,
from the first zone. As Da — oo, the three distances tend to L/3 and in the limit the optimal
zone configuration again is one with equal distances between the zones. Again, at all values of
Da, L] SLZ SLg

In the case of four active zones, N, =4, Ls, L,, and L, successively detach as Da increases (see
Fig. 8.2C). Remarkably, L, detaches exactly at the point where L, and L3 become equal.
Furthermore, the equality of L, and L3 is preserved for all values of Da larger than two. This means
that at Da > 2, the optimal configuration consists of four separate active zones: the first zone is
always at the inlet of the reactor, the distance L, between the first and second zone is smallest,
the distances L, and L3 between, respectively, the second and third zone and the third and
fourth zone are equal and larger than L, and the distance L4 between the fourth zone and the
reactor outlet is largest: L; < L, = L3 < L4. Again, when Da — oo, all L; tend to the same value, in
this case L/4.

So far, every new case with a different number of zones was characterized by the manifestation
of a new phenomenon. This also happens for N =5. Fig. 8.2D shows the successive
detachment of L4, L3, L,, and L; with increasing value of Da. Again, detachment coincides
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Dependence of the zone configuration on Da for (A) N,=2, (B) N,=3, (C) N,=4, (D) N,=5, (E)
N, =6, and (F) N,=7. In all figures the topmost line represents Ly,, and of the other lines the
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with merging: the detachment of L, coincides with the merging of L; and L, and then the
detachment of L, coincides with the merging of L, with the merged L; and L, (“triple
merging”).

For N,=6 and N, =7, Figs. 8.2E and F show similar properties of successive detachments
coinciding with mergers. From this observation, we can conjecture that the general
structure of optimal zone configurations for more than one active zone (N, >2) is the
following:

* At the inlet of the reactor there is at least one active zone, which can be a combination of a
number of zones.
* The remaining part of the reactor must have one of the following configurations:

— asingle active zone some distance from the reactor inlet

— two separate active zones inside the reactor with the distance between two successive
zones increasing along the reactor

— three or more, say ¢, active zones inside the reactor. In this case, there is a group of ¢
zones with equal distances between them.

With increasing Da, the zones become more equally distributed over the reactor.

8.5 Equidistant Configurations of the Active Zones

First, in the design of configurations in which the distances between the active zones are

all equal, the first zone always has to be placed at the very entrance of the reactor. This may be
technically infeasible because of problems with the injection device or requirements such

as isothermicity and uniformity of flow. In such cases, a free space before the first active
zone is required. However, in our analysis, we do not include the length of this free space in the
value of L, which therefore still represents the usable reactor length.

8.5.1 General Equation

The question may arise as to why it is necessary to put the first active zone at the very
entrance of the reactor. The answer is that in accordance with Eq. (8.10) we would like to
maximize L;,L,,...,Ly, while at the same time fitting all zones into the total reactor length L,
that is, ZL,- =Li+Ly+--+Ly, <L. Now, if this sum were smaller than L, all L; could be
stretched a little and the value of 1/M, from Eq. (8.10) would increase. Therefore, the maximum
value of 1/M,, is achieved if the sum of the distances strictly equals L (so is not smaller than L)
and thus the first zone must be placed at the very entrance of the reactor.

Let us now derive a general equation for configurations in which the distances between the thin
active zones are equal. For simplicity we again set L=1 and D¢g=1.
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Each active zone can be represented by a matrix:

1 o
A= Da 1] (8.23)
and each inactive zone by a matrix:
_1 B
B= N, (8.24)
_0 1 -
The square root of matrix B is
! 1
VB=| 2N, (8.25)
0 1
with inverse
(vB) = 2N, (8.26)
0 1

The value of 1/M, is given by the (2,2) element of the matrix (AB)N‘.

For N, =1, a sequence of transformations leads to

AB—AVBVEB = <\/l_3>71 (\/1_3 A\/E)\/E 8.27)

which is an obvious identity.
Similarly, for N, =2:

(AB)’=AB-AB=(VB) ' (VB AVEB)VB(VB) B (VBAVB)VB 528)
— (VB) ' (VBAVB)'VB

and for N, =3:

(AB)’=(AB)’-AB = (vVB) ' (VB AVB)'VB(VB) ' (VBAVE)VEB
~(VB) (VBAVE)'VB

The generalized equation for N, thin active zones is

(AB)" = (VB) o (VB A\/E)NL\/E (8.30)

(8.29)
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Using Eqgs. (8.23), (8.25), we obtain

Da 1 Da
o8 v, 2ty
Q=VvBAVB= z “z Da z (8.31)
Da 1+
2N,

In this matrix, the (1,1) element is equal to the (2,2) element and larger than 1. The determinant
of this matrix is given by

Da\’> Da Da
A={(1 — 2 =1 8.32
( * 2NZ) 2N, < ¥ 2NZ) (8:32)
Based on the elements of matrix Q (Eq. 8.31), we can define parameters a and f as follows:
Da
a=arcosh(Qy;) =arcosh|( 1+ (8.33)
2N,
D
p=— (8.34)
sinha
In terms of these parameters, matrix Q becomes
h sinh a
cosha
Q= p (8.35)

psinha cosha
and its determinant is given by
A = cosh’a — sinh?a (8.36)

In order to calculate (AB)NZ for different values of N,, matrix Q must be raised to a power N,.
For N, =2, this leads to

sinh a sinh a
cosha cosh a

Q= p B (8.37)

psinha cosha | |Asinha cosha

and in accordance with the rules of matrix multiplication:

Q= _ cosh’a + sinh?a cosh 6; sinh a N sinh aﬁCOSh a
:ﬁ sinhacosl?a+ﬂ sinh a cosha sinh2a + cosh2a ©38)
cosh2a sinh 2a
| fsinh2a cosh2a




Optimization of Multizone Configurations 277

For N, =3:

: h 2 . .
cosh 2a S oa cosha sinh @ cosh3a sinh 3a

Q' = p b= p (8.39)
fBsinh2a cosh2a | | fsinha cosha psinh3a cosh3a

In generalized form:

sinh N, a
hN, 0 ———
QY — cosh N a 5 (8.40)
psinhN,a coshN,a
This general result can be established rigorously by induction.

As shown previously, Egs. (8.30), (8.31),
-1
(AB)V = (\/E) Q"VB (8.41)

Substituting the equations for (\/E) - ,QN", and VB, we find the matrix:

inh N, 2
coshN,a — zi sinh N,a S, (1 — %)
(AB)" = ’ b Z (8.42)
p sinh N,a cosh N, + i sinh NV, a
2N,
D
For calculating 1/M,, we only need the (2,2) element. With S :% (Eq. 8.34),
sinh a
1 Da sinh N,a
—=coshN,0+ — ———— 8.43
My €08 “ 2N, sinha ( )
ith h(1+2%) (g 8.33)
with a = arcos . 8.33).
oN,)
In the mathematical theory of orthogonal polynomials, the expression
T, (x) = cosh (n arcosh x) (8.44)

is known as a Chebyshev polynomial of the first kind of degree n, and the expression

sinh (n arcosh x
Un71 (x) — ( )

8.45
sinh (arcosh x) (8.43)

is known as a Chebyshev polynomial of the second kind of degree (n — 1). Consequently, the
result in Eq. (8.43) can be rewritten as

1 Da Da Da
— =Ty |1+ + Uv_1l 1+ 8.46
M, NZ( 2NZ> N, N 1( 2NZ> (8.46)

Da
Thus, the conversion is a polynomial function of degree N, of the parameter N
z
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8.5.2 Influence of Da on Conversion Characteristics With Increasing Number
of Thin Zones

We can use Eq. (8.46) to analyze the influence of Da on the conversion characteristics for a
given number of equally spaced thin zones, N,

For N,=1,

! 1+D (8.47)
e a .
M,

Thus, with Eq. (8.6),

1 X
— —1=-"_=Da (8.48)
M, 1-X

This is a direct confirmation of the validity of our result.

For N, =2,
1 3 1
—=1+=-Da+-Da? 4
Mo +2 a+4 a (8.49)
and
1 X 3 1
— —1l=—"—_=Da(1+-D 8.50
My 1-X 2 a( "6 a) (8:50)

which is always larger than Da and even larger than 1.5 Da. It can be less than 2 Da if Da < 2.
Otherwise it is larger than 2 Da.

For N, =3,
1 5 1
—=1+2Da+ =-Da’*+ —Da’ 8.51
Mo + a+9 a +27 a ( )
o)
1 X 1 1
——1=——=2Dal| 1+-D 1+-D 52
Mo % a< +6 a><+9 a> (8.52)

3 15
which is always larger than 2 Da but only exceeds 3 Da for Da > 5\/ 37— 5 ~1.62.

In generalized form, the expression for 1/Mj is a finite series expansion:
1 &5 1 (N,+i)!Dal
My £ (2") (N, —i)! Ni
1 (N,+1)!Da 1 (N,+2)!Da®> 1 (N,+3)!Da’

+ —+ + + -
2N, — 1)IN, T 4I(N,—2)I N2 " 6l (N, —3)I N?

(8.53)
=1
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For N, =2, Eq. (8.53) becomes

1 1 3'Da 1 4! Da? 3 1
— =l+———+———=1+>-Da+-Da’ 8.54
M, 20112 "alol 4 P (8.54)

the same result as obtained earlier (Eq. 8.49).

Based on this analysis, a reasonable conclusion is that increasing the number of thin active
X

1-X

zones for a certain value of Da results in a higher value of the apparent kinetic parameter

,+1

This value always exceeds Da. However, only at a sufficiently large value of Da can it

exceed N,Da. Using Eq. (8.43), an asymptotic expression can be found for N, — oo:

1 1 1
]VO_ECXPVNZDEI<1 +0<\/—N_Z)> (855)

1
where 1+ 0 <\/—N_z> is the order of error.

1 1
The expression YRR expv/N,Da can be related to the result for the one-zone reactor in which
0

a single irreversible reaction (adsorption) takes place (see Chapter 5). For this reactor, £{/ouge: }
is given by Eq. (5.56) with g5 replaced with eys + k,:

1
ﬁ{Joutlet} = (856)

+k
cosh (L w)
D

1 ka 1 ka
—=cosh (L ~—exp|L (8.57)
My ( Deff> 2 P < Deff>

So, an infinite series of equidistant active zones merges into a single continuous one-

and

zone reactor.
8.5.3 Activity for One Zone: Shadowing or Cooperation?

to the number of active zones to determine

Let us now relate the “apparent coefficient” 1
the activity per zone, that is

1 X 1/1
== ——1 .
W=NTox NZ<M0 ) (8.58)

Eq. (8.43) gives a general expression for 1/M(. From this expression, it follows that for

N, =1, k,=Da. A thorough analysis shows that there are only three scenarios:

(1) When Da > 2, the value of k, increases with increasing N,.
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(2) When Da=2, k,=Da for both N,=1 and N, =2 and then increases with
increasing N,.

(3) When Da < 2, the value of k, initially decreases with increasing N,, until some minimum
value. This domain can be considered as the domain of “shadowing,” in which the
apparent coefficient is less than the intrinsic coefficient. In the other domains—domains
of cooperation—the apparent coefficient only increases.

In all cases, the following asymptotic relationship holds

i expv/N,Da

a N, (8.59)

8.5.4 Comparison of Model Reactors

We can refine this analysis comparing different cases with cascades of three model reactors,
namely CSTRs, plug-flow reactors (PFRs), and TAP reactors (including thin-zone TAP
reactors), for which the models are presented in Chapters 3 and 5. All results of our analysis are
given in Table 8.1.
In Case A, the catalyst mass of every reactor (or every zone for the multizone TAP reactor) is
1
fixed. As the number of reactors (V,) or zones (N,) increases, N — + oo,ﬁ = —x
0 _
+ oo as well, but in different ways for the three types of reactors: for the CSTR as an
exponential function of N with base (1+ Da) and for the PFR as an exponential function of
N with base exp(Da). For the TAP reactor, it is a rather complicated function of the
Damkohler number, but still of exponential growth in N.

approaches

Obviously, the PFR dependence on Da increases faster than the CSTR dependence and the
conversion in the PFR is larger than that in the CSTR: “forced propagation is more
efficient than local mixing only.” In particular, our rigorous analysis shows that the TAP
dependence lies in between those of the CSTR and the PFR.

In Case B, the total residence time of the cascade of reactors is kept constant. Let us distribute
this total over our reactors (see Fig. 8.3, Case B). For the CSTR, the residence time of
every reactor is 7/N, so Day =Da/N, where 7 and Da relate to the residence time and
Damkohler number of the cascade of reactors/zones and Day is the Damkohler number for
reactor/zone N. Hence, in the second column of Table 8.1, Da is replaced with Da/N. Then,

Da\ ¥
for the CSTR in the limit of N — + 00, (1 + %) becomes equal to exp(Da), which is identical

to the result obtained for the PFR in Case B. This could be expected from the fact that a PFR can
be conceived as a cascade of infinitesimal CSTRs. Finally, in Case B the asymptotic analysis of



Table 8.1 Expression for — =
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CSTR(B)—CL—JD—CL—» — <:I: —

713 713 7/3 4
re) _H_H b A -
713 713 713 T
Join Join
S S
TAP (B) I I I I
713 713 713 T
Join Join

TN S

TAP (C) I I I I

719 719 719 4

Split Joint
Fig. 8.3
Distribution of residence times for different types of reactors (Table 8.1, columns B and C).

1
the expressions for the TAP reactor shows that it tends to infinity as 3 expVNDa. Put in a

simple way, one can say that the PFR is a limit case of a cascade of CSTRs, but the TAP reactor
is essentially different. The limit conversion (as N — + o0) in the TAP reactor will always be
larger than the conversion in both the CSTR and the PFR due to the backmixing, which is of
diffusional origin. This is an important conceptual statement, which is formulated under the
assumption of the same total residence time in all three reactor configurations.

For Case C, the distribution of residence times over the reactors is different (see Fig. 8.3,
Case C). We will treat this case based on the concept of the TAP reactor. The residence time in

zLi

an active zone for the TAP reactor is

, with AL, the thickness of the active catalyst
eff

zone and L; the thickness of the inert zone, or rather the distance between two active zones.
We now replace AL, with AL,/N and L; with L;/N so

ko, (AL.\ (L;\ Da
Dagne = —> ) == 8.60
e Deff< N ) <N> N2 (8.60)

For the CSTR and the PFR we could understand our virtual procedure in Case C as catalyst

“diluting” down to “nothing” at the limit N — + co. Consequently, in this limit, the conversion

1 1
ish d—=——-—1.
vanishes an M —x
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For the TAP reactor in Case C, the phenomenon of diffusion provides backmixing, so that the
conversion at the limit N — + oo will be finite and nonzero:

1 1

E:—I—X:COSh\/D_a (8.61)

SO
X=1-My=1 ! (8.62)

B 0~ coshvDa ’
Nomenclature
A matrix for active zone
a constant in Egs. (8.20)—(8.22)
B matrix for inactive zone
Do effective diffusion coefficient (m? s~
Da Damkohler number
J flux (mol 2 s~ 1)
k, adsorption rate coefficient (s™hH

k, adsorption rate coefficient per zone (s~ ')
L length of reactor (m)
AL,  thickness of zone (m)

L; distance between zones i — 1 and i (m)
M matrix

M zeroth moment

N total number of reactors or thin zones
N, total number of reactors

N, total number of active zones

Q matrix

s variable of Laplace transform (s_l)

T,(x) Chebyshev polynomial of the first kind of order n
U,(x) Chebyshev polynomial of the second kind of order n

X conversion
Greek symbols
a parameter in matrix Q
p parameter in matrix Q
A determinant
&b bed voidage

kAL (ms™")

T residence time (s)



284 Chapter 8

Subscripts

0 initial

outlet at reactor outlet
z active thin zone
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Experimental Data Analysis: Data
Processing and Regression

9.1 The Least-Squares Criterion
The least-squares criterion for estimating the parameters in mathematical models,

S(B) =¢"e s min ©.1)

for models that are linear in the parameters can be easily mathematically elaborated toward the
following parameter estimate vector (Stewart and Caracotsios, 2008):

b= (X'X)" X"y 9.2)

The criterion as defined in Eq. (9.1) is, evidently, not limited to linear models. For nonlinear
models, however, in general form it is written as

y=f(x,p)+e 9.3)

The sum of the squares of the experimental errors:

S(B) = le (i —f(xi, B))? 9.4)
Or =
S(B)=lly—r ()| ©.5)
with vector function
f(xi.8)
fiBp— f(xzz’ﬁ) 9.6)
(%, )

is not a quadratic function in the parameters. Consequently, the set of normal equations
is not linear and thus possibly has more than one solution. One of these solutions
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corresponds to the global minimum of the objective function in Eq. (9.4), while possible other
solutions correspond to local minima. One could attempt solving the set of normal equations
numerically, but this meets with great technical difficulties. Therefore, one usually opts for
direct minimization of the sum of squares, Eq. (9.4), with respect to f.

9.2 The Newton-Gauss Algorithm

The Newton-Gauss method consists of linearizing the model equation using a Taylor series
expansion around a set of initial parameter values by, also called preliminary estimates,
whereby only the first-order partial derivatives are consider

f(bo+Ab) ~ f(bo) +Jo - Ab 9.7)

with Jo the n X p Jacobian matrix:

of of

(Xl,bO)—

a—ﬁl(XI, b()) 8_ﬁp
Jo= : : 9.8)
_%(X,ﬁbo) %(Xn,bo)_

The linear theory is applicable to this linearized model. The set of linearized observation
equations is

y—f(bg)=Jo-Ab+e 9.9)

As the elements in the Jacobian J, depend on the location b in the parameter space and
therefore reflect local properties, a single application of the linear algorithm does not yield the
optimal parameter estimates. These are determined by successive approximations:

Aby = (373) 7 T (y —f(by)) (9.10)
b1 =bi+Abg g 9.11)

In each step of the Newton-Gauss procedure, the model function f is approximated by its
first-order Taylor series around a tentative set of parameter estimates. The linear
regression theory then yields a new set of parameter estimates. The Newton-Gauss procedure
assumes that these stay within the region in which the first-order Taylor series gives a
sufficiently good approximation of f. If this is the case every time, then it is proved that the
Newton-Gauss method converges quadratically. If not, then neglecting the higher-order
Taylor terms can lead to an undesired systematic increase of the residual sum of squares, so
that the algorithm diverges.
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9.3 Search Methods From Optimization Theory

The Newton-Gauss method assumes that with good approximation, f can be assumed to be
linear over the full length of every parameter step. It is also possible, however, to search for the
minimum of the objective function, Eq. (9.4), numerically without having to make such an
assumption by using algorithms derived from optimization theory. The price that these methods
pay for their better robustness, compared to the Newton-Gauss method, is a slower rate of
convergence. In what follows, the reader can briefly get acquainted with some methods
from optimization theory. The methods discussed in Sections 9.3.1 and 9.3.2 are direct
methods: they require only the calculation of objective-function values. The method discussed
in Section 9.3.3 is a gradient method, which in addition requires the calculation of the
partial derivatives of the objective function with respect to the parameters.

9.3.1 Univariate Search

In each step of the univariate search method, p — 1 parameters of the previous estimate
vector remain fixed, while a minimum of the objective function is searched for by varying only
the remaining parameter over a predetermined range. Starting from the initial parameter
vector by, in p steps all parameters are optimized in a fixed order, after which this process
is repeated until each additional decrease of the objective function becomes negligible.

Fig. 9.1 illustrates this for the case of two parameters. Through a univariate search, the

B2 A

>
B
Fig. 9.1
Univariate search in the case of two parameters, ff; and f#,. The contours of the objective function and
the successive parameter estimates are shown. As every time one parameter is kept constant, one
always searches parallel to one of the parameter axes.
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multivariable optimization problem is split up into optimization problems with only one
parameter, for which one has the disposal of efficient numerical methods from optimization
theory. In view of the desired short total calculation time, it is advantageous to choose relatively
inaccurate but fast methods. A disadvantage is that toward the end the algorithm has the
propensity to only slowly oscillate toward the minimum. This is illustrated well in Fig. 9.1.

9.3.2 The Rosenbrock Method

In contrast with algorithms using univariate search, the Rosenbrock method is a so-called
acceleration method, which makes the direction and/or the distance (in this case both) of

the parameter jumps dependent on the degree of success of the previous parameter jumps.
With p parameters, the algorithm proceeds as follows:

(D, eSH m}andaset

(1) Inthe Euclidean parameter space choose an orthonormal basis {ej ’,e5 ’,...,e
of step sizes {sy,s2,...,5,}. Usually, for ¥ the unit vectors according to the parameter
axes are chosen. Tentatlvely, define b as the initial parameter vector by. Further choose
two numbers a and f, with @ > 1 and 0 < # < 1. Usually, @ =3 and # = 0.5 are chosen. Go
to step (2) with j=1.

(2) (At stage j). For i going from 1 to p, take steps of size s; in the directions e’.
Every time a step is successful, in other words if S (b +5;€; ( ) <S(b),take b +s;€ fj ) asnew
parameter estimate b. Now, in a second cycle, again search all directions e{”, but
with adjusted step sizes. If during the last cycle the last step in direction e!
then the corresponding step size is taken a factor « larger. If not, then the step size is
multiplied by —f. Thus, the step is taken in the other direction and is smaller. Repeat
the search cycle until every search direction ! has yielded at least one success and
one failure. Then calculate the numbers d as the sum of all successful steps in the
direction of e{”. If Z d? i 1s below a predetermined limit, then consider the optimization
as finished with b as the optimum. If not, go to step (3).

was successful,

(3) (At stage j). Define vectors {v{’,v¥, ... (’)} as follows:
p .
D=3 dse}” 9.12)
k=i

v{ defines the first search direction at the next stage j+ 1. According to the definition of
all vectors v¥”, v{ is influenced most by the previously successfully taken steps. V thus
represents the future search direction with the greatest probability. For the vectors v{’, this
probability decreases fast as a function of i.

Define the orthonormal basis { (’”), ‘; M e}] " 1>} for the next search stage as

(1+1) dz(j)

(9.13)
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with the vectors d¥’ found from the v{’ through a Gram-Schmidt orthogonalization

procedure:
d(1’ =v |
—Vz (Vg/ gj ) e%/+l)
) =) _ ( (J) (;+1>> e+ (vgﬂ.eg“)) e/l (9.14)

—y p 1( ) (/+1 ) ei(/'+1)

i=1

As the orthogonal directions are derived from those of vy ,Vg), . .,V(’) in order of
(U+1)
the

succession, e%’ ) represents the probable most interesting search direction, e,
second most interesting search direction, and so on. Now return to step (2), and raise j by 1.

Fig. 9.2 illustrates the Rosenbrock method for a model with two parameters. Because the
algorithm attempts searching along the axis of a valley of the objective function S, many
evaluations of S can be omitted compared with, for example, the algorithm with univariate

B2

B4

Fig. 9.2
The Rosenbrock method applied to the objective function of a regression analysis with a model
consisting of two parameters, #; and f,. The figure shows the first stage of the optimization.
This stage goes from A to E through B and D, with C and F as rejected points. The step sizes are equal
and the optimization directions for this first stage have been taken parallel to the parameter axes.
This is indicated with the small coordinate system in A. The small coordinate system in E shows
the optimization directions for the second stage. The first direction is a continuation of AE, the
second is perpendicular to this direction.
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search. A problem with this algorithm is that it may become very slow if one or more step sizes
s; are chosen much too small or much too large, so that these must first be increased
or decreased several times in each stage.

9.3.3 The Gradient Method

The gradient method, also called steepest descent or steepest ascent method, depending on
whether one searches for a minimum or a maximum, is based on the following observation: if it
is possible to calculate the partial derivatives of the objective function S with respect to the
parameters, or discrete approximations thereof, then for each parameter vector f, it can be
calculated along which direction S(b) changes fastest. This direction is given by the reverse of
the gradient of S in b:

— aS -
a—ﬁ](ﬁ)
oS

—vsp)=— |5, P 9.15)

oS
95, (B) |

From the initial estimate by of the parameter vector, this direction is searched for a minimum. In

this minimum, a new direction of steepest decent is chosen, and so on. In symbols
bi+ 1 =bi — Smin VS (by) 9.16)

with s.,;, defined as the positive parameter s for which the minimum of S(by —sVS(by)) is
attained. As already mentioned in Section 9.3.1, efficient numerical methods exist for
solving such a one-dimensional optimization problem. If this is done with high accuracy, then
it is clear that successive directions of greatest decrease will be quasiperpendicular to each
other. The gradient method seems optimal in the sense that each time one searches in the
direction of steepest descent. One should realize, however, that this steepest descent often is
only very locally valid. Consider, for example, the situation in Fig. 9.3, where S has a long,
narrow valley. The gradient method will zigzag down, whereby many evaluations of S and its
gradient are required. In order to prevent this problem, Booth (1955) suggested shortening
every four successive steps by one-tenth and only take every fifth step completely. Since the
angles between the successive optimization directions need no longer be perpendicular to each
other, the axes of a narrow valley of S can be followed better, and thus convergence to the
solution is achieved faster. Fig. 9.3 illustrates this.
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B2 A

y ot

B4

Fig. 9.3
The gradient method applied to the objective function of a regression analysis with a model consisting
of two parameters, f#; and f,. The initial estimates are represented by point A. From there, it goes
zigzag to B, C, D, E, F, and further (indicated by dots). The method using Booth’s modification evolves
faster to the minimum: from A to B/, C', D/, E/, F/, and further (indicated by filled squares).

9.4 The Levenberg-Marquardt Compromise

In Section 9.2, the method of Newton-Gauss has been presented as a method with fast
convergence, but low robustness; convergence is ensured only if f behaves quasilinearly as
a function of the parameter vector f over the full length of each parameter step. If one is
sufficiently close to the solution, then the parameter steps still to be taken will be
sufficiently short, so that the previously mentioned condition is fulfilled. In this case, the
Newton-Gauss method can be employed advantageously to rapidly reach the solution. In
practice, the initial parameter vector by will usually be too far removed from the solution.
At the beginning, one should resort to the more robust, but more slowly converging
methods from optimization theory presented in Section 9.3. Levenberg (1944) suggested an
algorithm that, at the start of the regression, searches through the gradient of the objective
function S, but later gradually changes over to the Newton-Gauss algorithm. This algorithm
was rediscovered and popularized by Marquardt (1963), working as a statistician at
DuPont. Today, the Levenberg-Marquardt algorithm is the algorithm of choice for nonlinear
regression.

As with the Newton-Gauss method, f is linearized around a tentative parameter vector by:

£(bo+Ab) ~f(bo) +JoAb 9.17)
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A special feature of the Levenberg-Marquardt algorithm is that the step size is determined
beforehand. If it is chosen sufficiently small, then the risk of leaving the region in which
the linear approximation holds is eliminated a priori. It is attempted to minimize the (estimated)
residual sum of squares

[y —f (b +Abg,1)[|* = ||y —f (by) — JiAby || (9.18)
under the condition
|Aby P =574, 9.19)

with step size sp 4 sufficiently small. This is a constrained-extreme problem, which can be
solved with the Lagrange multiplier method. A minimum of the Lagrange function L; 1,
defined as

Lis1: (Abgy1,A)—=|ly —f (bi) — JiAbyy || +/1k+1(||Abk+1H sk+l> (9.20)

is searched for.

The function value can be rewritten as

Lis1(Abgi1, A1) =(y — £ (be))" (y — (bi)) — 2Ab[,  J{ (y —f (b))

+Ab,7;+1JkaAbk+1 + A+ (Abk+1Abk+l Sk+1)

9.21)

Setting the partial derivatives with respect to the parameter increments and the multiplier A
equal to zero gives, in matrix form,

0=—Ji(y—F (b)) +J; JcAbysy + Ay 1 Aby (9.22)
and
0=|Abgs[* =574, (9.23)
The first equation can be rewritten as
(Jidi+ A1 L) Abgy =JE (y —f(by)) 9.24)
Solved for Aby,; this gives
Abgyy = (I X+ 2 L,) I (y —£ (b)) 9.25)

Because the matrix J;J, is symmetric, it can be diagonalized by an orthonormal basis
transformation:

SiJL NS =Dy (9.26)

with D, a diagonal matrix and
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SiSi =1, (9.27)
so that
JI), =SD; ST (9.28)

The diagonal elements of D, are the eigenvalues of JiJ;, which are strictly positive
because J7J, is positive definite. Substitution of Eq. (9.28) into Eq. (9.24) and premultiplication
with S} gives

(Di + 11, S Ay = vy (9.29)
with
Vi =S{J; (v —f (by)) (9.30)

Solving for Aby, 1, taking into account Eq. (9.27), gives
Abgy =S (D +4L,) ' v (9.31)

This allows finding an expression for s% +1 from Eq. (9.23):
)11
Ste1=V( [(Dk + Ae1lp) ] Vi (9.32)

or, with m 1,74 2, ..., 1, the strictly positive eigenvalues of Ji.

P 2

2 Vi,i
ST = _— (9.33)
s ;(”k,i+/1k+l)2

From this equation, it appears that s, evolves strictly descending as a function of the
multiplier A 1, provided that this is kept positive. It is preferred to preserve ;. at the expense
of the step size sy 1, knowing that the latter, although a priori unknown, is inversely
proportional to 4, .. For the same tentative set of parameter estimates, one thus limits the step
size more when 4, is taken larger. Therefore, the larger ;. 1, the more cautiously one
proceeds during the optimization. At the start of a regression analysis, when one is still far from
the solution, it is thus necessary to work with a large A, 1. After that, however, ;1 is
systematically reduced as one approaches the solution more closely. How this is done exactly
is somewhat arbitrary. Not only the size but also the direction of the parameter steps is changed.
In the immediate vicinity of the solution, finally 4; . is set equal to zero. It is interesting to look
at the two limiting cases, 4;+1 — +00 and 44+ =0.

With ;41 — + 00, the parameter step Aby, 1, according to Eq. (9.25), becomes
proportional to J] (y —f(by)). One can easily verify that the direction of this vector is opposite
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to the gradient of the objective function § in by. At the start of the regression, the

parameter estimate thus moves in the direction of the fastest decrease of the residual sum of
squares. With 4,1 =0, Eq. (9.25) is reduced to Eq. (9.10). At the end of the regression,
one thus applies the Newton-Gauss algorithm. This explains a popular interpretation of the
Levenberg-Marquardt algorithm as a compromise between the robust gradient method and the
fast Newton-Gauss method.

9.5 Initial Estimates

As mentioned previously, the Newton-Gauss method converges very fast if the initial values b,
can be chosen close to the optimum. Now the problem is that of obtaining good initial
estimates. Naturally, no general techniques exist for this, for the location of the optimum is
precisely what one is going to search for. Inspection of some types of current models can
nevertheless indicate in which direction one can look for solving the problem of the initial
estimates.

9.5.1 Power-Law Models for the Reaction Rate Equation

The rate equations of catalytic reactions of the type
A + B — products (9.34)
may be expressed in the form of power-law equations:
r=kp'\pg (9.35)

Incidentally, this type of kinetic equation also acts as an empirical model of order (m, n)
for a homogeneous noncatalytic reaction. Taking the natural logarithm of both sides of
Eq. (9.35) gives

Inr= Ink+m Inpa+n Inpg (9.36)
which is a linear relation in In &, m, and n and thus is of the type
E(y) =ap+a1x; + axxz 9.37)

to which the theory of linear regression is applicable, resulting in initial estimates for
In k, m, and n.

9.5.2 Arrhenius Equation

The temperature dependence of the rate coefficient is of the well-known exponential type

E,
k= koexp (_R—T> (9.38)
g
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in which E, is the activation energy and k the preexponential factor. For adsorption equilibrium
coefficients, an analogous relation holds

AH; AS;
K;=exp <_R T) exp (R > (9.39)
g g

in which AH; and AS; are the enthalpy and the entropy of adsorption of reaction component i.

Taking the natural logarithm of both sides of the Arrhenius equation, Eq. (9.38) gives

E, 1
Ink= Inko——" = (9.40)
R, T
which again is a relation of the type
E(y) =ao+aix, 9.41)

A graph in which In £ is plotted as a function of 1/T (see Fig. 9.4) should give a linear relation if
the model is correct. From this relation, estimates follow for the slope of the best fitting straight
line, —E,/R,, and its intercept, In k.

Naturally, estimates for ky and E, (or for AH; and AS;) can be obtained more accurately by
linear regression based on Eq. (9.40):

M E, 1 2k E
Z(lnlg—(lnko—R—aT)) = min (9.42)
) glJ

in which N7 represents the number of temperature levels at which experiments were performed.
Drawing of the graph as suggested in Fig. 9.4 is nevertheless a preceding necessity:
representing the data in a graph in such a way that a linear relation must be obtained if

the assumptions made are correct, cannot be matched by any other technique for the verification
of these assumptions. In the present domain, it concerns the assumptions that underlay the
reaction mechanism giving rise to the rate equation used.

A

In k
(@)

»

1T

Fig. 9.4
Arrhenius diagram displaying the linear dependence of the rate coefficient with respect to the inverse
temperature.
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9.5.3 Rate Laws for Heterogeneously Catalyzed Reactions

A typical Langmuir-Hinshelwood-Hougen-Watson model for the reversible gas-phase reaction
A 2 R+S taking place on a solid catalyst is given by

k Ka (pA _p;;ps>
. a/ (9.43)
(1+Kapa +Krpr +Ksps)

where Keq = Ka /KrKs. This model can be transformed into:

PRrRPs
<pA_ Keq) ! Ka 9.44
Kol d K K LG) o

which is a linear equation of the type
E(y) = ao+a1x; + apx; +a3x3 (9.45)

On the basis of Eq. (9.44), very accurate preliminary estimates for the parameters &, K 5, Kg, and
K5 can be obtained by simple linear regression. These parameters can be used with great
advantage for nonlinear regression on the basis of the reaction rate equation as such.

Another possible transformation is given by

1 Ka

1 1 Ke 1 Ks 1
—= + + +
r JEkKn VDE  VEKn VDE N Vi Ka VDE R K Kn VDE

( + g’) (9.46)

whereby DF represents the driving force (pA P [?p S) . Eq. (9.46) is a linear equation without

constant term ¢4

E(y) = a1x1 + aaxp + a3x3 + axy (9.47)

1 K K K
It is important to notice that the estimates for the groups , A , R and ——,
VKKA VKKA KK, kK 5

that are obtained from the rearranged forms, Eqgs. (9.44) and (9.46), by means of linear regression
are different: the least-squares criterion is different for both. In general form, this can be written as

2
n P
Z( (yis X;) Z g, X;) a; > % min (9.48)

i=1 =1

Here ¢;(x;) are the “new independent variables” and a; are the combinations of the model
parameters § on the right-hand side of the rearranged equations. The new independent
variables ¢;(x;) are the independent variables x; themselves, as in the case of rearrangement
Eq. (9.44), or somewhat more complicated combinations in several to all independent variables,
such as in rearrangement Eq. (9.46). The parameter ¢ groups the operations that must be
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performed to obtain the numerical value of the new dependent variable. In the first
rearrangement, this new dependent variable is a combination of the original dependent variable,
namely the reaction rate, and the input values of the independent variables, namely the
partial pressures. In the second rearrangement, the new dependent variable is a function only of
the original dependent variable. Consequently, it is clear that both forms of the rearranged
rate equation give rise to different numerical values for the estimates.

The described—and obvious—modifications of the nonlinear rate equation that are used to
arrive at a form that is linear in the groups a of the true parameters f§ and on the basis of which
estimates for the groups a are obtained using simple linear regression, should always be
considered as a preamble to a regression of the real, measured dependent variable; two
important objections can be raised against the procedures described above.

The first objection is purely from the point of view of the nonoptimal fit of the model to the
measured data: as not the dependent variable y as such was confronted with the model, but
only a function ¢(y;; X;) derived from y, the obtained parameter estimates make the best possible
model predictions for the function ¢ and not for the dependent variable y. This is obvious from
the previous discussion with respect to the rearrangements ¢(y;; X;) and ¢;(X;)a; that produce
numerically different estimates. The best possible estimates, that is, those estimates that fit the
model to the measured data in the strictest way, can therefore only be obtained on the basis of
the criterion:

> (ri—#;)* — min (9.49)

supposing that the reaction rate indeed is the true dependent variable that is observed as such.

The second objection is from a statistical point of view and is of a more fundamental nature. The
rearrangement of the nonlinear model f(x, ) to Zgj(xi)aj is possible only if the additively
occurring experimental error ¢ is first neglected and afterward, artificially a new error & is
added to the rearranged equation in an additive way. The questions that now arise, and cannot
easily be answered, are first whether this operation is allowed, and second whether the new,
transformed error ¢ obeys the general preconceived assumptions, namely:

¢ ~N (0, I, (7'2> (9.50)

If this were not the case, the reliability of all tests developed would be questionable. Even
worse, the tests would be worthless!

Suppose that the condition of Eq. (9.50) still would be properly fulfilled. The test results are
thus reliable, but, in view of the rearranged form of the model on which they are based

1 Ka Kr and Ks
VKK VEKA VEkKs Vk Ka

KR, and K themselves! The latter can be calculated from the former by application of the rule

(eg, Eq.9.46), relate to

, and not to the estimates for &, K ,
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with respect to the propagation of uncertainty. The uncertainty associated with the
component factors a of a function naturally propagates itself on this function. The resulting
uncertainty on this function can be approximated by using a Taylor series expansion
whereby all partial derivatives of second and higher order are neglected:

b; :f(al, az, ..., a,,) %f(alo, asxy, ..., dpo +Z(9a, (aj —a]-o) (9.51)

and applying the propagation rule to the variance on a linear function of multiple random
variables:

P
var(b;) %’Z <g—f> var a] +2Z Z §£ %cov al,aj) (9.52)
: ] i VA

j=1 i=1 j=i+1
For rearrangements of Hougen-Watson models, that is, rearranged forms of type (9.44) or
(9.46), the functions f(a,, a>...., a,) can rather generally be represented by simple power-law
functions of usually only two component factors, for example:

k:f(a,-,aj) =a; aJ (9.53)

Similar equations can be written for K, Kg, and Ks. The a; always are the groups of
parameters that figure on the right-hand side of the rearranged equation. Moreover, the powers
m and n in Eq. (9.53) are often limited to the values 1 and —1. For example, for the
rearrangement of Eq. (9.44):

Ka 1 o
k f(\/m m) 1 K~ @ (9.54)
k Kok Ka
and
Ka

—ai'ay 9.55)

1 K
KA:f/< A ) kKA

VEkKx VkKa

ﬁ|
s

It then follows that

2 2 —1 -1
var(Ky) :var(aflaz) = g (g—£> var(aj) +28(a1 az) (9(611 a2) cov(ay, ay) (9.56)
j

= 8a 1 8a2

or

2 2
var(Kp) = <a_§) var(ay) + <i> var(a;) — 2Z—§cov(a1, a) (9.57)

aj a 1
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and analogously:

1\* 1\* 1
var(k) = <%> var(a;) + <@> var(a2)+2mcov(a1,a2) (9.58)

9.6 Properties of the Estimating Vector

The properties of the parameter estimates of linear models are no longer valid exactly for the
estimates of nonlinear parameters, for the optimal estimates cannot be expressed as linear
combinations of the observation outcomes. The estimating vector is not multidimensional
normally distributed. Its distribution is not even known! The true covariance matrix and the
joint confidence region of the parameter estimates are approximated by the expression obtained
in the case of linear model regression:

V(b) = (X"X)"'6? (9.59)
and
(b—B) X"X(b—p) =ps’F(p.,n—p;1 —a) (9.60)

where the matrix X is replaced by the matrix J, defined in Eq. (9.8) but evaluated at the
converged optimal estimates b with s> given by

) Z?,l()’i —f(xi,b))?

=== 9.61)
Thus
Vb)=(J73)'$ (9.62)
and
(b—P)' I I(b—B)=ps’F(p.n—p;l —a) =6 (9.63)

The proofs of Egs. (9.59) and (9.60) explicitly rely on the linear character of the model.
The above relations are thus only correct under the same conditions. Therefore, one speaks of
the joint confidence region under linear assumptions. If the model is not linear in its
parameters, the surface in the parameter space defined by Eq. (9.63) no longer is a contour
of constant residual sums of squares. Although the probability level is correct, the

contour itself has only been approximated. This property provides a qualitative measure of
the degree of nonlinearity of the model; it is rather simple to determine the coordinates of
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the points of intersection of the ellipsoid surface, Eq. (9.63), with its principal axes by
canonical reduction. These points of intersection represent the most important combinations
of parameter values, as these are the combinations that are closest to or farthest away from
the optimum set b, but still just qualify as plausible estimates, see Figure 9.5. In these points,
denoted as byy, b1n, by and by, with I referring to the lower end of the interval and h to the
higher end, S(f) can be calculated and compared with the value resulting from the definition
of the joint confidence region:

S(B) = S(b) (1 + nlipF(p,n—p;l —a)) (9.64)

If Eq. (9.63) approximates the joint confidence region well, in other words, if the model is only
weakly nonlinear, the deviations will not be too large. Instead of determining the
approximating joint confidence region at an exact probability level using Eq. (9.63), the exact
joint confidence region can also be evaluated using Eq. (9.64). This construction consists of
determining parameter combinations  that obey Eq. (9.64) and that must be sufficiently
large in number and must be spread over the entire region in order to be able to draw the
contours sufficiently precise. Now, however, the probability level is only approximating
because the distribution of the parameter estimates is not known. The shape of this exact
confidence region again is a qualitative indication of the degree of nonlinearity of the model.
The contour will no longer take on the purely ellipsoid shape but will deviate from this
shape more strongly according as the model shows stronger nonlinearities (Fig. 9.5). The
contours S(f) show obliqueness and usually take the shape of a banana. They are asymmetric
with respect to b.

Bo B2

(A) by B (B) by B4
Fig. 9.5
Verification of linear behavior. (A) Differences between the values of the objective function calculated
directly with the nonlinear model at the points of intersection with the ellipsoid indicate how
pronounced the nonlinearity of the model is; (B) Oblique, exact contour calculated directly with
the nonlinear model versus ellipsoid-shaped approximating contour calculated based on the linear
approximation of the model.
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9.7 Temperature Dependence of the Kinetic Parameters k and K;

The dependence on the temperature of the rate coefficients and adsorption equilibrium
coefficients is well known and given by Eqgs. (9.38) and (9.39). A technique for obtaining initial,
though rough, estimates for the parameters kq and E, or AH and AS has already been explained
in Section 9.5.2. Of course, it is better to perform the regression formally on the basis of
criterion (9.42), or even better, because the logarithmic transformation is not applied, on the
basis of

ENT,‘ ki—koe o 1Y) kot min (9.65)
j— Xp| — = —_— .
j Ko exp R, T;

=1

Nevertheless, the above approach again does not yield the best possible values for the
parameters ko and E, or AH and AS and thus the model does not fit the data in the best possible
way. The determination of ky and E, or AH and AS has not been carried out on the basis

of criterion (9.49) with the real measured variable, but on the basis of criterion (9.65),
which leans on derived data, in this case the point estimates for k; obtained by processing of
the data for each temperature separately. A correct analysis consists in simultaneously fitting all
data to the model. To this end, the temperature dependence of the parameters should be
incorporated in the model explicitly. Parameters k and K; are then replaced by their functional
temperature dependence, Eq. (9.38) or (9.39). The temperature is included in the set of
independent variables. In other words, the correct criterion that was used in the analysis of
the data for each temperature, Eq. (9.60), is extended to Eq. (9.67), whereby each parameter &,
K; ... gives rise to two parameters in the criterion (9.67):

n 2 :
Z ("i — 7 (k, K;, ..-2%,17[)) Ko in (9.66)
i=1
. . W 2 koyEar AH,AS,... .
> (i i (ko Eu AHAS...s pT) ) 222020 min (9.67)

i=1

It should be mentioned that, however useful, highly desirable, and necessary this analysis may
be, it forces the parameters to obey the Arrhenius relation even though this relation may not be
valid in the case studied. Deviations from the Arrhenius relation can be caused by the
occurrence of significant internal diffusion limitations in part of the temperature range
investigated or by the use of an inadequate model. An analysis for each temperature, for
example, can reveal these internal diffusion limitations through a kink in the Arrhenius plot. By
forcing the relations (9.38) or (9.39) upon the parameters, however, the possible occurrence of
such a bend is naturally prevented. Therefore, it is absolutely necessary to always perform an
analysis of the data for each temperature before carrying out the nonisothermal analysis. The
estimates following from this analysis then also allow calculating accurate preliminary
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estimates for ky and E, or AH en AS using Eq. (9.65) and analogous criteria for the adsorption
equilibrium coefficients. This can result in a fast convergence of the nonisothermal analysis.

The analysis for each temperature does not always yield handsome linear Arrhenius relations
in a graph of In k versus 1/T, especially not for the adsorption equilibrium coefficients.
One of the causes for this often is the high correlation between the rate coefficient k£ and the
adsorption equilibrium coefficients K, resulting in small deviations in k& being compensated
by much larger deviations in K;. Furthermore, the model also appears to be much less
sensitive to K; than to k, which seems rather logical in view of the structure of a
Langmuir-Hinshelwood rate equation. This is all the more reason for performing the
complete nonisothermal analysis. However, introducing the exponential relations (9.38) and
(9.39) causes an even greater correlation than the one already existing between k and K,
namely the one between &y and E, or between AH and AS. This correlation frequently is 0.99
or higher, which gives rise to convergence difficulties or at least very slow progress in the
optimization process. The fundamental reason is the very limited range over which the
temperature can be varied in practice in a chemical process: a range of 100 K can rarely be
realized, because at the lower limit the reaction does not proceed sufficiently fast to be
measured, while at the upper limit complete conversion is achieved, irrespective of the values
of the other independent variables. In order to eliminate these convergence difficulties as
much as possible, in all circumstances it is recommended to perform the following
substitution, also called reparametrization:

E, E, E. (1 1
k =k — ) =k - By (- 9.68
oo () men () (R GRg) o

E, (/1 1
k=koexp <—R— (f_T >> (9.69)
g ave

9.8 Genetic Algorithms

or

Genetic algorithms form a modern alternative to the regression methods described in the
previous sections. They minimize the residual sum of squares in a heuristic way that is inspired
by Darwin’s theory of evolution and genetics. They differ from the classical regression methods
in three respects. Genetic algorithms:

e operate with a population of estimating vectors instead of a single estimating vector

* do not operate with these estimating vectors as such, but with codes thereof, called
chromosomes

* use probabilistic transition rules instead of deterministic ones
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Genetic algorithms are not based on initial estimates for each parameter, but on intervals in
which these parameters are supposed to lie. At the start of the algorithm, for each parameter
an entirely random selection is made from its interval. Each selection is then converted

into a code of fixed length: a sequence of genes. These genes all have a certain number of
possible values, called alleles. Usually, coding consists of nothing more than the binary
notation of all parameter values. In this binary code, each bit position then is a gene with “0”
and “1” as alleles. The codes of the separate parameters are arranged in a fixed order. The result
is a chromosome. The whole procedure, starting from a random selection for each of the
parameters, is subsequently repeated 2N — 1 times, so that finally a population of 2N
chromosomes is obtained. Fig. 9.6 shows an example.

Each chromosome in the population is given a score, which reflects how successful the
corresponding set of parameter values is with respect to the optimization problem. For the
present optimization problem, the minimization of the objective function S, an obvious choice
is to take as score the opposite of the function value below S. Subsequently, 2N chromosomes
are randomly selected from the population. The probability that a chromosome is selected is
taken proportional to the score of the chromosome. On average, successful chromosomes will
be selected multiple times at the expense of less-successful chromosomes, which are not
retained. This is in accordance with the Darwinist principle of survival of the fittest. In other
words, the selected chromosomes will now, as it were, reproduce themselves. To this end, the
chromosomes are randomly paired. Each pair will give rise to two new chromosomes. Hereby,
the chromosomes will be crossed with a probability that is to be determined beforehand. Again
randomly, a location of crossing is chosen. This location divides both chromosomes of the pair
into two parts: one part that will be exchanged during the propagation and one part that will not.
If no crossing occurs, then the two new chromosomes will be copies of the original ones.
Fig. 9.7 illustrates a crossing for two pairs of chromosomes from Fig. 9.6.

Once the new generation of chromosomes has been formed, a mutation mechanism comes into
operation; in the chromosomes, a number of genes are modified in a completely arbitrary
manner. Typically, however, this modification concerns only one gene to a thousand, so

B4 B>

C,= 0011011010 0010110101

C,= 0101100100 1001001100

Cz= 1001001110 0010100111

Cs= 1101100101 0110111011
Fig. 9.6

A population of four chromosomes, C;, C;, C3, and Cy4, each consisting of binary coded values for two
parameters, 1 and f,.
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C,= 0101100:100 1001001100 o C;= 0101100101 0110111011
C,= 1101100101 0110111011 C,= 1101100100 1001001100

C,= 1001001110 00101‘00111}* C;= 1001001110 0010111011
C,= 1101100101 0110111011 C,= 1101100101 0110100111
Fig. 9.7
From a population of four, the chromosomes C;, C3, and C4 were chosen to propagate, the last of
which two times. C, and Cy4, and C3 and C,4 were randomly paired. For both pairs, a location of
crossing was chosen arbitrarily. The result is the new generation of chromosomes C;/, C,/, G5/, and C,'.

mutation is of secondary importance compared to selection and crossing. In contrast, in nature
mutation is important to avoid certain potentially useful genetic material being lost.
Analogously, mutation is applied in genetic algorithms in order not to “forget” certain regions
of the parameter space during optimization. Besides selection, crossing, and mutation,
sometimes other biologically inspired evolutionary mechanisms are applied in genetic
algorithms. Nevertheless, it is already possible to build an effective program with the three
mechanisms mentioned above. After mutation, the propagation cycle can start again, beginning
with the selection of the chromosomes that will propagate. The cycle is repeated a large number
of times, whereby the population is becoming increasingly successful with respect to the
optimization problem. Hereby, the chromosomes will approximate the optimal chromosome
increasingly better. The corresponding estimating vector then is the solution of the optimization
problem.

Nomenclature

b vector of parameter estimates

by set of initial parameter values or preliminary estimates
C; chromosome i

D, diagonal matrix

dy elements of diagonal matrix

d" vector of optimal search direction in orthonormal basis
DF driving force

E@y) dependent variable in independent equation

E, activation energy (J mol_l)

ei(/) vector of orthonormal basis

F(m,n;a)  F value at the a probability level with m degrees of freedom in the numerator and n
degrees of freedom in the denominator

f model function

AH; adsorption enthalpy of component i (J mol ")
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Jo Jacobian matrix containing the derivatives of the nonlinear model with respect to
the model parameters

j counter

Keq equilibrium coefficient for reaction converting m reactants into n products (Pa" ~ ")

K; adsorption equilibrium coefficient of component i (Pa™")

k reaction rate coefficient for reaction of order n ((mol m3)""'s™! or
(mol kgey )" ¥s71)

ko preexponential factor, same as k

I unit matrix

L Lagrange function

N(0,L,0 2) normal distribution with zero average and constant variance

Nr number of temperature levels

n total number of experiments
number of parameters (and steps in univariate method)

Di parameter i

Di partial pressure of component i (Pa)

)2 total pressure (Pa)

R, universal gas constant (J mol ' K™ ")

r reaction rate (mol m° s_l)

ri actual reaction rate (mol m s

7 estimated reaction rate (mol m> s_l)

S objective function

SB) sum of squares of the residuals between the experimental observations and the
model simulations

s step size

AS; adsorption entropy of component i (J mol ' K1)

T temperature (K)

V(b) true covariance matrix

V(b) approximate covariance matrix

v vector of optimal search direction

W/F ratio of catalyst weight to molar flow rate (kg mol ' s~ ")

X matrix of the independent variables

X; independent variable

Vi dependent variable

y vector of the dependent variables

Greek symbols

o positive number in Rosenbrock method

a parameter group vector
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p negative number in Rosenbrock method
B parameter vector

Ab estimated adjustment of the parameter estimates in a single iteration
o contour value of the objective function
€ experimental error

e vector of experimental errors

Nk, eigenvalues of J,'J,

A multiplier

o experimental standard deviation

¢i(x;) new independent variables

¢ group of operations

Subscripts

0 initial

! transformed

Superscripts

m, n exponents in power-law equation
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Polymers: Design and Production

10.1 Introduction

This chapter provides an overview of the most frequently applied numerical methods for
the simulation of polymerization processes, that is, the calculation of the polymer
microstructure as a function of monomer conversion and process conditions such as the
temperature and initial concentrations. It is important to note that such simulations allow one to
optimize the macroscopic polymer properties and to influence the polymer processability
and final polymer product application range. Both deterministic and stochastic modeling
techniques are discussed. In deterministic modeling techniques, time variation is seen as a
continuous and predictable process, whereas in stochastic modeling techniques, a random-walk
process is assumed instead.

It should be emphasized that from a mathematical point of view, polymerization processes are
inherently complicated, since many species of various chain lengths not only are involved but also
are characterized by a wide range of intrinsic and/or apparent rate coefficients on the microscale
(kchem/app = 107*-10° m® mol ' s Asua, 2007; D’hooge et al., 2013). During a typical
polymerization process, the viscosity of the reaction mixture may increase by several orders of
magnitude (Achilias, 2007) and thus reactions characterized by a sufficiently high intrinsic chemical
reactivity can become diffusion controlled. In such cases, the diffusivity of the reactants determines
the observed reaction rate, leading to apparent polymerization kinetics. A large number of model
parameters have thus to be determined to ensure a reliable simulation of the polymer microstructure.

The numerical methods are illustrated for chain-growth polymerizations, which are
mechanistically the most important group of polymerization processes. According to the
chain-growth polymerization mechanism, polymer chains are formed via three successive
steps: (1) chain initiation, in which the first active center (radical, anion, or cation) is formed
and the growth of the chain is initiated; (2) propagation, during which the chain grows by
the successive addition of monomers containing carbon-carbon double bonds to the active
center at the end of the chain; (3) termination, in which the growth is stopped by either
neutralization or transfer of the active center. Via these three steps, macrospecies with a chain
length of up to 10° (or even 10°) are typically formed on the timescale of (milli) seconds,
leading to the necessity to calculate chain length distributions (CLDs) or at least average CLD

Advanced Data Analysis and Modelling in Chemical Engineering. http://dx.doi.org/10.1016/B978-0-444-59485-3.00010-2
© 2017 Elsevier B.V. All rights reserved. 307
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(A) (B)
Fig. 10.1

Definition of (A) “living” and (B) “dead” macromolecules in chain-growth polymerizations. Dark gray
sphere, monomer unit; light gray sphere, monomer unit with active center.

characteristics. A first distinction has to be made between “living” and “dead” macromolecules
(Fig. 10.1). The former group represents macrospecies having an active center (eg, radical
or organometallic species; light gray sphere in Fig. 10.1), whereas the latter group
corresponds to macrospecies without an active center forming the polymer product (only dark
gray spheres).

Moreover, in chain-growth copolymerizations, which involve the polymerization of two or
more comonomers, different comonomer sequences have to be tracked by chain length, as
illustrated in Fig. 10.2, for simplicity considering only well-defined monomer sequences
(Matyaszewski et al., 2012). This clearly complicates the mathematical description of the
polymerization kinetics. In addition, if different CLDs can be obtained by type of active center
leading to an observed CLD that is a superposition of individual CLDs, the computational cost
increases further (Soares and Hamielec, 1995).

e’
©)

(A) (B)
Fig. 10.2
Examples of well-defined monomer sequences (Matyaszewski et al., 2012): (A) block copolymer
chain, (B) linear gradient copolymer chain, (C) graft copolymer chain with all arms having the same
chain length, different shades of gray (light or dark) correspond to different comonomer types.

S B R

Fig. 10.3
Increasing degree of branching of polymer molecules leads to greater model complexity;
only homopolymers are shown.

Another increase in modeling complexity is obtained when it is also desired to track the
presence, type, and location of branches in the polymer molecules (Fig. 10.3). Accounting
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for such topological aspects is important as these codetermine the macroscopic properties,
such as the density and crystallinity, and the processability of the polymer (Konkolewicz
et al., 2011).

Further mathematical complications arise depending on the polymerization method applied,
which can be either homogeneous or heterogeneous. For homogeneous polymerization, that is,
bulk and solution polymerization, simulations of large reactors require accounting for mixing
and/or heat transport phenomena on the macroscale (Meyer and Keurentjes, 2005; Roudsari
et al., 2013). In particular, local hot spots, which are unwanted for process control, may be
invoked. For heterogeneous polymerization, a distinction can be made between
polymerizations conducted in a dispersed medium (eg, suspension or emulsion polymerization)
and polymerizations performed using solid catalysts (eg, Ziegler-Natta catalysts or supported
metallocenes). In both cases, not only the CLD has to be tracked but also the particle size
distribution (PSD). Control over this PSD at the mesoscale is important for downstream
operations as it is directly related to the polymer rheology and thus the final polymer
application. In particular, for Ziegler-Natta catalyzed polymerizations, it has been indicated
that radial concentration and temperature gradients along the growing polymer particles cannot
be ignored, as mass and heat transfer limitations can be very pronounced (McKenna and
Soares, 2001).

Hence, for a given polymerization reactor configuration ideally every species present should be
tracked spatially as a function of the polymerization time taking into account its diffusivity,
chemical reactivity, and the possible segregation of polymer particles. In practice, this approach
is characterized by a too high computational cost, explaining the development of mathematical
models in which a simplification with respect to the description of the hydrodynamics, the
multiphase character, and/or the involved chemical reactions is made. The validity of such
model reductions is strongly related to the studied polymerization process and the purpose of
the mathematical model. For example, for pure on-line reactor control, it can suffice to
consider only the main polymerization reactions. This allows a reliable calculation of the
polymerization rate and the number/mass average chain length (x,,,) as a function of the
polymerization time (Richards and Congalidis, 2006). Another example of model
simplification relates to the modeling of suspension polymerization processes in which the
polymerization reaction occurs in monomer droplets of different sizes (50-500 pm; Asua,
2007). For the simulation of the polymerization kinetics, it can be assumed that such droplets
behave as “bulk reactors” and one droplet of average size can be considered for the calculation
of the overall conversion, average chain length, and content of structural defects as a
function of the polymerization time (De Roo et al., 2005; Kotoulas and Kiparissides, 2006).
In parallel, the evolution of the monomer droplet size distribution (MDSD), which after
monomer removal eventually results in a PSD, can be obtained using coalescence and breaking
coefficients that are linked only with the polymerization kinetics through overall
polymerization characteristics, such as the overall monomer conversion (Kotoulas and
Kiparissides, 2006). A third example of simplification is the use of pseudohomogeneous
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models to describe polymerizations with solid catalysts, that is, the homogeneous equations are
used but with adapted coefficients to mimic the heterogeneous aspect (Asua, 2007).

In what follows, first attention is focused on deterministic and stochastic modeling techniques
applied at the microscale. Such models can be selected in case the aforementioned meso- and
macroscale phenomena can be neglected or in case the local concentrations and local
temperature are known. It is shown that the highest level of detail is obtained with more
advanced numerical techniques albeit at the expense of an increase in computational cost.
Furthermore, it is explained how macroscale effects can be included in the kinetic modeling
technique and it is indicated to which extent the mathematical treatment can be adapted to
accurately describe heterogeneous polymerizations in dispersed media, including a brief
explanation of the relevance of the interaction of micro- and mesoscale effects. Finally, the main
mathematical techniques for modeling heterogeneously catalyzed polymerizations are briefly
highlighted, focusing again on the interaction between the micro- and mesoscale. The discussion
is complementary to earlier work presented by Asua (2007) and Meyer and Keurentjes (2005)
and includes a significant update with respect to the calculation of the polymer microstructure
and PSD, made possible by the availability of more advanced computer technologies.

10.2 Microscale Modeling Techniques

This section is an overview of the most important deterministic and stochastic modeling
techniques to obtain the polymer microstructure as a function of monomer conversion and
polymerization conditions at the microscale. It is assumed that, for this scale, the bulk
concentrations and temperature are known. The simplest case is the simulation of a batch
polymerization reactor on laboratory scale with perfect macromixing and isothermicity
implying a reactor with spatial homogeneity of the bulk concentrations and temperature.

10.2.1 Deterministic Modeling Techniques

Within the deterministic modeling techniques, a first distinction can be made between
numerical methods enabling the simulation of only averages of the CLD as a function of
monomer conversion, that is, the method of moments, and methods enabling the simulation of
the full CLD, that is, the full CLD methods. In what follows, the main aspects of these methods
are discussed in detail. For illustration purposes, it is assumed that only two populations of
macrospecies, namely the living and dead polymer molecules (Fig. 10.1), exist and that only a
limited number of chain-growth polymerization reactions can take place.

10.2.1.1 Method of moments

In the method of moments, the CLD is represented by a discrete number of sth (s >0) order
averages (Achilias and Kiparissides, 1988; Zhu, 1999):
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> (R +[P))
Z ' ([Ri] + [Pi])

(10.1)

Xg =

in which [R,] is the concentration of living polymer molecules with chain length i, and [P;]
is the concentration of dead polymer molecules with chain length i. The calculation is
typically limited to the first, second, and third average (x;, x,, and x3). These first three averages
are also known as the number-, mass-, and z-average chain length (x,,,,.), as illustrated in
Fig. 10.4.

The relative position of these three averages allows assessment of the broadness of the CLD
without its explicit calculation:

D, =" (10.2)
Xn

D, =2 (10.3)
Xm

For values of D,, and D,, close to one, the CLD is narrow, whereas for values higher than 1.5, the
CLD is classified as broad. Typically only D,, referred to as the polydispersity index or
dispersity, is used as a measure of the broadness of the CLD (Gilbert et al., 2009).
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Fig. 10.4

Representation of the number CLD (diamonds) via three averages (Eq. 10.1);s=1,2,3 orn, m, z
(squares; left to right); simplified case of a maximum chain length of 100.

From Eq. (10.1), it follows that to calculate x; (s=1, 2, 3), the following moments (0 <s’' < 3)
have to be known:

by => iR} (10.4)
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po=> '[P} (10.5)
in which Ay and py represent the s'th moment of the population of living and dead
polymer molecules. Note that for s’ equal to zero, the total population concentrations are
obtained. The moments Ay and uy (0 <s' < 3) at a given polymerization time 7 can be obtained
by integration of the following equations:

dly <~ .yd[R]
38 10.6
di Z.:’ dr (100
dﬂsr . rd[Pl]
Py i 107
dr Zl di (107

These moment equations are typically integrated by linear multistep methods, such as the
Adams method and the backward differentiation formula (Petzold, 1983). The right-hand sides
of Egs. (10.6), (10.7) are directly related to the selected reaction scheme. As an example,
Scheme 10.1 shows the main reaction steps for a simplified chain-growth radical
polymerization.

k
I, —1 5 2R,
R ko
o+ M e R1
k
R+M —2 5 Ry
R k3a H =
i+ Rj P,- + IDJ
k _
R+R —25 P +P] (i#))

Scheme 10.1
Basic reaction scheme to illustrate the derivation of the moment equations (Eqs. 10.8—10.11).
I, initiator; Ry, initiator fragment; M, monomer; R;, living polymer molecule with chain length i
P;, dead polymer molecule with chain length i; kq/2/34/3b, rate coefficient for dissociation/
propagation/termination (with intrinsic or apparent chain length dependencies ignored).
For termination by disproportionation of polymer molecules with different chain lengths two reaction
paths (a and b) are shown as chemically two end-groups are possible for P.

As termination mode, termination by disproportionation has been selected. A perfect chain
initiation is also considered, which implies no use of an initiator efficiency (Moad and
Solomon, 2006). The dependency of the rate coefficients on the chain length is neglected
as well. For this scheme, the following equations can be derived, assuming that all dead
polymer products can be lumped (k;3, = k3, =k3) and volume effects due to a difference in
density between monomer and polymer can be ignored:
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k2[M] 2o (s =1)
d{j;' = —k3ApAy + kr [M] {Ro] + <k [M]AO +2ky [M]/Il (Sl _ 2) (10.8)
ka[M]2g +3ka [M]A1 + 3ka[M] 2y (s'=3)
duy
4 = ol (10.9)
% = —k2[M][Ro] — k2[M] Ao (10.10)
U)oty o) oM 0.1

In these equations, only [M] and [I,] have a nonzero value at r=0. In particular, Eq. (10.10)
allows for the calculation of the monomer conversion profile without the interference of
higher order moments.

In case the reactions in Scheme 10.1 are assumed to be dependent on the chain length, k, and k3
have to be replaced by population-weighted rate coefficients defined as

> itkilRi]
<kys>=— (10.12)
> PR
Z 'k j[Ri] [Ry]
ky,s> = —2 10.13
<kz,s> Zis[Ri] R ( )

)

in which k, ; and k3 ;; are the corresponding (apparent) chain length dependent rate coefficients
(with k3 ;;=2k3, ;). However, in the classical method of moments, no assessment of the
individual concentrations of the living macromolecules is performed and the dependency on the
chain length is either ignored or the population-weighted rate coefficients are calculated
based on overall polymerization characteristics (eg, the polymer mass fraction).

It should be noted that for termination by recombination (Fig. 10.5A), inherently an error is
introduced regarding its contribution in the classical moment equations. For the individual
living polymer continuity equations, it can be derived that the contribution of termination by
recombination is

d[R;]

el T ke, iR = ke i[Ri] [R}] (10.14)
! )

in which ki ;; and k. ;; (i #j) are the homo- and cross-termination rate coefficients.
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Fig. 10.5
Termination by (A) recombination and (B) chain transfer to dead polymer. Dark gray spheres,
monomer unit; light gray sphere, monomer unit with active center.

Note that due to factor two in Eq. (10.14), additional rate coefficients have to be formally
introduced to derive the moment equations:

% ==Yk RIR] (K=o Ky =k fori)) (10.15)
J
This manipulation allows one to write:
dAy
d; = e < ki, S’ > Agdy — oo (10.16)

in which the population-weighted rate coefficient is defined as

> keu[R][R)
ke, s’ >=—1 (10.17)

> FR][R]

Since in the classical method of moments, no explicit calculation of the individual
concentrations is performed, the manipulation introduced previously disappears when writing
down the final classical moment equation, explaining the inherent error for this reaction:

ddg
e~ ke dohy — - 10.18
o 1cA04s ( )

Furthermore, closure terms have to be included for the moment equations in case chain
transfer to dead polymer (Fig. 10.5B) is included as reaction possibility (rate coefficient: k).
Such terms are needed as this reaction leads to a contribution in the sth order moment equation
that depends on the (s + 1)th order moment of the dead polymer molecules, as the reactivity
is linked to the number of monomer units in the dead polymer chain and not to the concentration
of this chain:

d

BZJ == ki [Rj] iP]+... (10.19)
J
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dug
dr

SR N S Ty p—— (10.20)

in which the population-weighted rate coefficient is defined as

Z"S/Hklp,ij [Pi] [Rj}
< ks’ >=-"2 (10.21)

> i [P [Rf}

isJ

In many kinetic studies, the Hulburt and Katz (Baltsas et al., 1996; Hulburt and Katz, 1964;
Pladis and Kiparissides, 1998) approximation is selected as closure method while considering
only moment equations up to the second order:

m
3= (2popty— ;%) (10.22)
Holy

.

10.2.1.2 Full CLD methods

Within the full CLD methods, a distinction can be made based on the discretization of the chain
length range, whether the quasi-steady-state approximation (QSSA) is applied for intermediate
reactive species at some stage in the numerical procedure or whether moments are used for
benchmark purposes. A discretization of the chain length range to simulate CLDs is necessary
as otherwise too stiff systems of differential equations, and too high storage capacities and
computational times result. Linear multistep methods (Petzold, 1983) are frequently used to
integrate the obtained continuity equations after discretization of the chain length range.

The most important full CLD methods are the extended methods of moments, such as the
probability generating function method and coarse-graining-based techniques; the fixed
pivot method; and the discrete weighted Galerkin formulation. In what follows, the most
important aspects of these methods are highlighted.

10.2.1.2.1 Extended method of moments

In the extended method of moments, a CLD is reconstructed based on calculated moments, as
introduced above. The simplest way is a predefined mass CLD, such as the two-parameter
Wesslau distribution (Pladis and Kiparissides, 1988):

L (Ini— Inp;)* 10.23)
i— T ———=CXP| ————7_ :
" V2ro2i? P 202

in which m; is the mass fraction of polymer molecules with chain length i and the parameters p;
and o are directly linked with the sth order moments:
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05
pi= (’2) exp () =F2 (10.24)
H H1

A more advanced method is the inverse (discrete) Laplace transformation (or probability
generating function [pgf]) method (Asteasuain et al., 2002a,b, 2004). In this method, the
CLD is reconstructed from the integrated moment equations, as illustrated in Fig. 10.6.

A number and mass probability are first introduced for the living polymer molecules:

R.

Por(7) :—[ ’] (10.25)
Ao
/R,

Pir(7) _IR] (10.26)
A

Similarly, for the dead polymer molecules, a number and mass probability are defined

P.

Pop(i) :u (10.27)
Ho

t=0
Initial conditions

Differential equations

“Classical” method of moments

to obtain

number and mass pgfs

Inversion method

Py
: CLDsatt+At B

Fig. 10.6
Principle of Laplace transformations (or probability generating function (pgf) method) to reconstruct
the CLD based on the moment equations. k, vector with rate coefficients; [A], vector with
concentrations of nonmacromolecules; At, time step for integration; CLD, chain length distribution;
G, transformed z-variable.
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i|P;
Py p(i) :M (10.28)
My
These four probabilities are subsequently used in number/mass pgfs (¢=0,1 and Y =R, P) of
the transformed (complex) z-variable:

Gay(z) = 2ZPay(i) (10.29)
Hence, in case these pgfs are obtained for a given range of (complex) z-values, the CLD
can be reconstructed via an appropriate Laplace inversion method. The z-based pgfs needed for
this inversion are obtained by deriving the right-hand sides of

d(/l()G()’y(Z)) and d(ﬂ]Gl’y(Z))

10.30
dt dt ( )

followed by their integration using the moments as obtained by integration of the moment
equations in parallel. For example, the contribution of termination by recombination
(Fig. 10.5A) to the mass pgf can be derived as follows:

d[R, \
Egt]:"'_;kwﬂ'f[Rf] M . (10.31)
(SR D[R A
d - ! A (10.32)
dhGir) _ .. —kieAo(41G1R)

dt

where in the last step the chain length dependency of the population-weighted rate
coefficient is ignored, which means a classical method of moments is applied. Similarly,
a z-dependent term results for the chain initiation step (Step 2 in Scheme 10.1):

d[RI] = ... +ka[M][Ro] — - (10.33)
dt
d(/hgl’R)='-'+Zk2[M][R0]—“‘ (10.34)

Alternatively, a reconstruction can be performed using the correct moment equations, that is,
including explicit population-weighted rate coefficients (cf. Egs. (10.8)—(10.11) corrected
with Egs. (10.12), (10.13); Bentein et al., 2011). Each time, step convergence is required
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Averages of the CLDs at t+At

False

True
Fig. 10.7
Principle of the extended method of moments applied for NMP using “correct” moment
equations (solver 1) and requiring convergence for the resulting CLD averages and those obtained via
iterative integration of the set of differential algebraic equations using the QSSA for the living
species and keeping the continuity equations for the dormant macrospecies (solver 2). [A], vector
with concentrations of nonmacromolecules; [C]: vector with all concentrations; <k>, vector
with population-weighted (apparent) rate coefficients; k, vector with all individual (apparent)
rate coefficients; ka, vector with all (apparent) rate coefficients for reactions involving only
nonmacromolecules; fand g, functions; At, time step for the integration (Bentein et al., 2011).

between the averages of the CLD as obtained with these “correct” moment equations using
fixed but updated population-weighted apparent rate coefficients per time step and the averages
as obtained based on the reconstructed CLD in a parallel solver. In this parallel solver, for the
calculation of the concentrations of part of the individual species, the QSSA is applied and an
iterative solution strategy is selected. In particular, for controlled radical polymerizations
(CRP), this method has proven to be successful. Fig. 10.7 shows the principle of this solution
strategy for an important CRP process, namely nitroxide-mediated polymerization (NMP;
Scheme 10.2; Malmstrom and Hawker, 1998).
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kact
Rox « 7 RO + X
kdeact

k
R; +M -2 Ri.q

kact
R,‘X < R,‘ +X
kdeact

ktC P
J i+]

Scheme 10.2
Principle of controlled radical polymerization (CRP) exemplified via nitroxide-mediated
polymerization (NMP). X, nitroxide; R;, living polymer molecule; P;.;, dead polymer molecule; RX,
dormant polymer molecule; i, chain length; RoX, NMP initiator; k,., activation; Kgeacr, deactivation;
k,, propagation; k.., termination by recombination (Fig. 10.5A) (Malmstrom and Hawker, 1998); for
simplicity the activation/deactivation rate coefficients of the initiator species are assumed the same as
those for the macrospecies.

In NMP, living macrospecies can be temporarily trapped by a nitroxide species X resulting in
the formation of dormant macrospecies (R;X), which are the targeted polymer molecules for
CRP, in contrast with the typical dead polymer product P in other chain-growth
polymerizations. For a sufficiently fast deactivation (kgeac; Scheme 10.2), this dormant state is
favored and the contribution of dead polymer molecules is minimized. This favoritism is
enhanced as X does not undergo self-termination.

With the additional s'th (s’ >0) order moments for the dormant species defined as

=Y i"RiX] (10.35)

it can be seen in Fig. 10.7 that for the iterative solver (solver 2) the QSSA is applied for the living
species but not for the dormant species for which the original continuity equations are kept.
Convergence can be obtained for the averages as typically a quasi-equilibrium is obtained
between the dormant and living species strongly favoring the dormant state (Bentein et al., 2011;
Matyjaszwski and Xia, 2001). For a very broad chain length domain, coarse graining (Russell,
1994) can be considered to reduce the number of equations for the iterative solution strategy,
explaining why this alternative approach is often classified as a coarse-graining based extended
method of moments. However, for an accurate simulation of the polymerization kinetics, still
individual contributions are recommended for small chain lengths ( <200) (Bentein et al., 2011).

10.2.1.2.2 Fixed pivot method

In the fixed pivot method, which is a population balance method, the chain length domain is
divided into N, (typically 50) intervals, which are fixed during the integration but can be
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N, N, N, N, Ny

max

Fig. 10.8
Division of the chain length range for the fixed pivot method; each interval can be of a
different size (4y) but the sizes are fixed during the integration; typically a logarithmic scale is used; gray
spheres represent the pivot elements.

chosen to be of a different size (Butté et al., 2002; Kumar and Ramkrishna, 1996). Typically the
size variation is of a logarithmic nature in order to accurately capture the contributions of
macrospecies with a small chain length.

Each interval Ny (k=1,..., N,,) is characterized by only one chain length belonging to

that interval, that is, the characteristic chain length or pivot i, (see Fig. 10.8). In other words, the
total concentration of, for example, dead polymer molecules in Ny is the product of the
concentration of dead polymer molecules with that particular chain length and the interval size
A,. The continuity equations are integrated only per interval leading to an overall reduction of
the number of equations to be considered. For the living and dead polymer molecules, the
symbols [RF] and [P{] (k=1,..., Nmay) are typically used to denote the corresponding overall
concentrations.

k
R+M ™ . p iR,

Scheme 10.3
Chain transfer to monomer.

In the simplest case, chain transfer to the monomer (Scheme 10.3, rate coefficient: k) is
considered and a contribution to the continuity equation for [R{] can be derived directly, as the
reactants and products belong to the same interval:

dR] _ T

L trM[ k} M] + .. (10.36)
However, for certain reactions only particular chain lengths belonging to other intervals
contribute to the population balance for a given interval. For example, for a product of
termination by recombination belonging to the interval k, the macroradical chain lengths i,
and i; (with m and / the corresponding intervals) have to be identified and a reverse lever

rule has to be applied (cf. Fig. 10.9):

* ilnax,k I+ i,=i * *
d[P,] _ +ktcz Z Apivot(i)MM (10.37)
i=1 i=1
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i=i+i,
Fig. 10.9
Representation of termination by recombination leading to product with a chain length i belonging to
the interval k of the fixed pivot method chain length domain range; the intervals of the reactants are /
and m with pivot chain lengths i; and i,,. As the considered chain length i is closer to the pivot iy than
to the pivot iy 4 the contribution of the termination product to the interval k is larger (Eq. 10.38);
light gray spheres represent pivot elements; dark gray spheres represent chain lengths related to
terminating radicals.

in which iy, « is the longest chain length for the interval k and Ap;yo(7) is a function defined as

[ — i1

— i1 <i<iy
A= B 10.38
. = l —1 .
o= Bl 2l iy (1039
Tk+1 — Lk .
0 otherwise

10.2.1.2.3 Discrete weighted Galerkin formulation

In the discrete weighted Galerkin formulation, the CLD is represented by an expansion
in basis functions until a truncated value (N,,) (Budde and Wulkow, 1991; Iedema et al., 2003;
Wulkow, 1996). For example, for the dead polymer this implies that the CLD at time ¢ is
given by
Ntr
Pi(t)=w(i:q)>_ar(t:q)lk(isq) withi>0 (10.39)
k

in which y is a positive weight function, ¢ is a parameter a; (k=1,..., N,) are expansion
coefficients and /; (k=1,..., N,) are the basis functions, which are orthogonal with respect
to a weight function y:

> i @) (i q)w(is @) = 7 (10.40)

in which §j; is the Dirac delta function and y, an orthogonality factor.

Typically the Schulz-Flory weight function (Eq. 10.41) is used and discrete Laguerre
polynomials (Eqgs. 10.42, 10.43) are used as basis functions.

wii:g)=(1—-q)¢d" 0<g<1 i>0 (10.41)
(k+ Dl (is q) = [(k+1)g+k = (1—q)(i — D]l(is ¢) —kpli-1(i; q) (10.42)
I_,=0, lp=1, and y, =4 (10.43)
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The expansion coefficients are determined via substitution and application of the
orthogonality relation. For example, if the time dependency of the polymerization kinetics
(denoted here with ') can be described by

P/(t)=B'P;(?) (10.44)

with B” a representative matrix, it can be derived (Budde and Wulkow, 1991) that

vidi(0)=¥()) au(t)(1,B'L) (10.45)

k

with the inner product of two functions f and g defined as

(f.8)=> _f(i)e(Dw(i) (10.46)

1

10.2.2 Stochastic Modeling Techniques

In contrast to deterministic modeling techniques, stochastic modeling techniques do not
require the numerical integration of a set of coupled differential equations to simulate chemical
kinetics but only require stochastic executions of discrete events. Two important stochastic
techniques are the Gillespie-based kinetic Monte Carlo (kMC) and the Tobita-based Monte
Carlo technique, which are both addressed in this section. In general, full CLDs are directly
obtained with stochastic modeling approaches as long as a sufficiently high resolution, that is, a
sufficiently large initial number of molecules, is selected.

10.2.2.1 Gillespie-based kMC technique

The most frequently applied kMC algorithm to study polymerization processes is that developed
by Gillespie (1977). In this algorithm, different species are tracked in a representative
microscopic-scale homogeneous volume V (eg, 10> m?) and reactions are selected in a discrete
manner via stochastic time steps. For each reaction (v =1,..., N, with N, the total number of
reactions), a Monte Carlo (MC) reaction probability PEAC is first defined:

~-MC

pMC — N’v (10.47)

MC
2.

v=1

I

in which 75 is the “MC rate of reaction v”” expressed per second.

As in the kMC technique the reactions are represented discretely the reaction rates must thus
be converted from macroscopic values, which are in general on a per volume basis, to stochastic
rates on the basis of the total number of molecules within the scaled reaction volume. In order to
do so, the macroscopic concentrations ([C,,]; m=1,..., Ny; with N, the number of different
types of species) must be converted into a total number of molecules N,,, within V:
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Ny = [Cp]NaV (10.48)

in which N, is Avogadro’s number. Depending on the order of the reaction, either first or
second, the rate coefficients (k,; v=1,..., N,) are converted accordingly:

firstorder: AMC =k, (10.49)
bk,
second order : kE/[C = NAV (10.50)

in which the value of b is one for a reaction between different species and two for a reaction
between identical species.

The stochastic time interval between reactions (z™€) is determined as follows (with 7, a random
number uniformly distributed between 0 and 1):

TMC:M (10.51)

N,
MC
2.

v=1

The reaction to be executed, ,uMC, is chosen by selecting a second random number, r,, uniformly
distributed between 0 and 1, for which the following equation holds

#MC_I ”MC
MC MC
> << n (10.52)
v=1 v=1

The principle of this cumulative-based selection is illustrated in Fig. 10.10. It can be
clearly seen that, via this criterion, reactions characterized by a high reaction probability are
favored to be executed more intensively. For polymerization reactions, however, N, is very

1 ! } Reaction 5

09

09
08 | r, random: [0:1] .
08 e o B Reaction 4
07 07
o 06
06
P(V) P(v A
05 = ( ) 05 Reaction 3
04 04
03 03 )
is - Reaction 2
0.1 0.1 )
} Reaction 1
0 [}
1 2 3 4 5 1 2 3 4 5
14 14
Fig. 10.10

Principle of the random selection of a reaction based on cumulative reaction probabilities
(Eq. 10.52); for macromolecular reactions in an additional step the involved chain lengths are
selected; here the random number r; is 0.7: reaction 4 is selected.
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large (> 10°) as apparent chain length dependent rate coefficients result, mainly due to
diffusional limitations. Therefore “lumped” kMC reaction rates are used in practice so that a
limited number of reaction types is obtained. In an additional step, the macrospecies involved
are selected by generating extra numbers.

For example, for Scheme 10.1, only four reaction channels remain with the following “lumped”
kMC reaction rates:

MC = My, (10.53)
'€ = 15" N, Ny (10.54)
' =<Ky > Ny, Ny (10.55)
€ =<15€ >Ny Ny, (10.56)

in which < &Y€ > and < k%’IC > are MC population-weighted rate coefficients, which are
typically updated only at distinct monomer conversions.

It is important to realize that the total simulation time is related to the selected volume V.
Depending on the complexity of the reaction scheme and the requirement to accurately
calculate not only the average properties but also the concentrations of nonabundant species, a
high computational cost may result. The simulation time can be reduced, however, by
implementing search and reaction execution algorithms based on binary tree structures and
using the overall kMC rates and not the reaction probabilities, that is, skipping the
normalization (Van Steenberge et al., 2011).

The principle of a binary tree operation, as originally explored by Chaffey-Millar et al. (2007),
is shown in Fig. 10.11 considering for simplicity only oligomeric species with a maximum

20

Fig. 10.11
Example of the use of a binary tree for the random selection of the chain length i* (here 3) of
the nth (here 12th) macrospecies of a radical CLD when the radicals are ranked in order of increasing
chain length from left to right. Random number is 0.60; 0.60*20=12; from bottom row the
CLD can be constructed.
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chain length of eight. The top of the binary tree is denoted as the “root” node, whereas the
bottom of the binary tree consists of the so-called leaf nodes. In every layer the nodes are
connected in pairs. In Fig. 10.11, the ith leaf node contains the number of living
macrospecies with chain length i. It is further supposed that random number generation requires
that the 12th macrospecies (if ranked according to increasing chain length) reacts. Clearly,
due to the binary character of the tree, a fast identification of this species is obtained by
following the light gray arrows. For completeness it is mentioned here that for the calculation of
chemical composition CLDs so-called composite binary trees have been introduced (Van
Steenberge et al., 2011) in which, for a given chain length (thus a given leaf node in Fig. 10.11),
a subtree is introduced of which the root node is the previous leaf node and information is
stored for the chemical composition (eg, the number of comonomer units of a certain type or the
number of branches).

It should be further stressed that a more detailed level of the calculation of the polymer
structure results in case the kMC reaction event history is also stored. For growing
macrospecies, this implies the use of matrices to show comonomer sequences and branching
points. The principle of this matrix-based method is illustrated in Fig. 10.12 for a
copolymerization leading to a linear copolymer. The complete polymer microstructure can
be obtained after removal of nonpropagating reaction events. Based on this information,
derivative properties can be calculated, which allows one to obtain the quality of the
polymer microstructure with respect to a targeted microstructure (TM). In particular, such
calculations have been performed to determine the linear gradient (Van Steenberge et al., 2012)
and diblock (Toloza Porras et al., 2013) quality of linear copolymers obtained through CRP
via an average linear gradient deviation and an average block deviation value. In general
form, an average structural deviation, <SD >, can be calculated

N
<SD>=Y) SD(z) (10.57)

z=1

in which SD(z) is the deviation of the zth chain of the N, chains tracked with respect to the
TM in case the same chain length is considered and N, is sufficiently large so that a
representative KMC sample is obtained. For an < SD > of zero, a perfect match is obtained.

The individual SD(z) (z=1,..., N.) terms are obtained by evaluating the minimum of the
following four values (Van Steenberge et al., 2012):

e 1|SA()’, z) —Sat™MB 1o A(Y, 2)| +|SB(), 2) —SB.TM.B 10 A (Y 2)|

SD; = 10.58
=2 f ( )
N,
~1 - (o} > s - 0 s
SDZZZE\SA(Y, z) = Samma 0 B(Y Z)!;|SB(Y z) = SB.TM.A 10 B(Y, 2| (10.59)

z=1
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Fig. 10.12

Principe of Gillespie based kinetic Monte Carlo technique for the simulation of the reaction event

history shown (Van Steenberge et al., 2012) for an NMP copolymerization (Scheme 10.2); removal of

nonpropagation events allows retrieval of the comonomer sequences per chain; i,j, chain lengths if
macrospecies are involved; for simplicity no termination reaction events are shown.

SD| =

SD, =

Y1 |Sg()” z) _SfA,TM,B NG Z)‘ + ‘Sfa(y’ z) _S%,TM,B 0 A Z)|

Z_ > (10.60)
p— 2 I

2 l|S§\(y, z) =S tvA 10 B Z)‘ * ‘Sia (%.2) = SB.M.A 10 B Z)| (10.61)

2
12 i

7=

in which S,(y,z) is the cumulative number of monomer units of types x at position y in chain z

(chain length:

i) of the kMC sample as counted from left to right, S, v (y,z) is the

cumulative number of monomer units of type x at position y of the targeted chain in the
direction r (always defined from left to right) with the same length as the considered chain z,
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and S/(y,z) and S} v (y,2) are the corresponding cumulative functions when counting
from right to left. Four evaluations are needed to treat both monomer types on the same basis
and to account for the possibility that the chains are not ordered a priori.

10.2.2.2 Tobita-based MC technique

For branched polymers, the matrix-based kMC approach discussed previously can be extended
by adding additional rows for the composition of the individual branches and storing the
connection points. However, for highly branched polymers this requires very high storage
capacities and intensive coding efforts. Alternatively, the Tobita-based MC technique (Meyer
and Keurentjes, 2005; Tobita, 1993) can be applied to assess the topology of the polymer.
With this technique, the polymer topology is reconstructed a posteriori from building blocks
that are generated via different random numbers. In this section, the basic steps of the
calculation are discussed. This technique is reliable, however, only in case apparent kinetics are
of minor importance.

In a first step, the so-called birth conversion x* is sampled at which an initial zeroth-order
building block (label 0) is generated taking into account the maximum conversion, Xy.x,
reached In a second step, the chain length i* of this block is obtained by random selection,
typically following the Flory mass CLD (Tobita, 1993):

m; :iexp (—L> (10.62)

in which m; is the mass fraction of polymer chains with chain length i. The average chain
length x,, is determined via the ratio of the reaction rates leading to chain growth and those
leading to termination. The concentrations involved are assessed based on the conversion
selected (eg, via moment equations or pseudoanalytical expressions).

In a third step, for the selected building block, the number of branching points (Ny,) is
determined via sampling based on a binominal distribution (Meyer and Keurentjes, 2005):

i i
p(Npr) = (N—> i piNer (10.63)
br

in which py, is a predefined branching probability. Assuming chain transfer to polymer as the
dominant branching point creator, the following expression has been proposed for py,:

ktp I—X*
=—1 10.64
Por kp n < 1—i ) ( )

in which k, and &, are the transfer to polymer and propagation rate coefficients.

In a fourth step, the birth conversions as well as the lengths have to be selected for these
branches. To obey physical boundaries, the conversion interval [x*, x,,..] has to be considered
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for the selection of each additional birth conversion x**. The following conditional probability
distribution function, which inherently reflects a higher branching density at higher
conversions, has been proposed to retrieve x**:

| <l—x*>
S
1 —x (10.65)

1 —x*
(=)
1—1i

The corresponding length /** (still label 0) is obtained via sampling based on

Pl ) =

¥ R
p(l**):l—exp< 7 > (10.66)

with [, a characteristic length. In a fifth step, it is determined whether this building block
(with its possible branches) is connected to an earlier building block (at conversion x***
between 0 and x*), which relates to the relative importance of the chain transfer to polymer
reaction. If random selection based on the corresponding probability reveals that a
connection has to be made, the birth conversion and the length (Eq. 10.64) of this additional

branch, which is still given a label 0, are determined.

Subsequently, the number of branches (Eq. 10.63) and lengths (Eq. 10.66) of this “older”
building block are sampled. For these branches, the label is changed from O to 1 to emphasize
the transition to another building block. A similar approach is followed as for the branches of
the zeroth-building block. The algorithm stops if no older building blocks and new branches
are selected.

10.3 Macroscale Modeling Techniques

In general, the continuity equations of the reaction components depend on the selected reactor
configuration. Industrial-scale polymerizations are commonly carried out in batch, tubular,
or continuous stirred-tank reactors. Usually, relatively simple reactor models are used and
thus ideal flow patterns in the reactor (eg, without backmixing) and isothermal temperature
profiles are assumed. Deviations from the ideal flow pattern and from spatial isothermicity
can lead, however, to significantly different local kinetics resulting in different local apparent
rates and thus in different reactor averaged apparent rates as compared to those predicted
assuming an ideal flow pattern and isothermicity.

The simplest way to model nonideal flow patterns and temperature profiles is to divide the
reactor into a discrete number of compartments and include exchange/recycle streams
between the compartments (Topalos et al., 1996; Zhang and Ray, 1997). For each compartment,
a kinetic scheme is applied and the conversion profile and the polymer properties are
obtained from averaging the properties of each compartment with respect to their size.
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Fig. 10.13
Example of a compartment model with three perfectly mixed segments (two small and one large)
to account for macromixing; V;,, volume of segment k in compartment i; gy x, exit volumetric flow
rate for segment k in compartment i; g, volumetric feed flow rate; f;, recycle ratio (/=1,2); subscript
Vin the flow rates is not shown in order not to overload the figure.

An important first “compartment model” is based on the division of each compartment into
a discrete number of perfectly mixed segments. For example, in Fig. 10.13, for each
compartment of an industrial-scale reactor for a polymerization process still in nondispersed
medium, two small perfectly mixed segments and one large perfectly mixed segment are
considered. The small segments reflect imperfect mixing (eg, of the initiator) and temperature
gradients (eg, hot spots) at the inlet, whereas the large segment reflects the bulk zone of the
compartment with an internal recycle to both small segments.

Denoting the volume of the kth segment as V;, gy, as its exit volumetric flow rate, Ry, 4 as
the corresponding net monomer production rate, [M], , as the monomer concentration, f; as
the /th recycle rate from the third segment, and gy as the volumetric feed flow rate with
monomer concentration [M]y, the following continuity equations can be written down for
the monomer in each segment k of a compartment i:

dM];
Vi r L= M]ogvo + [M];_| 3qvi-1.3+f1IM]; 3qvi3 +Rmi1 Vi — [M]; 1qvin (10.67)
LodM, 1
2T M]; 1qvi.1 +f2[M]; 3qvis + Rwi2Via — [M]; 5qvia (10.68)
dMJ; 5
Vis— = Mliaaviz +RyisVis —filM]; 3qvi5 =Ml 5qvis (10.69)
in which it is assumed that the volumetric flow rates are balanced:
qvi1 =qvo+qvi-1,3+f1qvi3 (10.70)
qvi,2 = qvi,1 +f2qvi;3 (10.71)

(1+fi+f2)qvis = qvin (10.72)
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Analogously, overall sth order moment equations can be written down. For example,
assuming that no reaction occurs in the feed, the total concentration of dead polymer in the
first segment of compartment i follows from

dug;,
Cdr
in which po;; and Ry, | are the zeroth-order moment for the dead polymer molecules and the
corresponding net production rate in segment 1 of compartment i. The net production rates
can be calculated with the method of moments, as explained previously, assuming a given
reaction scheme per segment. In addition, a temperature variation can be accounted for.
Taking again the first segment, from an energy balance it follows that

Py

Vit = Moi—1,39vi—1,3 +1qvi3poi 3 + Ry Vit — Hoi19vin (10.73)

Viit=00+0i13+f10i3+ 01 — Qi1 (10.74)

in which T ; is the temperature of the first segment of compartment, p, and ¢, are the corresponding
density and specific heat capacity at constant pressure, and the subscript “r” is used to distinguish
the net heat production by reaction from the flow contribution terms. The reaction term is given by

Qi1 = (—AH)ky[M]; 20,11 Vi (10.75)

in which AH is the propagation reaction enthalpy and A, ; is the zeroth-order moment of the
living polymer molecules. Note that it is assumed that the generated heat is only due to
propagation. The energy flow terms are proportional to the temperature of the flow while
taking into account the contributions of the monomer and the polymer to obtain the correct
density and specific heat capacity.

A second important compartment model comprises compartments consisting of a perfectly mixed
segment and a plug-flow segment, which in turn can be represented by a series of perfectly
mixed segments (see Fig. 10.14). This compartment model is selected in case segregation is
important. Equations analogous to those for the compartment model of Fig. 10.13 can be derived.

Instead of using compartment models, the flow pattern in the reactor also can be calculated via
computational fluid dynamics (CFD). However, when using CFD, relatively small reaction
networks are often used to reduce the computational cost. An exception is gas-phase
polymerization, such as the production of low-density polyethylene). For more details on
the application of CFD calculations for polymerization processes, the reader is referred to Asua
and De La Cal (1991), Fox (1996), Kolhapure and Fox (1999), and Pope (2000).

10.4 Extension Toward Heterogeneous Polymerization in Dispersed Media

This section pays attention to the standard modeling tools to simulate the polymer micro
structure for polymerizations in dispersed media for which mesoscale phenomena are also
relevant. In such polymerizations, a surfactant is present so that a dispersed phase can be
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Feed
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Feed

Compartment 7

Compartment i+ H

Fig. 10.14
Example of a compartment model with one perfectly mixed segment and one plug-flow segment to
account for macromixing; the plug-flow segment can be represented by a series of perfectly mixed
segments (here three); V;, volume of segment k in compartment /; gy; 4, exit volumetric flow rate for
segment k in compartment i; g0, volumetric feed flow rate; f; 4, recycle ratio; in the figure subscript V
has been omitted.

formed and the polymer product consists of polymer particles. A distinction can be made
between suspension and emulsion polymerization. In suspension polymerization, large
monomer droplets (50-500 um; Asua, 2007) are the reaction locus, whereas in emulsion
polymerization, different reaction loci can be identified and the segregated entities are much
smaller (50-1000 nm; Asua, 2007).

10.4.1 Suspension Polymerization

For suspension polymerization, the polymerizing droplets are so large that it can be safely
assumed that the kinetics are the same for every droplet and thus the microkinetic modeling
tools introduced previously can be directly applied for one droplet to obtain the evolution
of the CLD and its averages with conversion.

In addition, the PSD (or MDSD) can be calculated analogously by replacing the variable i by its
diameter d, or volume V,,. Most commonly, the fixed pivot technique has been applied
while dividing the reactor into two compartments, an impeller and a circulation compartment,
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Fig. 10.15
Compartment model to calculate the evolution of the monomer droplet size distribution (MDSD) in a
suspension polymerization; Vimp/circ, volume of impeller/circulation compartment.

as shown in Fig. 10.15 (Alexopoulos and Kiparissides, 2005). This distinction is made to
account for the different turbulence intensity in the direct environment of the impeller and the
region away from the impeller, that is, to account for macroscale effects. Such a simplification
is justified, at least as a first approximation, based on CFD simulations of the flow pattern in
batch reactors with an impeller (Alexopoulos et al., 2002).

For each compartment, a population balance is derived as basis for the further

discretization according to the selected pivot elements along the V,, axis and using number
density functions 7iy,p(V,#) and ng(V,f) for the impeller and circulation compartments.
These density functions are defined such that n;,,,(V,0)dV and ng.(V,5)dV are the numbers of
droplets per unit volume of the impeller and circulation compartments with a volume in the
interval [V, V+dV].

For the impeller compartment with a volume, Vinp, nimp(V,f) can be obtained based on the
following nonlinear integrodifferential equation:

a”limp(V, t) B JVmax

o AU, V)u(U)g(U)nimp(U, t)dU

14

1 \%
' EJ K(V = U, Uiy (V — U, 1) g (U 1)U
0 (10.76)

Vmax
— r)J k(Y. Uty (U AU — g(V )i (V. 1)
0

+ % (eire (V. 1) — nimp(V, 7)) =PBIS

. imp
imp

The first term of the population balance, PBirIl}fp, relates to the formation of droplets with a volume

in the interval [V, V + dV] by breakage of droplets with a larger volume (maximally V ,,.,). In this
term, the mesoscale parameter g(U) is the breakage coefficient for a droplet with a volume U,
u(U) is the number of droplets formed upon breakage of a droplet with a volume U (typically
two), and B(U,V) reflects the probability that a droplet with a volume U breaks into a droplet

with a volume V. The second term represents the formation of droplets in the volume interval [V,
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V +dV] by coalescence of two smaller droplets, with the mesoscale parameter k(U,V) the
coalescence coefficient of droplets with a volume of U and V. The third and fourth terms represent
the disappearance of droplets by, respectively, coalescence and breakage, while the last term
expresses the exchange of droplets between the two compartments with gy . as exchange flow
rate. The analogous nonlinear integrodifferential equation for the circulation compartment can
be obtained by interchanging the subscripts “imp” and “circ” in Eq. (10.76). The mesoscale
parameters are typically obtained by correlations that can depend on the microscale properties via
a dependence on, for instance, the monomer conversion (Asua, 2007).

In practice, the continuous 7;,,(V,#) function is represented via delta functions:

Nn]ﬂX
nimp(v’ t) = ZNimp,k(t)é(V - xk) (10.77)
k=1

in which N}, « is the contribution to the density function for the droplets in the interval k.
Integration per grid interval of Eq. (10.76) gives

Visi 9 o (Vo ¢ Vie ,
j Oimp (V. 1) 1, J PBI™ g (10.78)
v, ot V; P

For the left-hand side of this equation, it follows that

VHI animp(v, [) 0 V[+l Nmax N
V=4 Ny (D)8(V —xp)dV
,[V,- ot ot 4[\/,- k=1 1mp,k( ) ( xk)
9 Ninax (Vi1 i d . (10.79)
-y N; H)6(V —xx)dV =—N. p
ot = ij 1mp,k( ) ( xl‘) dr 1mp,k( )

Similarly, for each coalescence/breakage term of the right-hand side mathematical
manipulations can be performed. For example, for the positive coalescence contribution
we can write

Vit

Vit 1 Vi 1
J EJ k(V=U,U)n(V—=U,t)nimp(U, t)dUdVZEJ argdV (10.80)
V,' 0 Vi

while demanding that this contribution can be related to neighboring pivot volumes:

Vi X Xt 1
J arng:J b(V, xi)arng+J a(V,x;)argdV (10.81)
Vi Xi-1 X;
in which the functions @ and b follow again from the reverse lever rule (see also the CLD
part of the fixed pivot technique):
+1—V
a(V,x;) =1 (10.82)

Xiv1 — X
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(10.83)

For the first term of the right-hand side of Eq. (10.81), substitution of Eq. (10.77) leads to

"Xi

Xi
J b(V,x;)argdV = J

Xi—1 Xi—1

max

Nma
b(V,x,J k(V - UUZ: mpjz)(s(v U-— xI)ZNlmPJ (S(U —x;)dUdV

(10.84)

Taking into account the definition of the delta function for the integration of U and the
maximum limit of V following simplification can be made

"Xi 'Xi Nmax
J b(V, x,-)arga’V:J b(V, x; Zk (V=x1,20)Y - 8(V =51 = x;) Ny (O0Njgro (1) AV
Xi—1 Xi—1 Jj=1

(10.85)

Subsequently, considering the definition of the delta function for the integration of V and the
integration limits, it can be derived that

Xi+1 ]21
J b(V,x;)argdV = Z b(xj+x,,xl~)k(xj,x/)Nimp’j(t)NimpJ(t) (10.86)
Xi Xio1 x5+ <x;

Analogously, for the second term of the right-hand side of Eq. (10.81), it follows that

X+ 1 L * *
J a(V,x;)argdV = E a(xj+x1,x,-)k(xj,x,)Nimp’j(t)Nimp’l(t) (10.87)
Xi X <X+ X <X 1

In general, Eq. (10.76) can thus be transformed into

AN, (1)

dt _f( 1mp1"“’N:irc,1"") (1088)

which allows for an efficient calculation of the evolution of the MDSD also taking into account
the analogous set of continuity equations for the impeller region.

10.4.2 Emulsion Polymerization

The main classes of emulsion polymerization are macro-, micro-, and miniemulsion
polymerization (Asua and De La Cal, 1991; Cunningham, 2008; Zetterlund et al., 2008).

In macroemulsion polymerization, a relatively high surfactant concentration is present so that
many small empty (or monomer-swollen) micelles can be formed besides large monomer
droplets (Fig. 10.16). Initiation typically occurs in the water phase and after a few
propagation steps, the resulting living macromolecule enters a micelle, as the micelles have a
much higher surface area than the monomer droplets. This entering process is known as
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Fig. 10.16

The existence of three populations in a macroemulsion process: (i) (monomer-swollen) micelles,
(ii) polymer particles, and (iii) large monomer droplets; only heterogeneous nucleation leading to
transformation of micelles into polymer particles is considered (shown here with the entry of R,
formed after two propagation steps with |); |5, water soluble initiator; large arrow represents
monomer diffusion towards polymer particle.

heterogeneous nucleation and transforms micelles into polymer particles, which are fed with
fresh monomer from the large monomer droplets. In addition, new living macromolecules
can enter the polymer particles or species can exit and reenter. This results in a very
complex polymerization process. A further complication is that the monomer diffusivity in
the aqueous phase also plays a role, and at one point the monomer reservoirs become
depleted.

From a mathematical point of view, limiting cases of macroemulsion polymerization are
mini- and microemulsion polymerizations. In miniemulsion polymerization, only small
monomer droplets are present and these are also the main reaction locus. In microemulsion
polymerization, the monomer droplets are also small and, in principle, reaction can take
place in the monomer droplets as well as in the micelles and polymer particles. An important
feature of a microemulsion is that it is thermodynamically stable, whereas the other
emulsion types are only kinetically stable. However, if monomer is added very slowly and a
small amount of surfactant is present, polymer particles gradually swell starting from a
micelle population only. Thus, the emulsion polymerizations differ with respect to the
populations present, but in all cases the latex obtained consists of segregated entities with a size
at least one order of magnitude smaller than in suspension polymerization. In the most
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complicated situation, monomer droplets, monomer-swollen micelles, and polymer particles
are present simultaneously, and initiation and propagation can occur in the continuous
water phase and in the oil phase.

The kinetic behavior in each segregated entity can be different in view of the random nature of
exit and entry phenomena and the nanometer scale of these identities, that is, a deviation
from bulk kinetics (“one big droplet™) is to be expected. Hence, for emulsion polymerization,
it is crucial to track the number of low-abundant (radical) species per segregated entity, as
compartmentalization of radical species may influence the overall kinetics and thus the
development of the polymer microstructure. If u radical types are present, this implies the
calculation of the number of segregated entities characterized by u indices, with each index
reflecting the discrete presence of one radical type.

In this section, the concept of compartmentalization is illustrated by assuming the presence of
one segregated entity, which for simplicity is referred to as a polymer particle. Macroscale
effects are also neglected for simplicity. The number of polymer particles N, is taken to be
constant, as well as the particle diameter d,, and particle volume V,,. A distinction is made
between the calculation of the polymerization rate and the CLD characteristics as a function
of polymerization time, on the one hand, and a free radical polymerization (FRP) and CRP
(NMP) reaction scheme on the other hand.

k

ly — 1 s 2Ry
K

RO,W Ltw) RO,p
kexit

Rip E— Ro,w
k

Ri,p + Mp ;) Ri+1,p
k.

Ri,p + Rj,p —)3 PI p + Pj,p

Scheme 10.4

Simplified FRP reaction scheme for the calculation of the polymerization rate in a simplified
macroemulsion process consisting of polymer particles only; the initiator efficiency is assumed to be
100%; w, water phase; p, polymer particle.

10.4.2.1 Calculation of polymerization rate

A crucial distribution for the polymerization rate is the radical number distribution, which
describes the number of polymer particles with a given number of radicals (N, n>0). The
average number of free radicals per polymer particle is defined by (Asua, 2007)
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~ aN n
ﬁzw (10.89)

The polymerization rate with respect to the total volume of the reactor V., is subsequently
given by

Ny
PNAV:

rp =k2[M] (10.90)
in which [M];, is the monomer concentration per particle, which is assumed to be known, and
is the propagation rate coefficient (Scheme 10.4).

In case it is assumed that radical initiation occurs in the water phase and radicals can only enter
(absorb), exit (desorb), propagate, and terminate by disproportionation (Scheme 10.4), and
chain length dependencies can be neglected, Ny, can be calculated using the so-called
Smith-Ewart (Smith and Ewart, 1948) equations (n >0):

dNy,
CZ‘( ) = (1 — 5(”))kentry [RW]Np(n+ 1) +kexit(n+ 1)NP('1+1)
ko
+N tV (n+2)(n+1) Np(4+2) — kentry [Rw]Np(n) (10.91)
AVp
ko
_kexilan(n) _mn(”l - 1)Np(")
d[Ry, _ N Al
[ ] - 2kdis [IZW] + kexitn]VA—‘P; - Zktw [RW]z - kentry [RW]NA‘P; (1092)
d[lpy)
. 10.93
di ais{ T2 (1959

where kepyry is the entry or absorption coefficient, k.;, is the exit or desorption coefficient, kg;s is
the dissociation rate coefficient, and k., is the termination rate coefficient in the oil/water
phase. Furthermore, V,, is the volume of the water phase, [I,,] is the concentration of
conventional radical initiator I, in the water phase, and [R,,] is the total concentration of
radicals in the water phase.

Note that in order to solve Egs. (10.91)—(10.93), the concentrations of nonradical
components in the individual particles do not have to be known. In contrast, for CRP these
concentrations do have to be known and multidimensional Smith-Ewart equations are needed to
accurately describe the polymerization kinetics. Based on Scheme 10.2 with an oil-soluble
NMP initiator RyX, it follows that if a differentiation is made between the number of NMP
initiator radicals ng, the number of macroradicals n (as before), and the number of nitroxide
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persistent species ny per polymer particle, the following contribution results for the activation
of the NMP initiator (Bentein et al., 2012):

ANy (ny, n, ny)
dr

in which the NMP initiator radical (RoX) concentration is assumed to be the same for each
polymer particle. The actual value of this concentration is adapted per time step based on all
polymer particles and subsequent uniformization over all polymer particles:
d[RoX]
dt

= NAVpkact [ROX]p (Np(nofl,n,nxfl) - Np(no, n, nx)) (10.94)

kq

p eact

= Y Nt ns ) — Kt RX] (10.95)
no,n,anp(NAVp)z X2 Tplno X ac p

As for the microscale models, typically linear multistep methods are used for the numerical
integration of the obtained set of equations. Alternatively, a kMC approach can be selected.

10.4.2.2 Calculation of average chain length characteristics

Theoretically, the description of the evolution of the CLD for an emulsion polymerization
process is complex as not only the number of radicals has to be tracked per particle but also the
chain lengths of these radicals. For FRP, however, the computational effort can be reduced
in case a so-called zero-one system is obtained, in which the polymer particles either contain
no radicals or only one radical at a given time.

In general, for emulsion polymerizations, mostly only average characteristics of the CLDs are
assessed implying the approximate calculation of higher order moments starting from the
zeroth-order moments as obtained based on the calculation of the polymerization rate
(Eq. 10.90). Typically the moments are expressed as the total amount of moles for all
polymer particles together and not as a concentration (per particle). In this chapter, the
superscript’ is used to stress this change in dimension to moles. For example, for the NMP case
(Scheme 10.2 with oil-soluble NMP initiator), the zeroth-order moment on an overall
molar basis for the macroradical population is directly given by (Smith and Ewart, 1948)
dy=n ]]:]/—Z (10.96)
Assuming semibulk kinetics, the following equation contributions result for the change of
the overall number of moles of radicals with a chain length i considering activation and
termination by disproportionation as reaction possibilities (Smith and Ewart, 1948):

dng,
7“ = kaettr x — ka[Ril, 2+ ... (10.97)
in which ng, and ng.x are the total number of moles of radicals and dormant species with
chain length i. Applying a QSSA, the higher order moment equations (on an overall molar

basis) can be rewritten as follows:
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KactTh + ...
; __ Macttq

kactTh + ...
I actt)p

For the dormant and dead polymer molecules, the higher moment equations also have to be
written on an overall molar basis but no QSSA can be applied.

10.5 Extension Toward Heterogeneous Polymerization With Solid Catalysts

Besides polymerization in dispersed media as described in Section 10.4, another form of
heterogeneous polymerization involves the use of a solid catalyst. The most commonly
known examples are Ziegler-Natta and Phillips catalysts for the production of polyethylene
products (Tobita and Yanase, 2007). In this section, the most frequently applied modeling
approaches for the calculation of the polymer microstructure in such polymerization
processes are highlighted, neglecting macroscale effects for simplicity. For a more detailed
description, the reader is referred to Asua (2007) and Tobita and Yanase (2007).

In the simplest case, the mass CLD of a heterogeneous polymerization, which is defined as the mass
fraction of polymer molecules with a given chain length i, is represented by a weighted sum
over different Flory distributions (Flory, 1953), each corresponding to one type of catalyst site:

Nd . .
l 1
m; = E mj’CLDxTeXp <——> (10100)

=1 n,j n.J

in which Ny is the number of types of catalyst sites and m; ¢ p is the mass fraction of the
CLD for the jth catalyst site and with number average chain length x,, ;. In practice, the
individual average chain lengths are determined via regression to experimental data of the total
CLD. Note that this method can be seen as an extended method of moments in which the
CLD is reconstructed based on the individual number average chain lengths.

For copolymerizations, the Flory distribution is extended to the so-called Stockmayer
distribution (Soares and McKenna, 2012; Stockmayer, 1945). For a single CLD for a
copolymerization involving the comonomers A and B, the corresponding copolymer
composition CLD is defined by

. . . . 2
L ) _»
mj =2 exp < Xn) 2mcexp ( 2/<) (10.101)

n
with

y=Fpa—Fpp (10.102)
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k= Fin (1 —Fg}i‘> \/1 — 4ins (1 —ngi‘) (1—rarg) (10.103)
in which g}it is the instantaneous composition based on the propagation rates using the
comonomer feed concentrations, F, 4 is the composition of a given polymer chain (in terms of the
mole fraction of A units in the copolymer), and r, and rg are the monomer reactivity ratios:

ra=-"2A (10.104)
kPAB
_ kPBB

rp = (10.105)
kpBA

in which kv, v, is the propagation rate coefficient for the addition of a living macrospecies
ending in a monomer unit M; to a monomer of type M.

The following distribution has been proposed for a single CLD in case long-chain branches can
be formed (Asua, 2007):

~ 1 D2+ 1 1 i
L) = “br —— 10.106
m(i, Zor ) oot 1)!1 (x,l)zz"'ﬂ exp ( )

x}‘l

with z;,, the number of long-chain branches considered. For a z;,, equal to zero, the Flory
distribution is obtained.

More recently, so-called multigrain models have been developed (Asua, 2007; Tobita and
Yanase, 2007) to describe polymerizations with solid catalysts in a more detailed manner,
including a clear link between the micro- and mesoscale. In such models, the polymer
growth and the possibility to form radial concentration and temperature gradients are accounted
for. The catalyst particle is seen as an agglomeration of macrograins, which in turn are
composed of micrograins, as depicted in Fig. 10.17. The catalyst sites are assumed to be present
at the surface of the catalyst particle.

First, the monomer concentration profile in the macrograin (M ,[ryac,f]) can be calculated based on

M e 1 Mmac
spa[ ]: 9 <Deff,Mr3naCa[ }> — RM.mic (10.107)

ot 12 e Omac OFmac

in which the particles are assumed to be spherical, &, is the porosity, 7y, is the radial position with
respect to the center of the macrograin, Ry mic 1S the monomer disappearance rate toward the
micrograins, and D\ s the effective monomer diffusion coefficient, as defined by

Db,MEp

Detr m= (10.108)

Tp

in which Dy, y is the bulk monomer diffusivity and 7, is the tortuosity of the catalyst particle.
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Fig. 10.17
Principle of a multigrain model for the description of radial temperature and concentration gradients
in heterogeneous polymerizations with solid catalysts. A macrograin (radius Rac) consists of
micrograins (radius R, with polymer layer, R. without polymer layer) in concentric layers surrounded
by the gas phase.

As initial condition, it is typically assumed that the concentration profile is constant:
[Mmac] (rmam O) = [Mmac]o (10.109)

Furthermore, the following boundary conditions can be used:

a[MmaC] .
G (0.0)=0 (10.110)
a Mmac
Dy Ml o ) ks (M) = [Manee]) (10.111)

OFmac

in which R, is the radius of the macrograin, & is a mass transfer coefficient, and [My] is the
bulk monomer concentration.

For the micrograins, the analogous equation is

Muie] 10
ot N rfnic Brmic

O[Mp;i
Dy P (grmi:]) (10.112)
in which 7. is the radial position with respect to the microparticle center, D, \ is the
diffusivity of the monomer in the polymer layer around the microparticle of radius R, and
original size R, (surface location). D, \ is given by the ratio of the diffusivity of the monomer in
the amorphous phase and a correction factor for the presence of crystallites. The following
boundary conditions are used:

[Mmic] (RmiCa t) - [Meq] (101 13)

a[N[mic]
OFmic

4
(R, t) == 7R’RY, (10.114)

2
47[RCDP!M 3 M, mic
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in which Rl‘\/,l,mic is the monomer consumption rate per unit volume of micrograin particle, which
is linked to the microkinetics, and [Mpjc]eq is the equilibrium concentration, which can be
linked to the macrograin concentration through a partition coefficient. As initial condition,
again a constant profile is typically selected:

[Mmic] (rmic, O) = [Mmic]o (101 15)

For the temperature profile, analogous equations can be derived (Asua, 2007; Tobita and
Yanase, 2007).

10.6 Conclusions

Several numerical tools have been developed and successfully applied to model the polymer
microstructure as a function of monomer conversion and process conditions. In this chapter,
these tools have been reviewed and applied to model the polymer microstructure for both
radical and catalytic chain-growth polymerizations, which are mechanistically the most
important polymerization processes. Attention is focused both on the accurate simulation of the
CLD and the PSD, following a multiscale modeling approach. The numerical tools
discussed can be applied also for step-growth polymerizations provided that the model
parameters are available or can be determined experimentally.

A main distinction has been made between deterministic and stochastic modeling techniques.
A further distinction has been proposed based on the scale for which the mathematical
model must be derived (eg, micro-, meso-, and/or macroscale). Notably, the complexity of the
model approach depends on the desired model output. Detailed microstructural information
is only accessible using advanced modeling tools but these are associated with an increase high
in computational cost. The advanced models allow one to directly relate macroscopic
properties to the polymer synthesis procedure and, thus, to broaden the application market
for polymer products, based on a fundamental understanding of the polymerization kinetics
and their link with polymer processing.

Nomenclature

A, B comonomer type

Apivot function predefined by Eq. (10.38)

arg short notation for part of population balance to obtain 7imp/circ(V,1)
ay kth expansion coefficient for Galerkin formulation

B’ representative matrix for polymerization kinetics

Cp specific heat capacity at constant pressure (J kg ' K1)

Dy m bulk monomer diffusivity (m2 s

Degrm effective monomer diffusion coefficient (m*s ™)

Dpm diffusivity of the monomer in the polymer layer (m*s™")
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kact

app
kchem

N p(n)
N,

p(ng.n,ny)

N;
N

p

instantaneous copolymer composition (mole fraction of A units)

composition of copolymer chain (mole fraction of A units)

Ith recycle ratio

pef (@=0,1: number, mass; Y: R, P: macromolecule type) of the transformed
(complex) z variable

breakage coefficient for a droplet with volume U (s™h

chain length

randomly selected chain length

kth pivot chain length

vector with rate coefficients (dependent on reaction order)

coalescence coefficient of droplets with volumes U and V (m3 s_l)

adjusted rate coefficient to allow for derivation of moment equations involving
termination by recombination (m3 mol ! s’l)

activation rate coefficient in NMP (s~ ')

apparent rate coefficient (dependent on reaction order)

intrinsic rate coefficient (dependent on reaction order)

rate coefficient for reaction r (dependent on reaction order)

mass transfer coefficient (m sfl)

“macroscopic” rate coefficient for reaction channel v (dependent on

reaction order)

“kinetic MC rate coefficient” for reaction channel v (s_l)

length of branch (Tobita-based MC)

basis functions for Galerkin formulation

characteristic length of branch (Tobita-based MC)

mass fraction of polymer chains with chain length 7; if also index y: relates to
copolymer composition CLD

mass fraction of the CLD for the jth catalyst site

Avogadro’s number (mol ')

number of branching points/branches

number of tracked chains for matrix-based kinetic MC

contribution to the density function for the interval k£ of the droplet size domain
for the fixed pivot method (m™®)

kth chain length domain for the fixed pivot method

number of molecules for mth species type in kinetic MC simulations in V
number of polymer particles

number of polymer particles with » radicals

number of polymer particles with ng initiator radicals, n radicals, and nx nitroxide
radicals

number of reactions for kinetic MC simulations

number of different species
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N truncation number for Galerkin formulation

n number of macroradicals per polymer particle

no number of NMP initiator radicals per polymer particle

ng, overall amount of radicals with chain length i (mol)

nR x overall amount of dormant species with chain length i (mol)

nx number of nitroxide persistent species per polymer particle

Neire(V,1) number density function for circulation compartment (m’ﬁ)

Nimp(V,1) number density function for impeller compartment (m~%)

7} average number of free radicals per polymer particle

P dead species

P,y pgf (@=0,1: number, mass; Y: R, P: type of macromolecule)

pM€ MC reaction probability for reaction channel v

PBrilgﬁp right-hand side of population balance for impeller compartment

plex* |x) conditional probability for branching density (Tobita-based MC)

D1 parameter in the Wesslau distribution

Orik heat produced by reaction for segment k in compartment i (W)

Oix heat contribution via exit flow from segment k in compartment i (W)

Qo heat contribution via feed flow (W)

q parameter in Schulz-Flory weight function for Galerkin formulation

Qv.e exchange flow rate (m3 s_l)

Qvik volumetric exit flow rate for segment k in compartment i (m3 s_l)

qvo volumetric feed flow rate (m>s™!)

R, radius of microparticle without polymer layer (m)

Rk net monomer production rate for segment £ in compartment i (mol m> sh

Roac radius of macrograin (m)

Roic radius of micrograin with polymer layer (m)

R 00k net production rate of dead polymer for segment k in compartment i
(mol m>sh

Ryimic monomer disappearance rate toward the micrograins per unit volume of
macrograin (mol m> s

R‘I</I,mic monomer consumption rate per unit volume of micrograin (mol m> s’l)

ri, T o random numbers for kinetic MC simulations

Fa, B reactivity ratios for propagation in copolymerization

F'mac radial position with respect to the center of macrograin (m)

Fmic radial position with respect to center of micrograin (m)

I'p polymerization rate per unit volume of reactor (molm > s~ ")

re/[c MC reaction rate for reaction channel v

SD(z) structural deviation of chain z with respect to TM; minimum of four contributions
SDy (k=1,..., 4)

S.(y,2) cumulative number of monomer units of type x at position y in chain z (chain

length: i) of the kMC sample as counted from “left to right”
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SytmA(y,z) cumulative number of monomer units of type x at position y of the targeted chain
in the direction r (always defined from “left to right”) with the same length as the
considered chain z as counted from “left to right”

Si(y,z) cumulative number of monomer units of type x at position y in chain z (chain
length: i) of the kMC sample as counted from “right to left”

St (v,z) cumulative number of monomer units of type x at position y of the targeted chain
in the direction r (always defined from “left to right”’) with the same length as the
considered chain z as counted from “right to left”

T temperature (K)

U volume of droplet (m3 )

u(U) number of droplets formed upon breakage of a droplet with volume U

v volume (m3 )

Vinax indicates border of size domain for droplets in fixed pivot method (m3)

Vo particle volume (m?)

V. reactor volume (m3)

X nitroxide

X sth order average chain length; s=1, 2, 3 or n, m, z

x* birth conversion (Tobita-based MC)

P birth conversion of branch (Tobita-based MC)

xR birth conversion for branch created in an earlier stage

y parameter for Stockmayer distribution

z complex variable (pgf method) or chain number (matrix-based kinetic MC)

Zpr number of long-chain branches

[A] concentration of nonmacromolecule A (mol m~>)

[L,] concentration of radical initiator (mol m ™)

[M] concentration of monomer (mol m ™)

[P;] concentration of dead polymer chain with chain length i (mol m )

[PF] concentration of dead polymer chains in the chain length domain &

(mol m> )

[Ro] concentration of (NMP) initiator radical (mol m_3)

[R;] concentration of living polymer chain with chain length i (mol m )

[R;X] concentration of dormant polymer chain with chain length i (mol m’3)

[RF] concentration of living polymer chains in the chain length domain &

(mol m %)

[Ry] total concentration of radicals in the water phase (mol m~)

<k,s> sth order population-weighted rate coefficient (molm > s ')

<SD> average structural deviation

Greek symbols

puy) probability that a droplet with a volume U breaks into a droplet with a volume V

4

orthogonality factor
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AH enthalpy change of reaction (J mol™ 1)

Ay size of kth chain length domain in fixed pivot method

At time step (s)

0 Dirac delta function

€p porosity of catalyst particle

K parameter for Stockmayer distribution

HAT moments for dead, living, and dormant macrospecies (mol m )

w7 rescaled moments for dead, living, and dormant macrospecies for all polymer
particles (mol)

uME MC reaction channel

p density (kg m ™)

Por predefined branching probability

o parameter in the Wesslau distribution

ME MC time step (s)

7p tortuosity of catalyst particle

Subscripts

0 initial/feed (compartment model)

b bulk

act activation

circ circulation

d FRP in emulsion: desorption

deact deactivation; O if NMP initiator related

dis dissociation

entry denotes entry of radicals in polymer particles

eq equilibrium

exit denotes exit of radicals from polymer particles

ik segment k of compartment i

imp impeller

k domain k

mac macrograin

max maximum

mic micrograin

0 oil phase

p particle

p propagation

n,m,z number, mass, z order for average of CLD

s’ order

tc termination by recombination

td termination by disproportionation
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tp (chain) transfer to polymer

trM chain transfer to monomer

w water phase

Superscripts

MC Monte Carlo

Abbreviations

CFD computational fluid dynamics
CLD chain length distribution

CRP controlled radical polymerization
FRP free radical polymerization

NMP nitroxide-mediated polymerization
MC Monte Carlo

MDSD monomer droplet size distribution
PSD particle size distribution

pef probability generating function
QSSA quasi-steady-state approximation
™ targeted microstructure
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11.1 Critical Simplification

The principle of critical simplification was first explained by Yablonsky et al. (Yablonskii
and Lazman, 1996; Yablonsky et al., 2003) using the catalytic oxidation reaction as an
example. The authors presented a dramatic simplification of the kinetic model for this reaction
at critical conditions relating to bifurcation points. In this section, results obtained by
Gol’dshtein et al. (2015) are also used.

11.1.1 Model of the Adsorption Mechanism

The simplest mechanism for interpreting critical phenomena in heterogeneous catalysis is
the Langmuir adsorption mechanism, also referred to as the Langmuir-Hinshelwood
mechanism. This mechanism includes three elementary steps: (1) adsorption of one type of gas
molecule on a catalyst active site; (2) adsorption of a different type of gas molecule on another
active site; (3) reaction between these two adsorbed species. For the oxidation of carbon
monoxide on platinum, this mechanism can be written as follows:

(1) 2Pt + O, = 2P0
(2) Pt + CO = PiCO (11.1)
(3) PO + PiICO — 2Pt+CO,

where Pt is a free active platinum site and PtO and PtCO are platinum sites with adsorbed
oxygen and carbon monoxide. The adsorption steps, (1) and (2), are usually reversible,
although oxygen adsorption can be considered to be irreversible at low to moderate
temperatures.
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The kinetic model related to this adsorption mechanism with irreversible adsorption of oxygen
can be presented as

dx

i)

dy _

A =ry—ry —ry (11.2)
dz _

7= =2rf =1y +ry +2r5

where x, y, and z are the normalized surface concentrations of respectively adsorbed oxygen and
carbon monoxide and of free active sites: x = 0po,y = Opico,z =0Opg; 1|, andry are rates of
the forward reactions and r;, is the rate of reverse reaction (2) in Eq. (11.1) (r; =r5 =0). The
reaction rates correspond to the mass-action law: rf = 2k{ po,z*,ry =2kypcoz,ry =kyy,r{ =
k3xy, where k: /2_3 are the kinetic coefficients of the reactions and po, and pco are the partial
pressures of oxygen and carbon monoxide. The third row in Eq. (11.2) is a linear combination of
the first and second rows.

In addition, the law of mass conservation holds regarding the total normalized surface
concentration of platinum sites:

xX+y+z=1 (11.3)

Therefore, the model can be reduced to

d
£=2kfpoz(1—x—y)2—k§w
(11.4)
dy _
E=k§pco(1—x—y)—k2y—k3+xy
: dx dy .
From the corresponding steady-state model i O;E =0 |, it follows that
2kipo,(1—x—y)* —kixy=0
{ 7Py y)' = kixy (L3
kipco(l—x—y)—kyy—kixy=0

The partial pressures po, and pco are considered to be parameters of our model with pg,
constant and po, > pco while the steady-state rate dependence on the gas-phase composition is
assumed to be monoparametric: r =f(pco).

The set of equations, Eq. (11.5) has one obvious boundary steady-state solution:
x=1;y=0;z=0, that is, all active Pt sites are occupied by adsorbed oxygen. In order to
determine other steady states, we can transform the equations as follows:
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—2k}po, (k)" + |2k} po, (&) = 4k} po.ks ki — (k) K peo |

(11.6)
+ |4k pokr k3 = 2k po, (7 ) — Ky k33 peo |+ 2k po, (k) =0

This is a cubic equation in the variable x, the normalized surface concentration of adsorbed
oxygen. The corresponding value of y, the normalized surface concentration of adsorbed carbon
monoxide, can be calculated from Eq. (11.5).

In a typical Langmuir adsorption mechanism. the elementary reaction between two
adsorbed species is very fast. In this case, such a fast reaction occurs between adsorbed oxygen
and adsorbed carbon monoxide, that is, ki >k po,, k3 pco, k5 . Consequently, we can
introduce a small parameter £ = 1 /k; and write the discriminant of Eq. (11.6) in the following
form:

A= (~2k{po, +k3peo)’ | (k) = 8k poky + 245 pcoks + (kF)*po]
—edkipo, {24(k) 03, (k5 )+ ki pco (K peo + k3 ) [2(k3) o + 2 peoks — (k)]
2k ok [1 k3 Lo+ ki poky + ( }}
—e24kip, (k) PRo (k)" |~ (k7 )"+ 8(k3) "po + 8K (3 po, + K pco) |

—e'32 (k] ) P, (kz) Pto (kz) :
(11.7)

In the zero approximation, € =0, the expression for the discriminant becomes a very simple
product of two terms:

A = (K} peo — 2kitpo, )’ [(k;)2 — 8k po,k; +2k; peok; + (k;)zpéo] (11.8)

The corresponding quantities

kypco
Bi=1—-2 (11.9)
! 2k+ po,
and
_\2 _ _ 2
By = (ky )" —8k{ po,ky +2k3pcok, + (k') peo (11.10)

will be used as bifurcation parameters. A bifurcation occurs if By =0or B, =0.If By =B, =0
then the corresponding bifurcation has maximum complexity (Gol’dshtein et al., 2015).
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11.1.2 Transformation of the Langmuir System to a Slow-Fast System

In the example of the oxidation of carbon monoxide, the rate of the fast reaction, k3 xy, is present
in both equations in Eq. (11.4). The original system does not have any fast-slow division in the
(x,y) coordinate system. In accordance with the main concepts of the theory of singularly
perturbed vector fields (Bykov et al., 2006, 2008), it is possible to construct another orthogonal
coordinate system where the original model becomes a slow-fast one. In the case of the model
of the adsorption mechanism, this transformation involves only a simple rotation. We use the
following orthogonal coordinate transformation:

x—y
u=——mm
V2
X4y (11.11)
y=—o=
V2
Expressed in the new coordinates, the system has the form
d 2 kF ks
o \/Ekfpoz (l - \/iv) ——2pco(1 - \/E)v+ 2 (v—u)
dt V2 2 (11.12)

dv  u*—?

&
£—= +—
dt V2 22

with small parameter € =1/k;.

[4k1+p02 (1 — \/Eu)2 +2k) pco (1 — \f2v> — V2l (v— u)]

This is a standard slow-fast system (singularly perturbed system) that combines singular and
regular perturbations in the second equation; the singular perturbation induces the small
parameter € before the time derivative of v and this same small parameter, caused by the regular
perturbation, appears before the second term on the right-hand side.

11.1.3 Zero Approximation for Singular Perturbation

Now, all the tools of the standard singular perturbation theory can be applied to the analysis of
the system. These tools include its decomposition to slow and fast subsystems and reduction of
the near steady-state dynamics to dynamics on invariant slow manifolds (slow curves in the

present model). The zero approximation, e =0 (k37 — o), of the slow invariant curve is given

d
by setting ez‘; =0, yielding the following equation for the slow curve

2
= [4/<1+p02 (1= v2u) 4 24pco (1 - V2v) = V2Uy (v— u)} —0 (1113

Then, putting e =0 for the regular perturbation simplifies the analysis of steady states
dramatically. The approximation of the slow curve is now given by

22 =0 (11.14)



Computer Algebra and Symbolic Calculations 355

This curve has two branches, u+v =0 and u —v =0, or in the original coordinates, x =0 and
y =0, that is, there is no adsorbed oxygen or carbon monoxide present on the catalyst surface.
Both branches of the slow invariant curve are stable. The two branches have an intersection
point (0,0), which is definitely not a steady-state point of the original system. Therefore, around
this point a more accurate approximation is necessary.

11.1.4 First Approximation for Singular Perturbation

The zero approximation, £ =0, is not informative at the intersection point (0,0) of the two
branches u =v and u = —v so the first approximation of the slow curve must be calculated (see
Fig. 11.1):

2y — 2
MZ—V2+8|:2kl+p02<1—\/§) Vvu"'k;PCO(l—\/EV) u_;l}-v} =0 (11.15)

Fig. 11.1
Schematic of the system dynamics. Solid line: zero approximation of slow manifold; dashed line: first
approximation of slow manifold.

We will now analyze the vicinity of the point of intersection (0,0). The first bifurcation
parameter in this approximation is

kipco\>  2(ki)’p2
BM:<1— Zf’c") 2 e ’i) Pco (11.16)
2k1P02 klpoz

The system has two, three, or four steady states depending on this bifurcation parameter. If

2(/‘;)219%:0 1\/82(]‘;)217%:0

kl+p02 2 k1+p02

1
B1,1 =0, there are three steady states: (0,1), (1,0), and 2\/8

The third steady state belongs to the e-vicinity of (0,0). As € — 0, this point disappears from the
vicinity of (0,0) and this steady state disappears for By ; <0.



356 Chapter 11

In the invariant domain, the following inequality holds:

2y — 2u+
2k1+poz(1—f2> vvu+k§pco(1—f2v) $>0 (11.17)

From this inequality, we can conclude that there exist nontrivial steady states inside the
invariant domain. If B ; =0, two nontrivial steady states merge, resulting in one steady state, a
saddle node. If the initial conditions satisfy the inequality x <y, all trajectories attract to the
point (0,1). If, on the other hand, the initial condition satisfies the inequality x >y, all

2 5 2 5
1 %z@;) Pho 1 \/gzac;) Pho

2 kipo, 2 k{po,

trajectories attract to the point

If B; =0 and B, =0, the situation is more complex and the standard asymptotic analysis is not
applicable at these conditions. Actually, this is a more interesting case because this bifurcation
point is the point of maximum bifurcational complexity (MBC). At the same time, it is the point
where critical simplification is observed and the following relationship between the kinetic
parameters is obtained:

2k’ po, =k3pco =k, (11.18)

11.1.5 Bifurcation Parameters

For the branch u —v =0 (or y = 0), the bifurcation parameter, B, is given by Eq. (11.9). There
are only one or two steady states on this branch. The first is (1,0) and does not depend on B;. The
k3 pco
1+ po,
state does not belong to the invariant domain U, that is, it has no physical meaning there. At the

bifurcation point By =0, so

second steady state is (l — ,0) .If By > 0, this steady state is stable. If B; < 0, the steady

k3 pco = 2k; po, (11.19)

This equation is an example of critical simplification. At the bifurcation point, the kinetic
parameters k; po, and k5 pco are interdependent. Knowing, for example, the partial pressures of
carbon monoxide and oxygen at the bifurcation point and the adsorption coefficient of carbon
monoxide (k;), we can determine the adsorption coefficient of oxygen (k;").

A change of sign of B; from positive to negative corresponds to extinction. For the branch
u+v =0 (or x=0), the bifurcation parameter, B,, is given by Eq. (11.10). The bifurcation
parameters B; and B, are not independent. By a simple calculation, we obtain

By = (ky )* +2k5 (=K pco — 4k;po,B1) + (k) *pEo

(11.20)
= (k2+pCO — k;)z — 8/(5/(;])0231
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From this relation, it follows that if By <0, then B, >0 and if B; =0, then
\2
By = (kypco—ky )" >0.

The situation B; <0, B <0 is not possible.

There are zero, one, or two steady states on this branch, depending on the sign of B,. If B, <0,
there are no steady states; if B, =0, there is one steady state; and if B, > 0, there are two steady
states with x=0. Thus, at the bifurcation point B, = 0, a functional relation exists between the
parameters k;"po,,k; pco and ki . This is another critical simplification. A change of sign of B,
from positive to negative corresponds to ignition.

11.1.6 Calculation of Reaction Rates

Steady-state reaction rates can be calculated on both branches of the slow curve taking into
account the following relationships:

ry=r; =2r{ =2r (11.21)
r=ry=ry—r; =n (11.22)
Then the steady-state rate of the overall reaction equals
r=r3=r,=2r (11.23)
We use the following standard representation of the steady-state coordinates xg, and y, based
on the regular perturbation theory: (xg, yss) = (Xo +&xy + =+, yo + €y + +--). Thus,

1
r3 = k3 XssYss :g(xo +exp+)(yo+ey  + ) (11.24)

In the zero approximation, e =0, xo =0 or yp =0, s0 r3 =x1y¢ Or 13 =XoY1.

11.1.6.1 First branch of the slow curve

In this case, no carbon monoxide is adsorbed on the catalyst surface, so y = 0. At the first steady
k2+ pco
2k{po,”
B >0 and in this steady state the rates of the elementary reactions are:

state, (1,0), the reaction rate equals zero. The second steady state, (1 — 0), exists for

L+ (k2+)2p%0

pi=~2s Fco (11.25)
' Ak po,

k= 2 9
= k) o (11.26)

2k ]"' Po,
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r, =0 (11.27)
k+)2p2

r+:2r+:(27CO (11.28)
3 1 2k1+l902

Clearly, the reaction rate of the overall reaction, Eq. (11.23) is indeed given by

2
k= 2
;»:rgzrzzzrlzwﬂ (11.29)
2k 1 p02
In this approximation—the first regular approximation (xo + x;)—the rate of the reverse
reaction of the second step, 5, is zero. Therefore, on this branch, all steps of the detailed
mechanism can be considered to be irreversible. A more accurate approximation would yield a

positive but sufficiently small rate for this elementary reaction.

11.1.6.2 Second branch of the slow curve

In this case, no oxygen is adsorbed on the catalyst surface, so x =0. For B, > 0, on this branch

k;pco +k£ + B>
4k1+p02

two steady states exist: <O, 1— ) . The corresponding rates of the elementary

reactions are:

rf =kipo, (k;p CZZ;{;; \/B_2> 2 (11.30)
ry =k peo (k;p CZZ;Z; \/B_z) (11.31)
ry =k <1 _kp CZZ;ZOT ‘/B_z) (11.32)
r=2k*po, <k2+p CO4’/: If;; ‘/B—2> 2 (11.33)

Also for this branch, r =r; =r, =2ry, so Eq. (11.23) is valid again.
11.1.6.3 Reaction rates at bifurcation points

We define the bifurcation points as follows (see Fig. 11.2):

A: extinction point with reaction rate ra

B: after-extinction point with reaction rate rg
C: ignition point with reaction rate r¢c

D: after-ignition point with reaction rate rp
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A

Reaction rate

Partial pressure of CO
Fig. 11.2
Multiple steady states; reaction rate versus pco; irreversible adsorption of O, and reversible
adsorption of CO; (A) extinction point; (B) after-extinction point; (C) ignition point;
(D) after-ignition point.

At the first bifurcation point, extinction point A, B; = 0 and the rates of the elementary reactions
for the branch y =0 are

ri =k{po, (11.34)
ry =2k{po, (11.35)
r, =0 (11.36)
ry =2k po, (11.37)
and the overall reaction rate is
ra=ry=ry="2ry=2k;po, (11.38)

After this bifurcation, the system jumps to the stable steady state on the branch x =0. On this
branch, the bifurcation condition B; =0 is fulfilled at the reaction rate

2
ks +k, —+/B
r=2k;po, ( 2P C(zlk " 2 2> after the extinction point. Thus, the reaction rate rg after the
1 PO,
extinction point is given by
2
(k)

B = (11.39)

2k1+p02

The relation between the reaction rates at the extinction point and the after-extinction point is
then obviously given by

rars = (k) (11.40)
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At the second bifurcation point, ignition point C, B, =0, so (k2+ pco +ky ) 2= 8k; ki po, and the
rates of the elementary reactions for the branch x =0 are

-
rit :72 (11.41)
kypco -\ kpco

rf = 22PC0 (pp iy ) = 2P0 g = (11.42)

2 4k1+1’02( 2 Pco 2) 4k po, 1 POk

_ k5 B k5
17 = g [P0, — (kpeo+47)] = =2 <4k1+p02 _ \/Skfpozk2*> (11.43)
1 Po, 1 PO,
ry =2r=k; (11.44)
and the overall reaction rate is

rc:r3:r2:2r1:k2_ (1145)

After this bifurcation, the system jumps to the stable steady state D, the after-ignition point, on
the branch y =0. The rate of the overall reaction at point D is

k2 2p2
o — (2’2?7?) (11.46)
Then
ky (ks )ZP%O
rcrp :W (1147)

At the bifurcation point of maximum complexity, B; =B, =0, a further simplification for the
reaction rate is

r=kypco=ky =2k;po, (11.48)
From Eq. (11.48), it follows that

ko1
co=75=
PCO = r T Keg

(11.49)

with K » the equilibrium coefficient of the carbon monoxide adsorption step. This is a critical
value of the carbon monoxide partial pressure, on the boundary of two critical phenomena,
ignition and extinction. As the equilibrium coefficient is a function of temperature, this critical
value of pco also depends on the temperature.
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The partial pressure of carbon monoxide at the extinction and ignition points can be determined
as follows. Extinction:

2k}
PCOext = I‘CfOZ (11.50)
2
Ignition:
Vs kipo, ki [kipo, 11
PCo,ign = - =2 - -
ky ky Keqo Keg2
(11.51)
1
—9 oo o —
Keq,2< PCo,ext ) Keq,z

11.1.7 Dynamics

11.1.7.1 Stability analysis

Fig. 11.3 shows the dynamics for different values of the bifurcation parameters.
An analysis of the stability of the steady states of the carbon monoxide oxidation system shows

k¥pco+ky ++/B
that for B, >0 and B, > 0 (Fig. 11.3A), the steady states (1,0) and (0,1 _ b C‘Z o 2 2)
1 Po;

k) kfpco+k; —+/B
are saddle points while the steady states | 1 — 2Pco ,0]and (0,1 — 2Pco* 2) are
2k 4k
1 p02 1 pOz

stable nodes. All trajectories are attracted to the latter node for initial conditions satisfying the
inequality

k;pco +k2_ —+/B;
41-/(;’[7()2

x<y—1l+ (11.52)

while for any other initial conditions all trajectories are attracted to the former node.

For By >0 and B, < 0 (Fig. 11.3B), there are two steady states on the branch y =0 and none on

k+
the branch x =0 Therefore, all trajectories are attracted to the node <1 — 2; fco ,O).
1 PO,
kipco+k, ++/B
For B; <0 and B, >0 (Fig. 11.3C), the only steady state is (O, 1— 2PC(;k+ 2 2> and as
1 PO,

this state does not belong to the invariant domain U, there are just two singular points. The first,
k;pco + k2_ — /B>
4k po,

(1,0), is a saddle point, while the second, <0,1 — >, is a stable node. All

trajectories are attracted to this node.
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In conclusion, if B, >0 and the sign of B changes from positive to negative, the rate of the
overall reaction decreases dramatically (compare Fig. 11.3A and C), signifying that B; =0
corresponds to the extinction point. Similarly, if B; > 0 and the sign B, changes from positive to
negative, the overall reaction rate jumps from small to large values (compare Fig. 11.3A and B),
indicating that B, =0 is the ignition point. The point of maximum bifurcation complexity
represents the coincidence of ignition and extinction points.

11.1.7.2 Physicochemical meaning of bifurcation parameters and bifurcation conditions

In explaining the physicochemical meaning of the bifurcation parameters and conditions, we
will follow Chapter 9 of the book by Marin and Yablonsky (2011).

The condition B; =0 is equivalent to

v 2k{ po,

(11.53)

for the corresponding steady state, that is, the entire catalyst surface is empty at steady state.
Therefore, the bifurcation parameter B, defined in Eq. (11.9) determines the difference between
the total normalized concentration of catalytic sites (unity) and the steady-state concentration of
empty catalytic sites (zy), 1 — zgs.

The condition B, =0 can be reformulated in terms of the parameter H:

(k3pco + kf)z

H:
gkf'pozkz_

(11.54)

The condition B, =0 is equivalent to H=1.

As shown in the previous analysis, the condition B; =0 determines the extinction point, while
the condition B, =0 (or H=1) determines the ignition point.

Let us now discuss the conditions of the ignition phenomenon in more detail. At the ignition
point, the rate of the overall reaction equals

r=>k, =2k{po,z% (11.55)
Thus, at ignition
=
2 2
75 = (11.56)
Ss 2k1+p02

Now suppose that in our system only the reversible carbon monoxide adsorption step occurs,
that is, the reversible interaction between gaseous carbon monoxide and empty catalyst sites.
Then at equilibrium, which also is the steady state,

k2+pCOZeq ZkEqu (11.57)
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With yeq +2eq =1, Eq. (11.57) can be rewritten as

ky 1
Zeg = = (11.58)
T kipcot+ky;  Kegopcot 1
The condition H=1 can be transformed as follows:
1 8kt po, ks
2 __%Poks =1 (11.59)
H (kz+ pco+ky )
so that
2
4(ky k5
() =2 (11.60)
(k;pco + k;) 2kl Po,
Thus, with Egs. (11.56), (11.58) it follows that
Zes = 2Zeq (11.61)

This means that at the ignition point, the steady-state surface concentration of empty catalyst
sites is double that of the equilibrium concentration. Before ignition, the steady-state
concentration of adsorbed oxygen, x, is very low. Therefore, the approximate surface
concentration of adsorbed carbon monoxide in the vicinity of the ignition point is

Yss =1 —zgg=1—2z¢ (11.62)

At the extinction point, the surface composition is x =0, y =0, z = 1. At the point of maximum
bifurcational complexity, where both B; =0 and H=1 are satisfied, two critical phenomena,
ignition and extinction, merge. In this situation, all catalyst sites are empty, that is, z= 1. From
the other side,

2
=2zqg=F—"— 11.63
o = S Keq.2pco +1 ( )
Therefore,
2
> = (11.64)
Keq,2pco +1
and
Keqopco=1 (11.65)

The same equation can be obtained by taking into account that at this point of maximum
bifurcation complexity the rate of ignition equals the rate of extinction,

Fign = Text (11.66)
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SO
ky =kypco (11.67)

which can be considered as a special condition of the parametric balance and after
rearrangement is the same equation as Eq. (11.65), a rather interesting equation. It can be
considered as a twisted classical adsorption equation. It also offers a unique opportunity to
check the value of the equilibrium coefficient based on the experimentally observed partial
pressure of carbon monoxide at the point of MBC:

1
Kego=——— (11.68)
Pco,MBC
It should be noted that the reaction rate at the ignition and extinction points are ill-observed
values, whereas the reaction rates at the after-ignition and after-extinction points, rp and rg, are
well-observed values. Assuming that the critical values of the partial carbon monoxide pressure

. Text TA . .
(Pco,ign and pco exi) are well-observed, the ratio of the rates, X =2 can be easily estimated
Iign I'C

from the known ratio — as follows. The reaction rates at extinction point A and ignition point C
B
are given by:

ra =2k po, = k3 Pco.ext (11.69)
re=ky (11.70)
SO
r k.
TA T2PCO _ g P en (11.71)
rc k2

The reaction rates at after-extinction point B and after-ignition point D are given by:

()" (&)

g = = (11.72)
B Zki'-pOz k2+pCO,ext
and
2 2
L (k2+) p%O,ign o (k2+) p%o,ign 11.73
T ke, | ks (11.73)
1 PO, 2 PCO,ext
SO

2
r ikt r 1
—D:( 2;2193;0,@ o Keq,2:1/r—D (11.74)

"B (ky BPCO, ign
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From Eq. (11.71), (11.74), it follows that

r_A_ r_DpCO,ext (11 75)
rc \/ 'BPCO,ign
Fext TA I'D PCO,ext
== 8¢q,2PCOext = 4/~ (11.76)
Tign I'C I'BPCO,ign

11.1.8 An Attempt at Generalization

The example of critical simplification analyzed in this chapter may serve as a good subject for
some generalization. Let us assume that in our system there are three independent variables
(chemical concentrations), one mass conservation balance, and one infinitely fast reaction
between two surface species. As usual, our system is governed by the mass-action law and there
is no question of autocatalysis. In this case, the steady-state value of one variable will be zero
(or rather, negligible) and the dynamics of the system will be two-dimensional. Consequently,
critical simplification will be observed for this system as well.

11.2 “Kinetic Dance”: One Step Forward—One Step Back
11.2.1 History

Relaxation methods in chemical kinetics were proposed by Manfred Eigen in the 1950s (Eigen,
1954). The main methodology and mathematical idea of such methods is an analysis of
transient regimes, so-called relaxation, that is, the behavior of chemical systems perturbed near
equilibrium. In 1967, Eigen, together with Norrish and Porter, received the Nobel Prize in
Chemistry for their theoretical development of this method and its application, in particular to
acid-base neutralization reactions. Before that, these reactions were considered to be
“immeasurably fast,” and Eigen’s Nobel lecture was aptly titled “Immeasurably Fast
Reactions.”

Eigen’s ideas also sparked an interest in relaxation studies in heterogeneous catalysis. Bennett
(1967) proposed relaxation experiments for continuous stirred-tank reactors (CSTRs). An
experimental implementation was performed some years later by Kobayashi and Kobayashi
(1972a—c) and by Yang et al. (1973).

Vast information on nonsteady-state (dynamic) methods of studying heterogeneous catalytic
reactions was presented in reviews by Kobayashi and Kobayashi (1974), Bennett (1976, 2000),
Bennett et al. (1972), and Berger et al. (2008).

For almost 50 years of nonsteady-state relaxation in the field of heterogeneous catalysis,
different experimental and theoretical procedures have been tested, and a huge amount of
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results have been accumulated. A variety of experimental set-ups, such as batch and semi-batch
reactors, CSTRs and plug-flow reactors (PFRs) have been used with different modes of
operation, for example, step- or pulse-response techniques, cyclic feeding, steady-state isotopic
transient kinetic analysis, the tapered element oscillating microbalance method for measuring
the mass change of a sample bed, and so on.

In this battery of nonsteady-state devices and approaches, the temporal analysis of products
(TAP) approach occupies a special place. Originally created by John Gleaves in 1988 (Gleaves
et al., 1988) and modified in 1997 (Gleaves et al., 1997), TAP has found applications in many
areas of chemical kinetics and chemical engineering. The TAP method provides unique
information on the nonsteady-state catalyst state under conditions of insignificant change of the
catalyst composition. Using the thin-zone TAP reactor configuration (Gleaves et al., 1997), this
approach allows extracting nonsteady-state kinetic information (reaction rate data) without any
a priori assumption on the kinetic model, which is similar to the use of a CSTR model for
extracting steady-state kinetic information.

All of the methods mentioned here have proven their effectiveness and exhibited their
limitations. Still, this area invites novel ideas to be tested.

11.2.2 Experimental Procedures

Before studying nonideal reactors and other generalizations, we will first analyze two types of
ideal chemical reactors, the CSTR and the PFR. We will assume that:

* the reactions occur under isothermal conditions;
* the kinetic model is linear, so all reactions are first order or pseudo-first order;
* the flow rate is constant.

In the analysis of both reactor models, special attention will be paid to the following
characteristics: the initial, inlet, and steady-state composition of the reacting mixture (or just the
initial, inlet, and steady-state concentrations of one reactant).

For both reactor types, we describe experimental procedures that are sequences of different
experiments. The first procedure is a parallel one and has to be performed in two separate
reactors, R; and Ry;. Both reactors, which have an identical construction and are filled with the
same amount of the same catalyst, are fed with a gas mixture of the same initial concentration,
Cin» and are then allowed to reach the steady state. Ideally, in both reactors the same steady state
concentration, ¢y, Will be achieved. Next, the inlet concentration of the first reactor is
instantaneously changed to ¢;,+ A and the response, ¢ *(¢), is measured. Similarly, the inlet
concentration of the second reactor is instantaneously changed from the same c;, to ¢;, — A and
the response, ¢~ (), is also measured. The parallel procedure is presented qualitatively in
Fig. 11.4.



368 Chapter 11

¢ (x,0) arbitrar {—+ oo
RUR,- (x,0) oL Ces (X)
c (Ovt) = Cin
¢ (x,0) = cg5 (X tote
. (*,0) = Css (%) - Css (X) + Ags (X)
| 6 (0= 6+ A observe
¢ (xt)
¢ (x,0) = cg (X o+
Ry (0) = () > Css (X) — Ags (X)
c(0f)=c,—A observe
¢ (x,f)
Fig. 11.4

Parallel experimental procedure.

The second procedure is a sequential one (see Fig. 11.5) and consists of three experiments
(A, B, and C). During experiment A, a mixture at steady state is prepared. In this experiment, we
can use a chosen inlet and arbitrary initial concentration, ca i, and cao. After some time, the
steady-state concentration, ca g, 1s achieved as a result of experiment A. Then this steady-state
concentration is used as initial concentration for experiment B: cgg=ca . Then the inlet
concentration for this experiment is chosen as follows: cp jn =ca in+A. Then during this
transient experiment, ¢ *(¢) is monitored until a new steady state is reached with concentration
Cp ss- Similarly, for experiment C, the initial concentration is the steady-state concentration of
experiment B, cco=cp g5, While now the inlet concentration is set equal of that of experiment A,
CcCin=Cain- Then in a new transient experiment c*’o(t) is measured until a new steady-state
concentration, cc, 18 achieved, which will equal ¢ g.

¢ (x,0) arbitrary t— + oo
Experiment A: ————— Cgs (X)
¢ (0,f) = cpy
¢ (x,0) = cgs (X t— +oo
Experiment B: (x,0) = 655 () Css (X) + Ags (X)
c(0f)=cp+A observe
¢t (x,0)
. C(%,0) =Css (X) + Agg (X)| T +oo
Experiment C: ——————> Cgs (X)
c(0,f)=¢, observe
¢ (x.f)
Fig. 11.5

Sequential experimental procedure.
We will show that for the parallel procedure in the linear case
() +c¢ (1) =2c¢ss (11.77)

which is constant in time and does not depend on the perturbation A.
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For the sequential procedure, we will show that in the linear case
c*(t) +c*°(f) = constant (11.78)

but the constant does depend on the perturbation A.
11.2.2.1 Ideal CSTR

The differential mass balance equation for the CSTR is

de(t)  cin—c(2)

= —ke(t 11.79
=l k() (11.79)
with initial condition ¢(r=0) = ¢y.
The unique solution of Eq. (11.79) is
Cin — (k+ l)[ < Cin )
f = T — 11.80
=1k O ke (11.80)
As t — + o0, this solution tends to
Cin
= =c 11.81
Tk (11.81)

which is independent on ¢(. The general equation, Eq. (11.80), can be applied to all experiments
performed in an ideal CSTR.

11.2.2.1.1 Parallel procedure

Applying Eq. (11.80) to the first reactor (Ry) in the parallel procedure, we find that

- k+l)z
i Cin+A —(k+l)t Cin Ccint+A cintA—Ae ( T
f) = + T — = 11.82
=Tk L+ke 1+ke 1 +ko (11.82)
Similarly, for the second reactor (Ry),
L —A+A 7(k+—)r
() =S c (11.83)

Consequently,

) +e () =3 -=2c, (11.84)
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11.2.2.1.2 Sequential procedure

Since for experiment B ¢p i, =cain+A=cin+A, applying Eq. (11.80) leads to

.. .. _ —(k+%)r
ct(f) =—m +<1—e(’<+%)f> A _cntA—Ac (11.85)

1+kt l+kt 1+kt

The steady-state concentration for this experiment is
Cin+A
1+kt

This concentration is taken as the initial concentration for experiment C and the inlet
concentration is the inlet concentration of experiment A, so the corresponding solution is

(11.86)

CB,ss =

- k+L)t

+0 Cin 7(k+l, A Cin + Ae ( T
)= ‘ = 11.87
=t I+ke I+ke (11.87)

Adding expressions (11.85) and (11.87) yields
2cin+ A

1)+ () == 11.88
O+ =T (11.88)

In the sequential procedure, the combination of experiments A and B is the same as the
experiment in the first reactor in the parallel procedure. The ¢ *(¢) dependence is given by the
same equation, Eq. (11.82) (or Eq. 11.85) and the steady-state concentration for both
experimental procedures is given by Eq. (11.86).

The difference between the results obtained by the parallel and the sequential procedure is
that for the latter the sum of the trajectories is constant but depends on the perturbation
value A (Eq. 11.88). For the parallel procedure, such a dependence is absent (Eq. 11.84).
Furthermore, the dependence of the sum of the concentration trajectories on experiment A can
be eliminated by running two sequential procedures with opposite values of A (“back-to-
back”). Writing ¢~ () and ¢~°(¢) for the concentrations during the second sequential procedure
we obtain

. 2Cin —A

c () +c7) = T (11.89)

and adding Eqs. (11.88), (11.89) then yields

)+ +e () +c7) = - =4, (11.90)

which is independent on A.
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11.2.2.2 lIdeal PFR

We are now going to prove the same result for the PFR. The differential mass balance equation
for the PFR is

Jc  Oc B

v = ke (11.91)

where ¢(0, 1) = ¢j, is the boundary condition, v is the linear velocity, and x is the longitudinal
position in the reactor. The steady-state concentration profile corresponding to the given
boundary condition does not depend on initial concentration values and can be calculated by

8.
setting 520 in Eq. (11.91):

0 ss
IS = ey, (11.92)
Ox
with boundary condition cg(x =0) = cjy.
The unique solution of Eq. (11.92) is given by
Q
Cos(X) = Cime ™ v (11.93)

This concentration profile is the initial condition for performing an experiment in which ¢ *(x, ¢)
is observed. Increasing cj, to cj, + A leads to the following response:

ct(x, t):e_%<cin+AH(t—)—:>) (11.94)

where H is the Heaviside function. The steady-state concentration achieved in this
experiment is

c+(x):e_%(cin+A) (11.95)

SS

In the sequential procedure, this concentration profile is used as the initial condition for another
experiment (experiment C), in which the inlet concentration is restored to its initial value, c;,,
and the dependence ¢*°(x, ¢) is observed:

kx X
.40 —e vl Z_
cH(x, 1) =e (cm+AH(V r)) (11.96)
Adding Egs. (11.94), (11.96) yields

Jor
)+ () =e v (2cin+A) (11.97)

which is independent on time, but does depend on A.
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Experiments in which ¢~ (x, ) and ¢ ~(x, ) are observed, can be described by similar equations
as Egs. (11.94)—~(11.97) but with A replaced with (—A). The equivalent of Eq. (11.97) then is

kx
() +c x,t)=e v (2cin—A) (11.98)
and the sum of Egs. (11.97), (11.98) equals

oy
)+ )+ () +¢70(x, 1) =4dcipe v (11.99)

This is the result of a four-step procedure consisting of two two-step sequential procedures. It is
remarkable that the sum of four terms in Eq. (11.99) neither depends on time nor on A. This
latter fact is also valid for the parallel procedure in the PFR since in this case

kx

ctx, )+ (x, 1) =2cpe v (11.100)
11.2.2.3 Nonideal PFR
In the case of a nonideal PFR, Eq. (11.91) becomes
dc 0% Oc -
—=D——v——kc=L 11.101
o~ Do gy ke= L) (11.101)

where D is the diffusion coefficient and I:(c) is a linear operator of ¢ acting on the spatial
coordinate only. Eq. (11.101) is the generalized form for which we will prove similar results as
for the ideal PFR.

Again, the first step is to determine the steady-state solution cg(x) of Eq. (11.101) with a
prescribed c;,. This means solving

Llcy) =0 (11.102)
with ¢g(x=0) = cjp-
We also need to define Ag(x) as the solution of the equations

L(Ag) =0 (11.103)
with Ai(x=0) =A.
In this case, c*(x, ) will satisfy three equations:

oc*(x,t) -
o ey (11.104)
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The steady-state concentration reached by c¢*(x, f) will be ¢4 (x) + Ags(x). Consequently,
c*O(x, t) will satisfy

dc*(x,1) -
00 _ e 0(s0)
(0, 1) = i (11.105)
c™0(x, 0) = g (x) + Ag (%)
Adding Eqgs. (11.104), (11.105) with ¢*(x, ) + ¢ ™ (x, 1) = w(x, £) yields
ow -
T
ot ()
(11.106)

w(0,1) =2cin + A
w(x, 0) =2css(x) + Ags(x)

From Eqgs. (11.102), (11.103) it is clear that w(x, f) = 2¢s(x) + Ags(x) is the solution of
Eq. (11.106). This proves that for the nonideal PFR and any generalization, ¢ *(x, 7) + ¢ *(x, 1) is
independent of time.

11.2.3 Concluding Remarks

The new nonsteady-state procedures described here, namely parallel and sequential procedures,
may find wide application for many purposes:

* They open a perspective for performing a new class of controlled nonsteady-state kinetic
experiments, which can be termed “joint kinetic experiments.”

* They enable distinguishing linear processes from nonlinear ones experimentally; presently
this differentiation is made only statistically using model discrimination.

* Under the assumption of linearity it becomes possible to predict or estimate
a transient regime, say ¢~ (¢) based on a known steady-state concentration and known
symmetrical transient regime, ¢ *(¢).

11.3 Intersections and Coincidences
11.3.1 Introduction

A rigorous mathematical analysis, in particular an analysis using computer algebra

methods, offers opportunities not only to describe different observed phenomena, but also to
pose new problems. These problems are related to new questions that do not necessarily lend
themselves directly to simple solutions, but we hope can prove valuable in practice and
interesting from a theoretical viewpoint.
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In Chapter 6, we explained the concept of time invariances obtained in dual (or reciprocal)
kinetic experiments. Such experiments can be performed in batch reactors or TAP reactors and
start from special, reciprocal, initial conditions. This results in certain mixed quotientlike
functions of selected nonsteady-state normalized concentrations from both experiments always
being equal to the equilibrium coefficient of the reaction, during the whole course of the
temporal experiment, that is, not only at the end, when equilibrium conditions are reached.
Examples of such quotientlike functions are presented in Chapter 6. In this section, two new
patterns will be presented, namely intersections and coincidences.

An intersection of two temporal concentrations, for instance c(f) and cg(#), means that

these concentrations can be considered equal at some point in time, that is, ca (1) = cp (7). It is a
well-known mathematical fact that phase trajectories do not intersect or merge; nevertheless,
the temporal trajectories may well intersect. A special case is osculation, in which not only the
concentrations but also the temporal slopes coincide: ca (f) = cg(f) and dca(r) /dt = dcg(t) /dt.

A coincidence in time means that at least two special events occur at the same point in
time, while the occurrence of two special events at the same value of concentrations represents
a coincidence in value. For example, the maximum of a concentration dependence may
coincide with the point at which this dependence intersects with another concentration
dependence; or the intersection between three concentration dependences may occur at the
same moment in time providing a triple intersection.

11.3.2 Two-Step Consecutive Mechanism With Two Irreversible Steps

11.3.2.1 Kinetic model and maximum concentration of B

Consecutive reaction mechanisms are well-known bz}{sic Illclechanisms in chemical kinetics.

. . . 1 2 . . .
The simplest example of such a reaction scheme is A— B — C. Its kinetic model is represented
as follows

dCA
—=—kyc 11.10
0 1CA ( 7)
dc
7tB:lch—kch (11.108)
dCC
—=kyc 11.109
7~ lecs ( )

with ca, cg, and c¢c the concentrations of A, B, and C and k; and k, the rate coefficients of the
first and second reaction, which are of the Arrhenius type:

Eai
ki = ki gexp (—R T) (11.110)
g
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The solution of this set of equations in the case that ¢ and cg( equal zero can be found in many
popular textbooks. If the reaction takes place in a batch reactor or PFR 7 and k; # k5 the solution
in terms of the normalized concentrations is given by

A= exp(—kif) (11.111)
—kt) — exp(—kat
B, [SRIh0) = exp(2hor) (11.112)
ko — kq
k —kit)—k —kot
c=1_Rexp(thi) —kiexp (ki) (11.113)
kr — k1
and
A+B+C=2 1B L C 1. >0 (11.114)

CA0  CA0 CA0

In the case that k; = k», the solution is less straightforward but it can be obtained by direct
solution or using the Laplace domain, see also Yablonsky et al. (2010):

A= exp(—ki1) (11.115)
B=kitexp(—ky1) (11.116)
C=1-(1+kit)exp(—ki1) (11.117)

The consecutive reaction mechanism is characterized by a maximum in the concentration of
intermediate B (in contrast with the parallel mechanism A — B, A — C), which can be found by
equating the time derivative of B to zero. For k| # k;, the maximum normalized concentration
of B is given by

k ko P
Brax = <k—2>k1—k2—p1ﬂ (11.118)
1

Fig. 11.6 shows this normalized maximum concentration as a function of the ratio of the rate
coefficients, p.

The time at which the maximum occurs for k; # k; is given by

n( 2
n fa—
. k1 o 11’1/(2— lnk1

18 max = — 11.119
B. ko — ki ky — ki ( )

The physical requirement that g ;,,,x > 0 is always satisfied because the natural logarithm is a
monotone increasing function, so the sign of the numerator is always the same as that of the
denominator, resulting in a positive quotient.
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Fig. 11.6
Plot of Bax as a function of the ratio of rate coefficients, p.

In the case that p=1 (so k; =k,), a rather remarkable but not widely known expression for the
maximum concentration of B holds (Kubasov, 2004; Yablonsky et al., 2010), which Yablonsky
et al. called the Euler point E:

_ 1
; tB,max:k_:_ (11120)

11.3.2.2 Concentration patterns and comparison of rate coefficients

The normalized concentration of A at fg j,,x can be calculated from Eq. (11.111) and equals
P/ =1 for k; #k, and ¢! (=Bmax) for k; =k, and thus

Bmax:(A<tB,max))p (11121)

Consequently, if k; =k, the concentrations of A and B at tg ,.x are equal; if k; > &, the

concentration of B exceeds that of A; and if ky < k,, the concentration of B is smaller than that
of A. Looking at experimental dependencies with these patterns, and assuming the consecutive
reaction mechanism, we immediately obtain an indication of the relative values of k| and k,.

The question now arises whether a temperature can be chosen such that some predetermined
value of p is obtained, and more specifically a value of p corresponding to the Euler point.
Solving the Arrhenius expressions (11.110) for k; and &, in terms of this target value, p, yields
the following formal expression for the temperature:

1 Eal - Ea2 1 Eal - Ea2

= e = - (11.122)
"7 Ry In(pkio/ka0) Re Inpkio— Inkag
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A necessary condition for this expression to have physicochemical meaning is that it must

be positive, so either E,; > E,» and pky o > ka0 or Ey) < Eyp and pky g < ka,0. In addition, for the
Euler point to be observable at realistic temperatures (~100-500 K) there are limits on the values of
the Arrhenius parameters, typically 0.01 < ky o/ka 0 < 100 and |E,) — Ea2| < 20kJ/mol (Yablonsky
et al., 2010). For an order of magnitude of the ratio k; ¢/k; o of 10, the difference between the
activation energies has to be of the order of 10 kJ/mol, which is a realistic value.

11.3.2.3 Intersections of temporal concentration curves

For the consecutive reaction A— B — C two types of trajectories are studied: (i) phase
trajectories in the complete variable (concentration) space and (ii) temporal trajectories of
each variable separately. Phase trajectories neither intersect nor merge, but temporal
trajectories may or may not intersect. At a point of intersection, the concentrations of two or
three reaction components are equal. Yablonsky et al. (2010) performed an analysis of the
theoretically possible types of temporal concentration intersections and the conditions of their
occurrence.

11.3.2.3.1 Intersection of A and B curves, of A and C curves and of B and C curves

The time of intersection of the normalized concentrations of A and B can be found by equating
Egs. (11.111), (11.112) and solving for ¢

ki
1 -
Il<2k1——k2> Ink, — In(2k — k)
s ky — (2k1 —k2)

IA=B = (11.123)

We can now distinguish the following cases for k; # k»:

(1) Single intersection at finite time
For k, <2k, and ki # k, there is a single intersection at finite time (eg, Fig. 11.7A).
The value of the normalized concentrations at the intersection is given by

1
A=B=(2-py1 p>0, p#1 (11.124)

In2
If k,—0, ta-p — ki and the corresponding concentrations A =B — >
1

(2) For ky=k,, Egs. (11.115), (11.116) must be used and in this case also a single
intersection occurs, at the Euler point, where f5 _g = fg max and the concentrations of A and
B are given by Eq. (11.120) (Fig. 11.7B).
(3) Intersection achieved at time+oo
If ky — 2ky, ta—g — + o0 and the corresponding concentrations A =B — 0 (Fig. 11.7C).
(4) No intersection
For k, > 2k, there is no intersection of the concentrations of A and B (Fig. 11.7D).
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(5) Multiple nonosculating intersections
This situation is not physically possible because the equality A = B has only one solution,
Eq. (11.123).

(6) Osculating intersection
It is physically impossible for an osculating intersection to occur as the system
A=B,dA/dt = dB/dt has no finite solutions.

Z o8 —A T o8 —A
5 5| 3 6
£ 06 —C 2 06 —C
[0) [0)
c c
e e
g 04 g 04
£ £
S 02 S 02
0 0
o1 2 3 4 5 6 7 8 9 10 o1 2 3 4 5 6 7 8 9 10
(A) Time (s) (B) Time (s)
1
0 -A T o8 —A
S B S B
o —C S 06 ——C
© °
c C
e e
3 g 04
£ £
S S 02
0 - 0
0o 1 2 3 4 5 6 7 8 9 10 o1 2 3 4 5 6 7 8 9 10
(C) Time (s) (D) Time (s)
Fig. 11.7

Possible types of intersections between A and B as a function of time for different ratios of the rate
coefficient. (A) Acme point, p=0.5; (B) Euler point, p=1; (C) osculation point, p=2; (D) triad
point, p=3.

This analysis can be used to test a hypothesis about the type of mechanism: if more than
one intersection of the concentration curves A and B is observed, this implies that the
consecutive reaction scheme A — B — C cannot be valid, and a more complex mechanism is
needed. If, on the other hand, there is only one intersection, the consecutive scheme is likely
and the fact that an intersection is indeed observed directly implies that k, <2k;.
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As mentioned in the previous section, at certain values of k; and k,, namely for k, > 2k, the
concentration curves of A and B as a function of time do not intersect. However, there
always is a point of intersection of curves A and C and of curves B and C, called an unavoidable
intersection.

For the intersection of A and C, the normalized concentration A with 0 <A < 1 solves one of the
following equations:

A”+A(1=2p)+(p—1)=0 p#1 (11.125)
or
AInA-2A+1=0 p=1 (11.126)
For determining the intersection of B and C, the normalized concentration A solves
20 —A(1+p)+(p—1)=0 p#1 (11.127)
or
2AInA—-A+1=0 p=1 (11.128)
Then it follows that B=C=(1—A)/2.

When p # 1 is a sufficiently simple integer or fraction, Eqs. (11.125), (11.127) can be solved
exactly. The solutions of Eqgs. (11.126), (11.128) can be obtained by using the Lambert
function, see Yablonsky et al. (2010).

In all cases, the time of intersection is readily obtained as

1 1
tim:kT IHX (11.129)

11.3.2.3.2 Intersection of dA/dt and dB/dt and of dB/dt and dC/dt curves

Equating the derivatives of Eqs. (11.111), (11.112) and solving for ¢ yields

kz ( 1nk2 — In (2k1 —kz))
= | —2 1.1
N T "2 - o — 2k — k) (11.130)

which is well defined for k, <2k, or p <2, and positive, and has the remarkable property that
fA'—B = IB,max +IA=B (11.131)
Similarly, we obtain

1 2k, In2k, — ll’l(kl +k2)
[B/:C/ = In —
kz—kl k1+k2 2k2—(k1+k2)

(11.132)

At the Euler point, the corresponding values are t,_g =2/k; and ty .C' =1/2k;.
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11.3.2.4 Special points

During their analysis, Yablonsky et al. (2010) found a number of special points, which they
named Acme, Golden, Euler, Lambert, Osculation, and Triad (AGELOT) points. Table 11.1
summarizes some characteristics of these points. For more details see Yablonsky et al. (2010).

Table 11.1 Special points and their characteristics

A=B A=C B=C B ax
Point p=ka/kq th=B ta=c tg=c B, max
Acme 1/2 4/9 1/4 4/9 %
1 9 1 1 1
—In= — In4 — In9 — In4
ka4 P o " o
Golden® 1/¢=0.618034 (3 _(/))*1/12 0.270633 0.422003 o
& In(3—¢) 1.306989 1.857946 ¢Ing
k1 k‘l k'l k1
Euler 1 1 0.317844 0.357665 1
e e
11 1.146193 1.256431 11
ki ko ki ki ki ko
Lambert 1.1739824... 1/3 1/3 1/3 0.38800
ﬁ In3 In3 0.9219423
kq kq kq kq
L a 1
Osculation 2 0 12y 1/4 1/4
¢2
+00 21Ing In2 In2
kq kq ky
Triad® 3 — V2 -1 1—¢/2 V3/9
In(ﬁ+ 1) Ing In3
k1 k1 2/(1

¢ denotes the golden ratio, (\f5+ 1)/2 =1.618034.

The Acme point occurs at p=1/2, see Fig. 11.7A. Some remarkable properties of this point are

the following:

* B reaches its maximum value (of 1/2) at the point where A and C intersect;

* atthe point of intersection of B and C, dA /dt = dB /dt, so the upward slope of C at this point

equals twice the downward slope of B;
* aremarkable additivity property for the times of intersection exists: t4_g+ts—c =1tp_c;
* the values of A at t4_p and B at tz_ are the same.
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At the Acme point, Eqgs. (11.115)—(11.117) can be rewritten for all times ¢ as

A=exp(—kit)= (\/Z>2, B :2\/X<1 — \/Z), C= (1 — \AX)Z Thus, for every set of

concentrations (A, B, C), there also is a point on the trajectory with the concentration values of A
and B interchanged, that is, the phase portrait of the trajectory is symmetrical. Consequently,
if we were to base time on B (instead of on A or, equivalently, C, as is more usual), each
value B would correspond to two real times #; and f,, with (A(#,),B(#),C(¢1)) equal to

(C(12), B(12), A(12)).

The most interesting feature of the Euler point (Fig. 11.7B), at which p =1, is that the maximum
value of B (1/e) is reached at its point of intersection with A.

It is possible for all three concentrations to be equal at the same time, that is A=B=C=1/3.
The condition required for achieving this is what Yablonsky et al. (2010) call the Lambert point
ratio pp, the value of which can be determined to be 1.1739824....

At the osculation point, p=2. Experimentally, we are better able to observe peak and
intersection values than osculation at infinity, because tail analysis can be marred by
experimental error.

We can also consider the angle of intersection between concentration curves, but this only
makes sense when both axes are commensurate, as can be obtained, for instance, by replacing
time by C. If ¢ is the time of intersection, then the angle of intersection, y, is given by the
difference between angles a and p

tana — tanf A B 1
tany = tan (a — ) = = <C’ C/>

= " = _— 11.133
1+ tanatanp A'B’ ( )
1+
o
with a and f the angles between the horizontal axis and the tangents to respectively the A versus
C curve and the B versus C curve.

Simplification and adding absolute value signs to obtain a geometrically meaningful angle
between 0 and 90 degrees then leads to

tany = (11.134)

plp—2) ‘
pr+p—1
So-called orthogonal intersection occurs for an infinite value of this tangent, that is, for

p= <\/§ - 1) /2=1/¢, the inverse of the golden ratio, which Yablonsky et al. (2010) call the
golden point.

The triad point occurs at p=3 (see Fig. 11.7D). At this point, A and B do not intersect
at all.
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11.3.2.5 Sequence of times and of values of B,,,, and at intersections

For different parametric domains (D1-D5), that is, for different values of p, the sequences
(T1-T5) of the times at which the maximum in B and the intersections occur is different,
while the sequences of concentration values (V1-V5) are also different, as summarized
qualitatively in Tables 11.2 and 11.3. Confronting the experimental data with these lists of
possibilities, we may draw conclusions on the validity of the kinetic model relating to the
proposed reaction scheme.

Table 11.2 Qualitative list of possible sequences in time

Domain P Time Order (Earliest to Latest Time)
D1: 0<p<1/2 T1: A=B, A=C, By, B=C
D2: 1/2<p<1 T2: A=B, By A=C, B=C
D3: T<p<1.17... T3: Bmaxy, A=B, A=C, B=C
D4: 117...<p<?2 T4: By, B=C, A=C, A=8
DS: 2<p TS5: B=C, B, A=C,no A=B

Table 11.3 Qualitative list of possible sequences of concentration values

Domain P Time Order (Smallest to Largest Value)
D1: 0<p<1/2 V1 A=C, A=8, B=C, By,

D2: 1/2<p<1 V2 A=C, B=C, A=8, By

D3: 1<p<1.17... V3: A=C, B=C, A=8, B,.,
D4a: 1.17...<p<1.19... V4 A=B,B=C, A=C, By,
D4b: 1.19...<p<2 V4 A=8,B=C, By, A=C

D5: 2<p V5: B=C, Bypa, A=C, no A=8B

A change of sequence indicates a point of intersection between curves. For example, in
Table 11.2, between D1 and D2, the values A=C and B,,,x change position, so these curves
intersect at the Acme point with p=0.5 the final value of domain D1 and the starting value of
D2. Note that the same value sequence is obtained for the intervals 1/2<p <1 and

1 <p<1.17.... This is due to the osculation at the Euler point of the A=B and B, curves. A
special point is that where the A = C and B, value curves intersect, namely at the unique value
of p that satisfies the transcendental equation

TP, (11.135)

This value is p=1.197669.

Tables 11.2 and 11.3 present all possible scenarios of observed characteristics of transient
behavior in terms of the times of intersection and their values. The relation between time
sequences T1-T5 and the value sequences V1-V5 is not always one to one.
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T1 is related to V1, T2 to V2, and T3 to V2, as well. T3 is also related to V3 or V4, domain
D4 being split in two subdomains D4a and D4b corresponding to V3 and V4, respectively.
Finally, T5 is related to V5. In fact, D4a is only a tiny domain (2% relative size), which may
be hard to observe. The total amount of possible permutations of times and of values is

24 +6 =30 each (24 if A=B occurs, 6 otherwise), there are 24 x 24+6 x 6=0612 joint
possibilities, of which surprisingly only six actually occur.

The equations for consecutive reactions presented in the literature are correct. In some
textbooks, expressions for fg max are given. However, no classification and understanding is
given of special points and the regimes and scenarios of behavior governed by these points.
Consequently, the illustrations are sometimes wrong, showing impossible sequences of times at
which intersections occur, for example, B=C, B.x, A=C, A=B or B,,x, B=C, A=C.

Furthermore, in some cases, the illustrations unintentionally correspond to special points,
especially the Euler and Acme points, without being acknowledged as such.

The mistake most often found, however, is the identification of the second exponent being
dominant as a quasi-steady state. This is the result of failing to understand that there are only
two extreme cases of domination in this reaction, that is, domination of the first exponent or
domination of the second exponent, see Eq. (11.112), and the other exponent has nothing

to do with a quasi-steady-state regime. The first regime, in which & is very large compared
to ky, can be considered as the B — C regime, and the second regime, in which &, is very
large, as A— C.

11.3.2.6 Applications

This analysis, first presented by Yablonsky et al. (2010), can significantly improve our ability to
distinguish between different reaction mechanisms. Previously, the observation of a maximum
concentration of B in a reaction starting from A and involving B and C was considered to
be a sufficient indication for distinguishing the consecutive scheme A — B — C from the
parallel one, A— B, A— C. Now, based on a number of possible types of intersection, we can
falsify the assumption of the consecutive scheme (and propose a more complicated alternative)
or justify it and deduce certain additional information regarding the rate coefficients.

This analysis can, for example, be applied to multistep radioactive decay reactions and to
isomerization reactions. In such multistep processes, every step is by definition a first-order
process. An example of multistep radioactive decay is the Actinium series (see Lederer et al.,
1968), in which ''Bi alpha-decays to 2’ Tl, which beta-decays to °’Pb with respective
half-lives of 2.14 and 4.77 min. Therefore, in this two-step consecutive process, k»/
ky=p=2.14/4.77=0.449, very close to the Acme point. Similarly, in the Radium series,
214ph beta-decays to >'*Bi, which beta-decays to 2'*Po, which then alpha-decays very
rapidly (with a half-life of only 0.16 ms) to °'Pb. This multistep decay can be closely
approximated by two steps, the first with a half-life of 27 min, the second with a half-life



384 Chapter 11

of 20 min. The corresponding ratio of rate coefficients is p =27/20=1.35, which is between the
Lambert and the osculation points.

11.3.2.7 Experimental error

When investigating a reactor set-up in practice, measurements will be affected by experimental
error. For instance, determining the intersection between two curves may be done through
linear interpolation by first identifying two data points (¢, ¢;) and (#,, ¢;) on one curve, and two
(t,/, ¢i) and (¢)/, ¢;') on another, such that the two line segments defined by these data points
will intersect. This intersection is then defined by t=D,/D, and c=—D_./D,, where

th n 0 0 10
C1C20001
1 1.0 0 00
D= . (11.136)
00 7 6 10
0 0 ¢, 501
0 01 1 00
and
th b 00 00
C]CZOOIO l‘ltzOOlO
L1100 01 C1C20000
1 1 0 0 01
Dt_O 0 ¢ t’zOO’DC_O Ot,llt,% 10 (11.137)
00 ¢ ¢ 10 0 0 ¢, ;00
€ G 001101
0 01 1 01

Since determinants are multilinear, a straightforward application of error analysis is to
propagate estimates on the time and concentration errors through these equations, whether
using a statistical or an interval approach.

Experimental errors can lead to a false value or obscure the true value of a maximum. Typically,
one would then fit a least-squares parabola through sufficient data points and estimate the
maximum from it.

More generally, one may wish to make maximum use of the information provided by all
the data points. This can readily be done by fitting the exact solution to the data via the
parameters k; and k,, ideally taking into account a full statistical description including repeat
experiments, estimated (co)variances, and so on. If the resulting residues show no persistence
of systematic errors (which may require substantial correction efforts), the nonlinear
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least-squares method will yield aggregate estimates of the standard deviations o, ; and
correlation r on the values of the rate coefficients, which can then be propagated through all
equations to determine, for example, confidence intervals for the identification of special
points. In particular, the corresponding variance of p is given by

o2 k%a% + k%a% —2rk1kyo102
P kéll

(11.138)

11.3.3 Two-Step Consecutive Mechanism With One Reversible and One
Irreversible Step

11.3.3.1 Kinetic model

k+ k
The two-step consecutive mechanism represented by A <—_>i B = C is widely used in chemical
1

kinetics, for example, as a model for a complex reaction with a rate-limiting step or quasi
equilibrium. The kinetic model for this reaction scheme is represented as follows:

dCA

_d[ :—k1+CA+k1_C|B (11139)
dCB + _
— =K ca— (ki +k2)cp (11.140)
dCC
—=kyc 11.141
o~ kacs ( )

with k{" and k7 the rate coefficients of the forward and reverse reaction of the first step and k,
the rate coefficient of the second step.

Constales et al. (2013) have studied the intersections, coincidences, and reciprocal
symmetries of this reaction scheme. They considered two trajectories, defined by extreme
initial conditions to ensure reciprocity: a trajectory starting from A with (Ag, By, Co)=(1, 0, 0)
and a trajectory starting from B with (A, Bo, Co)=(0, 1, 0).

The kinetic model has three eigenvalues, one of which equals zero while the other two are
given by

ki +ki vkt (k4 k ko) —dk ik
dpm = . (11.142)

where subscripts p and m denote the roots with respectively the plus and minus signs.

The values of these roots can be shown to satisfy 4, >k > A, >0 (see Appendix A in
Chapter 6). The exact solutions for the trajectories corresponding to the dual experiments are
given by
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 Ap(ky — Am) exXp (—Amt) + Am (A — k2) exp (—Apt)

An(r) = R (11.143)

Ba(r) = ‘2t (XD Z&:’)_;j P(~41)) (11.144)

Calt) =1 —lp(exP(_lmj) :j‘“e"p (=41)) (11.145)
p—Am

Ap () = (A — k2) (ko — zmlzz((zp _(;j,)nt) — exp (—4pt)) (11.146)

By (1) _Im (Ap — A2) exp <_k/1né):_ ,1251/;2 — Am) exp (—Apt) (11.147)

Colf)=1— (Ap—k2) (exp(—/ljl)j;iz — Am)exp (—4pt)) (11.148)

11.3.3.2 Maxima and intersections

We consider the curves A(z), Ba(t), Ca(?), Ag(t), Bg(t), and Cg(?), their maxima and their
intersections. It is intuitively clear, and easy to show from the explicit solution, that A, (#) and
Bg(#) are monotonically decreasing functions with a maximum at =0, and that C4(¢) and Cg(¢)
are monotonically increasing functions for which the maximum is reached at t=+oc0. A
nontrivial maximum of the concentration dependence Ag always exists, and this maximum
always occurs at the same time as that of B 4, which is one of the fingerprints of this consecutive
mechanism. Furthermore, since the proportion between B and Ag is always fixed (at

Keq1 =k Jky) for t>0 (see Section 6.4), these dependences also reach their maximum at the
same time, and they either have the same value at t=0 only (for k;" # k) or have identical
values for all >0 (for k" =k7).

In order to determine the conditions for the existence of intersections between concentration
curves, the explicit equations, Eqs. (11.143)—(11.148) can be analyzed in detail. As an example,
the time at which A, =B 4 follows from equating Eqs. (11.143), (11.144), which yields

) K
t ! 1 A (11.149)
= n .
dp — A 2_;_2

As A, > ko > Ay > 0 the numerator in the natural logarithm is larger than one for all values of &,
and is larger than the denominator. Thus, in order for intersection to occur, the only requirement
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is that the denominator be positive, so k; /Ay, <2, which leads to the condition that ;" —k;” —
ka/2 >0 (see Constales et al., 2013).

The 15 intersections that are possible, in principle, for the reaction scheme A % B2 Care listed
1

in Table 11.4. Of these, seven always occur, four never occur, and four occur conditionally,

depending on simple inequalities involving the rate coefficients. Based on these

inequalities, seven domains can be distinguished, as listed in Table 11.5, where the first three

rows define which inequalities hold for these domains and the next four rows list whether

or not the given equality occurs in a certain domain.

Table 11.4 Possible intersections of concentration curves and conditions for their occurrence

Intersection Condition
Apr=Ap Never, only at t=+o00
Ap=Bn ki —ki —ko/2>0
Apr=Bg Never, only at t=0 and t=+o00
Apr=Cyu Always
Apr=Cg Always
Ag=Ba Never, only at t=0 and t=+oo for k; #k7; at all ¢ for k| =k
Ap=Bg ki —ky —ky/2<0
Ag=Cg /(17 —ky>0
BAo=Bg Always
Bpo=Ca Always
Ba=Cg k1+ —k,>0
Bg=Cp Always
Ca=As Always
Ca=8Bg Always
Ca=0GCg Never, only at t=0 and t=+o00

Table 11.5 Domains for the occurrence of intersections of concentration curves

D1 D2 D3 D4 DS D6 D7

ki —ky —ky/2>0 + + - - + — -

ki —k, >0 + - - + + -

ki —k, >0 - - - - + + +
Apr=Ag + + — — + —
Ag=Bg — — + + — +
Ap=Cp - - - — + +

BA:CB — — — + + + —

The existence of maxima and intersections can be presented as a set of obligations (always),
prohibitions (never), and prescriptions (sometimes, according to rules). This set can be
useful for validating mechanisms and determining parametric domains.
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11.3.3.3 Ordering domains and coincidences

Each maximum concentration and each intersection of concentration curves is characterized
by a time and a concentration value. When two of these times, or two of these concentration
values, coincide for different events, there is a coincidence. Constales et al. (2013) have
calculated all different ordering domains of intersections and maxima, both in time and in
value, and ordered all possible pairs (132) of these coincidences in tables and graphically
represented their relations. This revealed a surprising richness of the coincidence structure, and
gave rise to a very intricate puzzle of subdomains defined by a unique combination of
existence and ordering of intersections and maxima.

Fig. 11.8 shows a few examples, which are discussed in more detail below.

-
(A) (B) (®) (D)
(E) (F) (©) (H)

Fig. 11.8
Curvilinear cases (A) tAA:CA;tAB,max; (B) AA:BA; BA:CB; (C) AB:BB; AB:CB; (D) AB:BB) AB:CA;
(E) Aa=Cg, BAa=Bg; (F) Aa=Ca, BA=Bsg; (G) tay=cy,tas,max; (H) Be=Cg, A max-

The equilateral triangles represent triples (k;",k;,k2) in barycentric coordinates; the left
vertex represents pure k", that is (1, 0, 0), the right vertex pure k; , that is (0, 1, 0), and the top
vertex represents pure k», that is (0, 0, 1). The color coding used in the figures is as

follows: if both events exist and the left concentration or time mentioned in the caption is
smaller, the point is blue, but if the right is smaller, it is yellow. Dark blue means that the
left-side event alone exists, and dark yellow that the right-side event alone exists. Black
means that neither side exists. Although some cases look similar, they are all different when
inspected at sufficient magnification. The case A— B — C studied by Yablonsky et al. (2010)
corresponds to k; =0, that is, the top-left side of the equilateral triangle. Similarly, quasi-
equilibrium of the first reaction corresponds to very small &, that is, the bottom side of the
equilateral triangle.
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Fig. 11.8A shows the curvilinear case of the coincidence between the time of intersection
ta,=c, and the time of maximum #4, max . The coloring of this figure is mostly blue (grey), with a
small yellow (white) domain near the left-bottom vertex. The top-left side of the triangle
corresponds to the irreversible case studied by Yablonsky et al. (2010). Visually we can identify
the boundary between yellow and blue on that side as k, = ;" /2. When the size of subdomains
is very different, as in this case, the ordering of the intersections is a strong tool for identifying
the parameters when they are part of the small subdomain.

Fig. 11.8B shows the curvilinear case of the coincidence of the concentration value at
intersection A , =B 5 with that at the other intersection, B, = Cg. Five different domains occurs,
because all possible cases arise, depending on the relative values of the parameters: (1) in the
top right domain, neither intersection exists; (2) in the bottom right domain, only intersection
Aa=Bj, and (3) in the appr. middle left, only intersection B, = Cg; (4) finally in the bottom left
and appr. middle left domain, the concentration A, =B has the smaller value, while (5) in the
remaining domain the concentration B, =Cpg is smallest.

There is an interesting checkered domain shape, showing that two different inequalities are at
the origin of the ordering cases. The intersection point between the cross-shaped blue and
yellow subdomains is a special point of the reaction mechanism, an intersection of
coincidence curves. Such points are of great importance in characterizing all subdomains
defined by full sets of orderings. Qualitatively similar results are shown in Fig. 11.8C and D
but for quite different intersections.

Fig. 11.8E—H exhibit domains that are separated by nearly straight curves, which indicates that
the solutions to the corresponding equations are close to a simple linear relationship, but do not
quite coincide with it.

The kinetic behavior of complex chemical reactions may, in some temporal or parametric
domains, be approximated by A2B — C, or by an evolution of such simple mechanisms: first
A2B — C, then C2D — E, and so on. The discovered patterns can be used for recognizing
submechanisms, and for estimating their parameter values and the evolution of the
submechanisms. Generally, such properties of simple linear and nonlinear systems in fact
reflect their unexpected complexity. Constales et al. (2013) have proposed to use a special term
for defining this phenomenon: simplexity.

11.3.4 Concluding Remarks

A similar analysis can be applied to other reaction mechanism, such as parallel

irreversible first-order reactions A — B and A — C, a triangle of reversible first-order reactions
and simple models with nonlinear dependencies. The results obtained for the temporal changes of
concentrations can be directly applied to steady-state PFR models, with the astronomic time
replaced by the space time or residence time 7. Similar analyses can also be done for CSTRs.
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An interesting opportunity for the application of these models is provided by thermodesorption
and thermogravimetry problems, which both consist of a sequence of linear processes,
respectively a change of temperature and a loss of weight with time.

As the systems considered grow more complex, the number of intersection and maximum
points and the number o sequences of such points will grow rapidly: polynomially for the
former, combinatorially for the latter. This increasing complexity can to some extent be
matched by automated methods. Ultimately, we expect unifying properties to emerge. Indeed,
we believe that the analysis of intersections and coincidences presents a source of vast
information on new families of patterns for distinguishing mechanisms and parametric
domains, and might even find applications outside the domain of chemical kinetics.

Previously, from the point of the intensive studying of nonlinear behavior (see Chapter 7), by
default it was considered that the properties of simple kinetic models, in particular linear kinetic
models of many reactions and models of single nonlinear first- second-, and third-order
reactions, are completely known from the literature and therefore there is nothing interesting in
studying these models. This was our opinion as well, until recent results regarding simple linear
models and some nonlinear models of single reactions were revealed (Yablonsky et al., 2010,
2011a,b).Three classes of models have been discovered:

* time invariances observed in dual kinetic experiments

* intersections of kinetic dependences

* coincidences of special events like two intersections, an intersection, and a concentration
maximum, and so on

All these patterns, which have been discussed in this chapter and in Chapter 6 in detail, can be
used for many purposes, such as testing the validity of an assumed reaction scheme and its
corresponding model and estimating parameters of a kinetic model based on the occurrence of
patterns and predicting concentration dependences. This approach can be termed pattern
kinetics or event-based kinetics. It is interesting that there is a remarkable resemblance between
our patterns of coincidences, and the abstract and conceptual art of, for instance, Felix De
Boeck and Sol LeWitt.

Nomenclature

A, B, C normalized concentrations of A, B, C (—)

Aa, Ag normalized concentration of A starting from resp. A, B (—)
Bi, B, bifurcation parameters

C; concentration of component i (mol/m®)

D diffusion coefficient (m?/s)
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determinants

activation energy (J/mol)

parameter

heaviside function

equilibrium coefficient (—)

rate coefficient of reaction i (s™)
preexponential factor for reaction i (s~ ')
linear operator

partial pressure of component i (Pa)
universal gas constant (J/mol/K)

reaction rate (s_l)

rate of elementary step s (s ')

temperature (K)

time (s)

new coordinates, defined by Eq. (11.11) (—)
velocity (m/s)

distance from reactor inlet (m)
normalized/fractional surface concentrations (—)

SR

xT T

S e

xR NSNS R DS
= < "
N

Greek Symbols

a angle between the horizontal axis and the tangent to the A versus C curve
p angle between the horizontal axis and the tangent to the B versus C curve
14 angle of intersection, given by the difference between angles a and

A discriminant

A concentration perturbation (mol/m>)

E small parameter (s)

0, fractional surface coverage of intermediate j (—)

A eigenvalue

P ratio of rate coefficients ky/k; (—)

o variance

T space time (s)

¢ golden ratio, 1/z(\/5+1) (-)

Subscripts

0 initial

eq equilibrium

ext extinction
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ign ignition

in inlet

m root with minus sign

max maximum

MBC point of maximum bifurcational complexity
p root with plus sign

Ss steady state

Superscripts

+ of forward reaction

+ change to higher concentration

— of reverse reaction
— change to lower concentration
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Chemical reaction, 221
complex, 181-183
dynamic behavior of, 222
kinetic experiment, 39
Chemical thermodynamics,
159-166

395

equilibrium and principle of
detailed balance, 165—-166
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bipartite graph of, 73-78, 74-77f
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steady-state equation for, 62—68
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173-174, 236, 237f, 269-270,
367, 369-370
mathematical model of
nonisothermal, 237-239
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bifurcation parameters, 356-357
dynamics, 361-366
generalization, 366
principle, 351
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singular perturbation, zero
approximation for, 354-355
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Detailed balance principle,
165-166, 189-194
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310-322
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multicomponent, 107-108
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radial, 139-141

surface, 147-148
Diffusion model

nonlinear, 109-110

reaction, 83-84

Diffusion system equation,
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F
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303-304f
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Gradient method, 290, 291f
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Heisenberg’s matrix mechanics, 3
Heterogeneous catalysis, 62—63
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Heterogeneously catalyzed
reactions
rate laws for, 296-299
Heterogeneous polymerization
dispersed media, 330-339
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Heterogeneous reaction system,
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64-65, 65-66f, 79, 176181,
178f, 203, 206, 383-384
characteristic equation, 79
dynamics of, 58-61
King-Altman graph of, 65f
mechanism of, 65f

K

Kinetic coupling, 6873
Kinetic experiments, 35
chemical reaction, 39
ideal reactors, 39-42
kinetic data analysis, 35-36
material balances, 3645
reactors for, 35-36, 37f
requirements of experimental
information, 36
transport in reactors, 37-39
Kinetic parameters, temperature
dependence of, 301-302
Knudsen diffusion, 107, 114, 267
coefficient, 111

L

Langmuir-Hinshelwood
mechanism, 74-77, 74-77f,
351
Langmuir-Hinshelwood-Hougen-
Watson (LHHW) kinetics, 53f,
53-55, 244, 296
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Least-squares criterion, 285-286
Le Chatelier’s principle, 166—168,
168t, 169f
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method, 291-294
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(LHHW) Kkinetics
Linear algebra, 2
Local stability analysis, 224-225
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global dynamics, 230-231
imaginary roots, 230
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procedure, 225-226
real roots, 229
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226-230
Lumped model, 38-39
Lyapunov function, 162
thermodynamic, 231-236

M

Macroscale modeling techniques,
328-330
Marcelin-de Donder kinetics, 163
Mass-action law, 4647, 175-176
for surface diffusion, 109
Mass balance, 199, 200f
Matrix
definition, 9
molecular, 11-21
stoichiometric, 21-26
Matrix modeling, TAP reactor,
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Matrix, molecular, 11-12
application of, 12-21
augmented, 20-21
Mendeleev’s periodic table, 3
Method of moments, 310-315
Michaelis-Menten model, 87—88
Microscale modeling techniques,
310-328
Molecular matrix, 11-12
application of, 12-21
augmented, 20-21
Moving bed reactor, 159
Multigrain models, 340, 341f
Multiple reaction
irreversible and reversible, 57f
vs. single reaction, 55, 56f
Multiplicity of steady states,
236-251, 243f, 251t
Multiresponse TAP theory,
129-132
Multiroute mechanism
steady-state kinetic equation for,
68-73, 69f, 71-72f
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optimization of, 267-283

N

Newton-Gauss algorithm, 286
Nonisothermal system

multiplicity of steady states in,
236-242
Nonlinear diffusion model, 109-110
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symmetry relations for, 202-215
time invariances for, 214¢
Non-steady-state kinetic behavior,
38-39, 58, 78, 83, 222-224

(0]

ODE. See Ordinary differential
equation (ODE)
One active thin zone, 270
One-zone reactor
diffusion, 121-123
irreversible adsorption, 123—-124
reversible adsorption, 124-126
Onsager’s approach, 107-108
Optimal active zone configurations
equidistant configurations,
274-283
numerical experiments, 272-274
Optimum, 166-174
conversion, 170-172, 171f, 173f
Optimum regime vs. equilibrium,
168-174
Ordinary differential equation
(ODE), 58-61, 117118
Orthogonal intersection, 381
Oscillation, chemical
in isothermal system, 251-257
model, catalytic, 252-257

P

Parallel experimental procedure,
367, 368f, 369
Parametric analysis procedure,
257-262
Partial differential equation (PDE),
115-116
temporal analysis of products,
138-139
Pattern kinetics, 390
PDE. See Partial differential
equation (PDE)
Periodic table, Mendeleev, 3
PFR. See Plug-flow reactor (PFR)
Physicochemical assumptions,
84-88
combining assumptions, 87—88

on experimental procedure, 87
on reactions and parameters,
85-86
on substances, 8485
on transport-reaction
characteristics, 86—87
Plug-flow reactor (PFR), 36, 4143,
367, 371-372
differential, 42
nonideal, 145-146, 372-373
optimum conversion in
continuous, 170-172
steady-state, 42
Poincaré-Bendixson theorem,
252-253, 255
Polymerization rate, 336338
Power-law equations, 294
Power-law test
multiple reactions, 57f
single reaction, 57f
Pseudo-steady state (PSS). See
Quasi-steady state (QSS)
Pulse reactor, 35-36
Python, reduced row echelon form
(RREF) in, 31-33

Q
Quasi-equilibrium approximation,
92-94
Quasi-steady-state (QSS)
approximation, 94-98
assumption, 85, 210

R

Radial diffusion
in two and three dimensions,
139-141
Reaction rates, 357-361
bifurcation points, 358-361
Reaction reversibility
influence on hysteresis, 246247
Reactor. See also specific types of
reactor
batch, 35-36, 37f
conical, 147
continuous stirred-tank, 40-41
ideal, 39-44, 45¢
for kinetic experiments, 35-36,
37f
moving bed, 159
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Reactor (Continued)
plug-flow, 41-42
transport in, 37-39
Reactor-diffusion system, 110-115
Reactor model, 267-269, 280283
Reduced Row Echelon Form
(RREF), 13, 15f, 18, 25f
augmented molecular matrix, 30z
augmented stoichiometric matrix,
25, 31t
characteristics, 30-31¢
in Python, 31-33
Reversible adsorption, one-zone
reactor, 124-126
Reversible first-order reaction,
186187
Reversible reaction, 50-52
bipartite graph, 75f
first-first order, 203, 204f
first-order, 185-187
with Langmuir-Hinshelwood-
Hougen-Watson kinetics, 53-55
second-first order, 203205, 205f,
207-208
second-second order, 206-209,
207f
single, 203-209
Rosenbrock method, 288-290, 289f
RREF. See Reduced Row Echelon
Form (RREF)

S

SAE. See State-altering experiment
(SAE)
Schrodinger’s equation, 3
SDE. See State-defining experiment
(SDE)
Semibatch reactor, 35-36
Sequential experimental procedure,
368, 368f, 370
Simplification, defined, 8384
Simplification in chemical kinetics,
88-101
based on abundance, 89-90
defined, 83-84
and experimental observations,
98-100
lumping analysis, 100-101
quasi-equilibrium approximation,
92-94

quasi-steady-state
approximation, 94-98
rate-limiting step approximation,
90-92
Single-particle TAP reactor,
113-114, 113f
Single reaction
vs. multiple reaction, 55, 56f
power-law test for, 57f
Singular perturbation, zero
approximation for, 354-355
Slow-fast system, 354
Solid catalyst, ideal reactor with,
42-44
Solid-catalyzed reaction, 38
Stability, 221-231
instability and, 221f
local, 224-230
of steady state, 239242
Stability analysis, 361-363
State-altering experiment
(SAE), 115
State-defining experiment (SDE),
114-115
Steady-state(s)
in isothermal heterogeneous
catalytic systems, 242-251
kinetic model, 62-63
multiplicity of, 236-251, 243f,
251t
in nonisothermal system,
236-242
plug-flow reactor, 42
for reaction mechanism, 246¢
reaction rate, 83, 247, 247-248f
stability of, 239-242
Steady-state equation, 64—65
for complex reaction, 62—68
for multiroute mechanism,
68-73, 69f, T1-72f
Steady-state reaction rates, 357
Stochastic modeling techniques,
322-328
Stockmayer distribution, 339-340
Stoichiometric matrix, 21-26
Stoichiometric matrix, augmented,
24-26
enthalpy change and equilibrium
coefficients, 26
key and nonkey reactions, 25-26

reduced row echelon form
(RREF) of, 25, 31¢
Stoichiometry, 45-50
elementary reaction, 45-46
elementary vs. complex reaction,
55-56
heterogeneous reaction, 47-48
homogeneous reaction, 4647,
48t
rate expressions for single
reactions, 49
reaction rate vs. net rate of
production, 49-50
single vs. multiple reaction,
55, 56f
Stokes friction, 106—-107
Surface diffusion, 147-148
Suspension polymerization, 331-334
Symmetry relations
for nonlinear reactions, 202-215
between observables and initial
data, 189-192

T

TAP. See Temporal analysis of
products (TAP)
Temkin-Boudart mechanism,
62-63, 62, 210
Temporal analysis of products
(TAP), 44, 84, 110-115, 132,
267, 280-283, 367
capacity zone, 127
configuration, 110-114, 111f
five-zone, 118f
generalized boundary conditions,
128-129
infinite exit zone, 141-143
internal injection, 143145, 143f
inverse problem solving in,
132-133
on Laplace and time domain,
115-129
matrix modeling, 152—-154
method, 5
moment definitions, 115-121
multiresponse, 129-132
nonideal plug-flow reactor via
transfer matrix, 145-146
one-zone reactor, diffusion,
121-123
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one-zone reactor, irreversible
adsorption, 123124

one-zone reactor, reversible
adsorption, 124-126

partial differential equation
(PDE), 138-139

principles, 114-115

reactive thin zones, 126127

reactor, 5

resistor zone, 128

single-particle, 113-114, 113f

theory, 148-149

thin-zone, 112-113, 112f

three-zone, 112, 112f

three-zone reactor, 126

Teorell’s approach, 108
Thermodynamic Lyapunov

function, 231-236
dissipativity of, 233-235

Thermodynamics, chemical,

159-166
equilibrium and principle of
detailed balance, 165-166

reversibility and irreversibility,
164
steady state and equilibrium,
163
Thermodynamic state function,
160-163
Thermodynamic system, 159—-160
ideal, 160
Thin-sandwiched TAP reactor
(TSTR) matrix modeling,
152-154
Thin-zone TAP reactor (TZTR),
44-45, 112-113, 112f, 132,
132f, 151-152, 192-194
Three-dimensional modeling,
134-141
Three-zone reactor, 126
Three-zone TAP reactor, 112, 112f
Tobita-based Monte Carlo
technique, 327-328
Transfer matrix
global, 120-122, 131, 145-146
zone, 120, 125-126, 140, 146

TSTR matrix modeling. See
Thin-sandwiched TAP reactor
(TSTR) matrix modeling

Two-dimensional modeling, 134-141

Two-step consecutive mechanism

one reversible and one
irreversible step, 385-389
two irreversible steps, 374-385

TZTR. See Thin-zone TAP reactor

(TZTR)

U

Univariate search method, 287-288,
287f

W

Water-gas shift (WGS) reaction,
62-63, 62¢t, 192-193
Wegscheider’s analysis, 165

Y
Y procedure, 132-133
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